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PREFACE. 


T TTTS book is intended to form a companion volume to ray 
edition of the treatise of Apollonius on Conic Sections 
lately published. If it was worth while to attempt to make the 
work of “the great geometer” accessible to the mathematician 
of to-day who might not be able, in consequence of its length 
and of its form, either to read it in the original Greek or in a 
Latin translation, or, having read it, to master it and grasp the 
whole scheme of the treatise, I feel that I owe even less of an 
apology for offering to the public a reproduction, on the same 
lines, of the extant works of perhaps the greatest mathematical 
genius that the world has ever seen. 

Michel Chasles has drawn an instructive distinction between 
the predominant features of the geometry of Archimedes and 
of the geometry which we find so highly developed in Apollo- 
nius. Their works may be regarded, says Chasles, as the origin 
and basis of two great inquiries which seem to share betw'een 
them the domain of geometry. Apollonius is concerned with 
the Geometry of Forms and Situations, while in Archimedes 
we find the Geometry of Measurements dealing with the quad- 
rature of curvilinear plane figures and with the inuadrature 
and cubature . of curved surfaces, investigations which “ gave 
birth to the calculus of the infinite conceived and brought 
to perfection successively by Kepler, Cavalieri, Fermat, Leibniz, 
and Newton.” But whether Archimedes is viewed as the 
inan who, with the limited ineans at his disposal, nevertheless 
succeeded in performing what are really integrations for the 
purpose of finding the area of a parabolic segnieht and a 



spiral, the surface and volume of a sphere and a segment 
of a sphere, and the volume of any segments of the solids 
of revolution of the second degree, "whether he is seen finding 
the centre of gravity of a parabolic segment, calculating 
arithmetical approximations to the value of v, inventing a 
system for expressing in words any nnmher up to that which 
we should write do^vn with 1 followed by 80,000 billion 
ciphers, or inventing the whole science of hydrostatics and at 
the same time carrying it so far as to give a most complete 
investigation of the positions of rest and stability of a right 
segment of a paraboloid of revolution floating in a fluid, the 
intelligent reader cannot fail to be struck by the remarkable 
range of subjects and the mastery of treatment. And if these 
are such as to create genuine enthusiasm in the student of 
Archimedes, the style and method are no less irresistibly 
attractive. One feature which will probably most impress the 
mathematician accustomed to the rapidity and directness secured 
by the generality of modem methods is the delHeraiton with 
which Archimedes approaches the solution of any one of his 
main problems. Yet this very characteristic, mth its incidental 
effects, is calculated to excite the more admiration because the 
method suggests the tactics of some great strategist who 
foresees everything, eliminates everything not immediately 
conducive to the execution of bis plan, masters every position 
in its order, and then suddenly (when the very elaboration of 
the scheme has almost obscured, in the mind of the spectator, 
its ultimate object) strikes the final blow. Thus we read in 
Archimedes proposition after proportion the bearing of which is 
not immediately obvious but which we find infallibly used later 
on ; and we are led on by such ea^ stages that the difficulty of 
the original problem, as presented at the outset, is scarcely 
appreciated. As Plutarch says, "it is not possible to find in 
geometry more difficult and troublesome questions, or more 
simple and lucid explanations.” But it is decidedly a rhetorical 
exaggeration when Plutarch goes on to say that we are deceived 
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by the easiness of the successive steps into the belief that anyone 
could have discovered them for himself. On the contrary, the 
studied simplicity and the perfect finish of the treatises involve 
at the same time an element of mysterj'. Though each step 
depends upon the preceding ones, we are left in the dark as to 
how they were suggested to Archimedes, There is, in fact, 
much truth in a remark of Wallis to the effect that he seems 
“ as it were of set purpose to have covered up the traces of his 
investigation as if he had grudged posterity the secret of his 
method of inquiry while he wished to extort from them assent 
to his results.” Wallis adds with equal reason that not only 
Archimedes but nearly all the ancients so hid away from 
posterity their method of Analysis (though it is certain that 
they had one) that more modem mathematicians found it easier 
to invent a new Analysis than to seek out the old. This is no 
doubt the reason why Archimedes and other Greek geometers 
have received so little attention during the present century and 
why Archimedes is for the most part only vaguely remembered 
as the inventor of a screw, while even mathematicians scarcely 
know him except as the discoverer of the principle in hydro- 
statics which bears his name. It is only of recent years that 
we have had a satisfactoiy edition of the Greek text, that of 
Heiberg brought out in 1880-1, and I know of no complete 
translation since the German one of Nizze, published in 1824, 
which is now out of print and so rare that I had some difficulty 
in procuring a copy. 

The plan of this work is then the same as that which I 
followed in editing the Gomes of Apollonius. In this case, 
however, there has been less need as well as less opportunity for 
compression, and it has been possible to retain the numbering 
of the propositions and to enxinciate them in a manner more 
nearly approaching the original without thereby making the 
enunciations obscure. Moreover, the subject matter is not so 
complicated as to necessitate absolute uniformity in the notation 
used (which is the only means whereby Apollonius can be made 
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even tolerably readable), though I have tried to secure as much 
uniformity as was fairly possible. My main object has been to 
present a perfectly faithful reprodnction of the treatises as they 
have come down to us, neither adding anything nor leaving out 
anything essential or important. The notes are for the most 
part intended to throw light on particular points in the text or 
to supply proofe of proppritions assumed by Archimedes as 
known; sometimes I have thought it right to insert within 
square brackets after certain propositions, and in the same type, 
notes designed to bring out the exact significance of those 
propositions, in cases where to place such notes in the Intro- 
duction or at the bottom of the page might lead to their being 
overlooked. 

Much of the Introduction is, as will be seen, historical ; the 
rest is devoted partly to giving a more general view of certain 
methods employed by Archimedes and of their mathematical 
significance than would be possible in notes to separate propo* 
sitions, and partly to the discussion of certain questions arising 
out of the subject matter upon which we have no positive 
historical data to guide us. In these latter cases, where it is 
necessary to put forward hypotheses for the purpose of explaining 
obscure points, I have been careful to call attention to theii* 
speculative character, though I have given the historical evidence 
where such can be quoted in support of a particular hypothesis, 
my object being to place side by side the authentic information 
which we possess and the inferences which have been or may 
be drawn from it, in order that the reader may be in a position 
to judge for himself how far he can accept the latter as probable. 
Perhaps I may be thought to owe an apology for the length of 
one chapter on the sc^called v€vv€k, or iiiclinCLtiones, which goes 
somewhat beyond what is necessary for the elucidation of 
Archimedes; but the subject is interesting, and I thought it 
well to make my account of it as complete as possible in 
order to round off, as it were, my studies in Apollonius and 
Archimedes. 
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I have had one disappointment in preparing this book for 
the press. I was particularly anxious to place on or opposite 
the title-page a portrait of Archimedes, and I was encouraged 
in this idea by the fact that the title-page of Torelli’s edition 
bears a representation in medallion fonn on which are endorsed 
the words ArcMmedis efigies maimorea in veteri anaglypho 
Romae asservato. Caution was however suggested when I 
found two more portraits w'hoUy unlike this but still claiming to 
represent Archimedes, one of them appearing at the beginning 
of Peyrard’s French translation of 1807, and the other in 
Gronovius’ Thesaurus Oraecarum Antiquitatum ; and I thought 
it well to inquire further into the matter. I am now informed 
by Dr A. S, Murray of the British Museum that there does 
not appear to be any authority for any one of the three, and 
that writers on iconography apparently do not recognise an 
Archimedes among existing portraits. I was, therefore, re- 
luctantly obliged to give up my idea. 

The proof sheets have, as on the former occasion, been read 
over by my brother, Dr R. S. Heath, Principal of Mason College, 
Birmingham ; and I desire to take this opportunity of thanking 
him for undertaking what might well have seemed, to any one 
less genuinely interested in Greek geometry, a thankless task. 

T. L. HEATH. 


March, 1897 . 
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CHAPTER I. 

AKCHIMEDES. 

A LIFE of Archimedes was written by one Heracleides*, but 
this biography has not survived, and such particulars as are known 
have to be collected from many various sources f. According to 
TzetzesI he died at the ago of 75, and, as he perished in the sack 
of Syracuse (b.c. 212), it follows that he was probably born about 
287 B.C. He was the son of Pheidias the astronomer§, and was 
on intimate terms mth, if not related to, king Hieron and his 

' * Eutocius mentions this work in his commentary on Archimedes’ Measure- 
ment of the circle, <Ss ^rjciv 'HpaKXeiSijs 'Apx'M’SSous /3Iy. He alludes to it 
again in his commentary on Apollonius’ Conics (ed. Heiberg, Vol. n. p. 168), 
where, however, the name is wrongly given as 'HpdKXcios. This Heraoleides is 
perhaps the same as the Heraoleides mentioned by Archimedes himself in the 
preface to his book On Spirals. 

+ An exhaustive collection of the materials is given in Heiberg’s Quaestiones 
Archimedeae (1879). The preface to Torelli’s edition also gives the main points, 
and the same work (pp. 363 — 370) quotes at length most of the original 
references to the mechanical inventions of Archimedes. Eurther, the article 
Archimedes (by Hnitsch) in Pauly-Wissowa’s Real-Encyclopddie der classischen 
Altertumsxdissenschaften gives an entirely admirable summary of all the available ' 
information. See also Susemihl’s Geschichte der griechischen Litteratur in der 
Alexandrinerzeit, i. pp. 723 — 733. 

J Tzetzes, Chiliad., ii. 35, 105. 

§ Pheidias is mentioned in the Sand-reclioner of Archimedes, rSv Trporipuv 
dcrpoMyur Eu56fou...$c<51o tov a/iov trarphs (the last words being the correction 
of Blass for tov ’Axoiirarpos, the reading of the text). Cf. Sohol. Clark, in 
. Gregor. Hazianz. Or. 34, p. 355 a Idorel. ^etolas rd per y^ros nr ^vpaKhcios 
aaTpo\byos b ’Apx(/i^5ous irar^p. 
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8on Gelon. It appears from a passage of Piodorua* * * § that he spent 
a considerable time at Alexandria, where it may be inferred that 
he studied with the successors of Euclid. It may hare been at 
Alexandria that he made the acquaintance of Conon of Samos 
(for whom be had the highest regard both as a mathematician 
and as a personal friend) and of Eratosthenes. To the former 
he was in the habit of comronnicating his discoreties before their 
publication, and it is to tbe latter that the famous Cattle-problem 
purports to have been sent. Another friend, to whom he dedicated 
several of his works, was Dositheus of Pelusium, a pupil of Conon, 
presumably at Alexandria though at a date subsequent to Archi- 
medes’ sojourn there. 

After his return to Syracuse he lived a life entirely devoted 
to mathematical research. Incidentally he made himself famous 
by a variety of ingenious mechanical inventions. These things 
were however merely tbe “diversions of geometry at play+,” and 
he attached no importance to them. In the words of Flutareb, “he 
possessed so high a spirit, so profound a soul, and such treasures 
of scientific knowledge that, though these inventions had obtained 
for him tbe renown of more than human sagacity, be yet would 
not deign to leave behind him any written work on such subjects, 
but, regarding as ignoble and sordid the business of mechanics 
and every sort of art which is directed to use and profit, he placed 
his whole ambition in those speculations in whose beauty and 
subtlety there is no admixture of the common needs of lifej.” In 
fact he wrote only one such mechanical book, On Sphere-making%, 
to which allusion will be made later. 

Some of his mechanical inventions were used with great effect 
against the Homans during the siege of Syracuse, Thus he contrived 

* PlodornK v. 87, 3, oS> [rodi i Svpaxofftet Sre 

elt Alyvrrei'- 

t Pltttatch, 14, 

J 17. 

§ Pappas Tin. p. 1026 (ed. Hnltsch). St rod i ‘Arrioxfdt 

'Apxtt^^dV tJ*' 2i</)o«4rrtoF ly ftiyor pifiUor cvrreraxtFat /iij^aFiiciF rS «rar4 
v0aipoTO(tir, ruF St dXXur sSStr ‘{{iwk/fcu rurrifai. leairoi mpa roti roWo's irl 
prixanKg xal (leyaXg^vijt^^^yfrSfUwot S ^avftairrtt iteTyot, aore Siaftcirat 

rapi raffi* iySpiirott irtp^aXXdyTui ruw re rpo^ov/Uyur ytuperpiir^t 

ril ipiSpiyTiK^! ix^piyuy Beuplat ri PfO-xfirara iotoivTa e&'oi wouSa/ur avrfypa^er' 
6j ^airrrai t&i tlprjiitrM tTiirr^^uii oSrfM vrtjttFtt* 

a^riui iruffiyeiy. 
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catapults so ingeniously constructed os to be equally serviceable 
at long or short ranges, machines for discharging showers of 
missiles through holes made in the walls, and others consisting 
of long moveable poles projecting beyond the walls which either 
dropped heavy weights upon the enemy’s ships, or grappled the 
prows by means of an iron hand or a beak like that of a crane, 
then lifted them into the air and let them fall again* * * § . Marcellus 
is said to have derided his own engineers and artificers with the 
words, “Shall we not make an end of fighting against this geo- 
metrical Briareus who, sitting at ease by the sea, plays pitch and 
toss with our ships to our confusion, and by the multitude of 
missiles that he hurls at us outdoes the hundred-handed giants of 
mythologyit”; but the exhortation had no effect, the Romans being 
in such abject terror that “if they did but see a piece of rope 
or wood projecting above the wall, they would cry ‘there it is 
again,’ declaring that Archimedes was sotting some engine in motion 
against them, and would turn their backs and run away, insomuch 
that Marcellus desisted from all conflicts and assaults, putting all 
his hope in a long siege J.” 

If we are rightly informed, Archimedes died, as he had lived, 
absorbed in mathematical contemplation. The accounts of the 
exact circumstances of his death differ in some details. Thus 
Livy says simply that, amid the scenes of confusion that followed 
the capture of Syracuse, he was found intent on some figures which 
he had drawn in the dust, and was killed by a soldier who did 
not know who he was §. Plutarch gives more than one version in 
the following passage. “Marcellus was most of all afflicted at 
the death of Archimedes ; for, as fate would have it, he was intent 
on working out some problem with a diagram and, having fixed 
his mind and his eyes alike on his investigation, he never noticed 
the incursion of the Romans nor the capture of the city. And 
when a soldier came up to him suddenly and bade him follow to 

* Polybius, Hist. nil. 7 — 8 ; Livy xxiv. 34; Plutarch, Marcellus, 16 — 17. 

t Plutarch, Marcellus, 17. 

J ibid. 

§ Livy XIV. 31. Cum multa irae, multa auaritiae foeda exempla ederentur, 
Archimedem memoriae proditum est in tanto tumultu, quantum pauor captae ' 
urbis in disoursu diripientium militum ciere poterat, intentum formis, quas in 
pulnere descripsorat, ab ignaro milite quia esset interfectum ; aegre id Marcellum 
tuliase sepulturaeque curam habitam, et propinquis etiam inquisitis honori 
praesidioque nomen ac memoriam oius fuisse. 
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Jfarcellus, he refused to do so until he had worked out his problem 
to a demonstration; whereat the soldier was so enraged that he 
drew his eword and slew him. Others say that the Roman ran 
up to him with a drawn sword oiTering to kill him; and, when 
Archimedes saw him, he begged him earnestly to wait a short time 
in order that be might not leave his problem incomplete and 
unsolved, but the other took no notice and killed him. Again 
there is a third account to the effect that, as he was carrying to 
Marcellus some of his mathematical instruments, sundials, spheres, 
and angles adjusted to the apparent size of the sun to the sight, some 
soldiers met him and, being under the impression that he carriwl 
gold in the vessel, slew him The most picturesque version of the 
story is perhaps that which represents him as saying to a Roman 
soldier who came too close, “Stand away, fellow, from my diagram," 
whereat the man was so enraged that he killed himt. The addition 
made to this story by Zonaras, representing him as saying vapa 
Kt^aXav test irapd ypapifiay, while it no doubt recalls the second 
versiou given by Plutarch, is perhaps the most fsr-fetched of the 
touches put to the picture by later hands. 

Archimedes is said to have requested bis friends and relatives 
to place upon his tomb a representation of a cylinder circumscribing 
a sphere vrithiu it, together with ao inscription giving the ratio 
which the cylinder bears to the sphere } j from which we may 
infer that he himself regarded the discovery of this ratio [On the 
Sphere and Cylinder, l. 33, 34] as his greatest achievement. Cicero, 
when quaestor in Sicily, found the tomb in a neglected state and 
restored it§. 

Beyond the above particulars of the life of Archimedes, we 
have nothing left except a number of stories, which, though perhaps 
not literally accurate, yet help us to a conception of the personality 
of the most original mathematician of antiquity which we would 
not willingly have altered. Thus, in illustration of his entire 
preoccupation by his abstract studies, wb are told that he would 
forget all about his food and such necessities of life, and would 
V/fe im W* * * § wifta tA W* icre, or, whon 


* PlnUreb, ^arttllvM, 19. 

f Tzetzes, Chil. il. 3S, ISS; Zonaraa ix. 5. 

i Platarcb, ilareelltu, 17 edjin. 

§ Cicero, Tuie. v. £1 sq. 
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anointing himself, in the oil on his body* * * § ^. Of the same kind is 
the n-eli-known story that, when he discovered in a bath the 
solution of the question referred to him by Hieron as to whethei- 
a certain crown supposed to have been made of gold did not in 
reality contain a certain proportion of silver, he ran naked through 
the street to his home shouting eSp-qKa, cvprjKaf. 

According to Pappus | it was in connexion witii his discovery 
of the solution of the problem To move a given weight hy a given 
force that Archimedes uttered the famous saying, “ Give me a 
place to stand on, and I can move the earth (Sds poi vov cttu koI 
Kirto rgv yijv).” Plutarch represents him as declaring to Hieron 
that any given weight could be moved by a given force, and 
boasting, in reliance on the cogency of his demonstration, that, if 
he were given another earth, he would cross over to it and move 
this one. , "And when Hieron was struck with amazement and asked 
him to reduce the problem to practice and to give an illustration 
of some great weight moved by a small force, he fixed upon a ship 
of burden with three masts from the king’s arsenal which had 
only been dra\vn up mth great labour and many men ; and loading 
her with many passengers and a full freight, sitting himself the 
while far off, with no great endeavour but only holding the end 
of a compound pulley (n-oXvcnraoTos) quietly in his hand and pulling 
at it, he drew the ship along smoothly and safely as if she were 
moving through the sea§.” According to Proclus the ship was one 
which Hieron had had made to send to king Ptolemy, and, when all 
the Syracusans with their combined strength were unable to launch 
it, Archimedes contrived a mechanical device which enabled Hieron 
to move it by himself, insomuch that the latter declared that 
“from that day forth Archimedes was to be believed in every- 
thing that he might say ij.” While however it is thus established 
that Archimedes invented some mechanical contrivance for moving 
a large ship and thus gave a practical illustration of his thesis, 
it is not certain whether the machine used was simply a compound 

* Plutarch, ]ilarcellu$, 17. 

t Vitruvius, Architect, ix. 3. For an explanation of the manner in which 
Archimedes probably solved this problem, see the note following On floating 
bodice, i. 7 (p. 259 sq.). 

J Pappus vni. p. 1060. 

§ Plutarch, ifarcellus, 14. 

il Proclus, Comm, on Kucl, i., p. 63 (ed. Friedlein). 
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pulley (iroXiVwatTTos) as stated Plutarch; for Athenaeus*, in 
describing tho same incident, says tfist a htlix was used. This 
term most be supposed to refer to a machine similar to the ko^Xm*? 
described by Pappus, in which a cog-wheel with oblique teeth 
moves on a cylindrical helix turned by a handlef. Pappus, how- 
ever, describes it in connexion with the /SapovXxds of Heron, and, 
while he distinctly refers to Heron as his authority, he gives no 
hint that Archimedes invented either the ^apovXxdr or the par- 
ticular (co^^Xiar ; on the other hand, the iroXvtnraoroc is mentioned 
by Galen J, and the rpivmtrm (triple pulley) 1^ Oribasius§, as one 
of the inventions of Archimedes, the rpurratrro; being so called 
either from its having three wheeb (Vitruvius) or three ropes 
(Oribosius). Hevertheleaa, it may well be that though the ship 
could easily be kept in motion, when once started, by the rpi- 
owurrot or iroXilowaoTCf, Archimedes was obliged to use an appliance 
similar to the ico^^Xbar to give the first impulse. 

The name o! yet another instrument appears in connexion with 
tho phrase about moving the earth. Tsetses’ version is, “Give 
me a place to stand on (rd and 1 will move the whole earth 
with a xupwTwi'i”; but, as la another passage^I he uses the word 
rpunro^of, it may be assumed that the two words represented one 
and the same thing**. 

It will be convenient to mention in this placo the other 
mechanical inventions of Archimedes. The best known is the 


• Atbenaeni v. S07 a-b, Aua t 4 n^Xuraffrei' tfr riji’ 

rpOrm r^t fX»ot nra^Ktv^r. To the 

same effect b the etatemcot o! Eastathioa ed JL lu. p. 114 (ed. Stallb.) JUytrai 
li f\x( col r» »tSo», 9 rpvTot zCpiiz 4 'Apx‘l*i9irt ^act, S! airtO. 

t Pappas vm. pp. 10C6, 1108 sq. 

S Oalen, fn lUppoer. De artte^ it . 47 (= ivin. p. 747, ed. Kfllm). 

$ Oiibaslos, Cott. mcd., xm, (it. p. 401, ed. Bauemake), 'AvcXMiovi 4 
'AfXfp^Smi r/iUrtrrer, described io tbe same passage as haring been inrested 
rpit rii rwv rXofMc ra^oXedt. 

S Tsetzes, CXiL n. ISO. 

t Ttfd., m. 61(4 p^npzirirftrTifTfffovr" Srt ffQuii vaXtCzu 

rV x9i»n. 

** ndberg compares SlmpliriDS, Cevun. tadrlitot.PXpi. {ed. Diels, p. 1110, 
L 2), rairg U ry d^oXeyff reO ■(rovrret «al reO twevp/^v sol tpO StafTiffiarot 
t 4 cradfurroiie Spyvw t 4» saXedjMW x*P^*^^* ewer^eai 4 ’Apxv^iji <1* 
fUxP* Tarrit dcoXertst 4*6»vaff€r ri rS fiv zal zuu rXe 
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watcr-screw* * * § (also called Kop^Xt'a?) which was apparently invented 
by him in Egypt, for the purpose of irrigating fields. It was 
also used for pumping water out of mines or from the hold of 
ships. 

Another invention was that of a sphere constructed so as to 
imitate the motions of the sun, the moon, and the five planets 
in the heavens. Cicero actually saw this contrivance and gives a 
description of itf, stating that it represented the periods of the 
moon and the apparent motion of the sun with such accuracy that 
it would even (over a short period) show the eclipses of the sun 
and moon. Hultsch conjectures that it was moved by water |. 
We know, as above stated, from Pappus that Archimedes wrote 
a book on the construction of such a sphere (irtpl cr<^atpo7roua9), 
and Pappus speaks in one place of “those who understand the 
making of spheres and produce a model of the heavens by means 
of the regular circular motion of water.” In any case it is certain 
that Archimedes was much occupied Avith astronomy. Livy calls 
him “unions spectator caeli siderumque.” Hipparchus Eays§, 

. “ From these observations it is clear that the differences in the 
years are altogether small, but, as to the solstices, I almost 
think (ouK drcXTrifo) that both I and Archimedes have erred to 
the extent of a quarter of a day both in the observation and in the 
deduction therefrom.” It appears therefore that Archimedes had 
considered the question of the length of the year, as Ammianus 
also states II . Macrobius says that he discovered the distances of 
the planets^. Archimedes himself describes in the Sand-reckoner 
the apparatus by which he measured the apparent diameter of the 
sun, or the angle subtended by it at the eye. 

The story that he set the Roman ships on fire by an arrange- 
ment of burning-glasses or concave mirrors is not found in any 

* Diodorus I. 34, v. 37; Vitruvius x. 16 (11) ; Philo ni. p. 330 (ed. Pfeiffer); 
Strabo xvii. p. 807 ; Athenaeus v. 208 f. 

t, Cicero, De rep., t. 21-22; Tusc., i. 63; De nat. dcor., ii. 88. Cf. Ovid, 
Fa$ti, VI. 277 ; Lactantius, Instil., ii. 6, 18 ; Martianus Capella, ii. 212, vi. 
683 sq. ; Claudian, Epigr. 18 ; Sextus Empiricus, p. 416 (ed. Bekker). 

+ Zeitschrift f. Math. u. Physik {hist. litt. Ahth.), xxn. (1877), 106 sq. 

§ Ptolemy, aivra^is, i. p. 153. 

1 II Ammianus Maroell., xxvi. i. 8. 

*11 Macrobius, in Somn. Scip., ii. 3. 
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authority earlier than Lucian*; and the so^alled loculus Archi- 
^ncdixis, which was a sort of puzzle made of 14 pieces of ivory of 
difierent shapes cot out of a square, cannot be supposed to be bis 
invention, the explanation of the nao^e being perhaps that it was 
only a method of expressing that tbs puzzle was cleverly made, 
in the same way as the vpofiKtjua came to be simply 

a proverbial expression for something very difficult t- 

* The same story is told of Proclos in Zonsras srv. 3. For the other 
references on the euhject see Heiberg's Qtuiettiontt Arehimsdeaf, pp. 3&-41. 

f Cf. also TzetzeSi Chll. xit. 270, ewK Xfxia" fX‘^- 



CHAPTER II. 


^rA^*USCRIPTS AND PRINCIPAL EDITIONS — ORDER OF 
COMPOSITION — DIALECT — LOST WORKS. 

The sources of tlie text and versions are very fully described 
by Heiberg in the Prolegomena to Vol. m. of his edition of Archi- 
medes, where the editor supplements and to some extent amends 
what he had previously witten on the same subject in his dis- 
sertation entitled Quaesiiones Archimedcae (1879). It ■will there- 
fore suffice here to state briefly the main points of the discussion. 

, The MSS. of the best class all had a common origin in a MS. 
which, so far as is known, is no longer extant. It is described 
in one of the copies made from it (to be mentioned later and dating 
from some time between a.d. 1499 and 1531) as ‘most ancient' 
(iraXaioTOTou), and all the evidence goes to show that it "was written 
as early as the 9th or 10th century. At one time it was in the 
possession of George Valla, who taught at Venice between the 
years 1486 and 1499; and many important inferences with regard 
to its readings can be drawn from some translations of parts of 
Archimedes and Eutocius made by Valla himself and published 
in his book entitled de expetcndis ct fugiendis rebus (Venice, 1501). 
It appears to have been carefull}'- copied from an original belonging 
to some one well versed in mathematics, and it contained figures 
drawn for the most part with great care and accuracy, but there 
was considerable confusion between the letters in the figures and 
those in , the text. This MS., after the death of Valla in 1499, 
became the property of Albertus Pius Carpensis (Alberto Pio, 
prince of Carpi). Part of his library passed through various hands 
and ultimately reached the Vatican ; but the fate of the Valla 
MS. -appears to have been different, for we hear of its being in 
the possession of Cardinal Rodolphus Pius (Rodolfo Pio), a nephew 
of Albertus, in 1544, after which it seems to have disappeared. 
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The three roost Important MSS. extant are: 

P (= Codex Florentinus biUiothecae Laurentianae Mediccae 
plutei XXVIII. 4to.). 

B (= Codex Parisinus 2360, olim Mediceua). 

C (= Codex Farisinua 2361, Fouteblandeosls). 

Of these it ia certain that B was copied from the Valla IIS. 
This is proved by a note on the copy itself, which states that the 
archetype formerly belonged to Qeorge Valla and afterwards to 
Albertua Piua. From this it may also be inferred that B was 
written before the death of Albertua in 1531; for, if at the date 
of B the Valla MS. had passed to Rodolphus Pius, the name of 
the latter would presumably have been mentioned. The note re- 
ferred to also gives a list of peculiar abbreviations used in the 
archetype, which list ia of importance for the purpose of com- 
parison with F and other MSS. 

From a note on C it appears that that MS. was written by 
one Christophorus Anvems at Rome in 1544, at the expense of 
Georgius Armagniacua (Georges d’Amagnac), Bishop of Rodez, 
then on a mission from King Francis 1. to Pope Paul 111. Further, 
a certain OuUelmus Philander, in a letter to Francis I. published 
in an edition of Vitruvius (1552), mentions that be was allowed, 
by the kindness of Cardinal Rodolphus Pius, acting at the instance 
of Georgius Armagniacus, to see and make extracts from a volume 
of Archimedes which was destined to adorn the library founded 
by Francis at Fontainebleau. He adds that the volume had been 
the property o! George Valla. "We can therefore hardly doubt 
that 0 was the copy which Georgius Armagniacus had made in 
Older to present it to the library at Fontainebleau. 

Now F, B and C all contain the same works of Archimedes 
and Eutocins, and in the same order, viz. (I) two Books de apkatra 
e< cylindro, (2) dt dimeimone ctrcwfi, (3) de conoidi&us, (4) de 
linets tpiralibta, (5) de plants aequs ponderanfibus, (6) arenarius, 
(7) qxtadratura parabolae, and the commentaries of Eutocius on 
(1) (2) and (5). At the end of the qvadratura parabolae both 
F and B give the following lines : 
evrvxotijs Xeov ycw^erpa 

voWovi fit Xvxttfiavras Zms woXv ^iXrarc powratt. 

F and 0 also contain menntrae from Heron and two fragments 
wrpl oraffpuy and irtpi pfrpwy, the order being the same in both 
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and the contents only differing in the one respect that the last 
fragment Trfpl perptor is slightly longer in F than in C. 

A short preface to C states that the first page of the archetype 
was so rubbed and worn with age that not even the name of 
Archimedes could be rend upon it, while there was no copy at 
Rome by means of which the defect could be made good, and 
further that the last page of Heron’s de mensuris was similarly 
obliterated. Now in F the first page was apparently left blank 
at first and afterwards written in by a different hand with many 
gaps, while in B there are similar deficiencies and a note attached 
by the copyist is to the effect that the first page of the archetype 
was indistinct. In another place (p. 4 of Yol. in., ed. Heiberg) 
all three MSS. have the same lacuna, and the scribe of B notes 
that one whole page or even two are missing. 

Now C could not have been copied from F because the last 
page of the fragment wept fiirptav is perfectly distinct in F ; and, 
on the other hand, the archetype of F must have been illegible 
at the end because there is no word tcAo; at the end of F, nor any 
other of the signs by which copyists usually marked the completion 
of their task. Again, Yalla’s translations show that his MS. had 
certain readings corresponding to correct readings in B and C 
instead of incorrect readings given by F. Hence F cannot have 
been YaUa’s MS. itself. 

The positive evidence about F is as follows. Yalla’s trans- 
lations, with, the exception of the few readings just referred to, 
agree completely with the text of F. From a letter written at 
Yenice in 1491 by Angelus Politianus (Angelo Poliziano) to Lau- 
rentius Mediceus (Ijorenzo de’ Medici), it appears that the former 
had found a MS. at Yenice containing works by Archimedes and 
Heron and proposed to have it copied. As G. Yalla then lived 
at Yenice, the MS. can hardly have been any other but his, and 
no doubt' F was actually copied from it in 1491 or soon after. 
Confirmatory evidence for this origin of F is found in the fact 
that the form of most of the letters in it is older than the 15th 
century, and the abbreviations etc., while they all savour of an 
ancient archetype, agree marvellously with the description which 
the note to B above referred to gives of the abbreviations used 
m Yalla’s MS. Further, it is remarkable that the corrupt passage 
corresponding to the illegible first page of the archetype just takes 
up one page of F, no more and no less. 
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The natural inference from all the evidence is that F, B and 
C all had their origin in the Valla MS. ; and of the three F is 
the most trustworthy. For (1) the extreme care -with -which the 
copyist of F kept to the original is illustrated by a number of 
mistakes in it which correspond to Valla's readings but are cor- 
rected in B and C, and (2) there is no doubt that the writer of 
B was somewhat of an expert and made many alterations on his 
own authority, not always with success. 

Passing to other MSS., we know that Pope Nicholas V. bad 
a MS. of Archimedes which he caused to be translated into Latin. 
The translation was made by Jacobus Cremonensis (Jacopo Cas- 
siani*), and one copy of this was written out by Joannes Regio- 
montanus (Johann MQlIer of Konigsberg, near Hassfurt, in Fran- 
conia), about I4G1, who not only noted in the margin a number 
of corrections of the Latin but added also in many places Greek 
readings from another MS. This copy by Regiomontanus is pre- 
served at Nurnberg and was the source of the Latin translation 
ghen in the editio prineeps of Thomas Qecbanff Venatorius (Basel, 
1344); it is called N** by Heiberg. (Another copy of the same 
translation is alluded to by Regiomontanus, and this is doubtless 
the Latin MS. 327 of i5tb c still extant at Venice.) From the 
foot that the translation of Jaoobus Cremonensis has the same 
lacuna as that in F, B and C above referred to (Vol. ni., ed. 
Heiberg, p. 4), it seems clear that the translator had before him 
either the Valla MS. itself or (more likely) a copy of it, though 
the order of the books in the translation diSers in one respect 
from that in our MSS., viz. that the arenarius comes after instead 
of before the quadratura paraMae. 

It is probable that the Greek MS. used by Regiomontanus was V 
(= Codex Venetus Marcianua cccv. of the 15th o.), which is still extant 
and contains the same books of Archimedes and Eutocius with the 
same fragment of Heron as F has, and in the same order. If the 
above conclusion that F dates from 1491 or thereabouts is correct, 
then, os V belonged to Cardinal Bessarione who died in 1472, it 
cannot have been copied from F, and the simplest way of accounting 
for its similarity to F is to suppose that it too was derived from 
Valla’s MS. 

* Tinboschi, Storia della Z<n«ra(iira Jtaliana, Vol. vi. Pt. 1 (p. 353 of the 

edition of 1807). Cantor (VorUtungen Sb. Oaek. d. Math,, n. p. 192) e^res the 
full name and title as Jacopo da S. Caariano Gremonese canonico rcKolare. 
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Eegiomontanus mentions, in a note inserted later than the 
rest and in different ink, two other Greek MSS., one of whicli he 
calls “ exemplar vetus apud magistrum Paulum.” Probably the 
monk Panlus (Albertini) of Venice is here meant, whose date was 
.1430 to 1475; and it is possible that the “exemplar vetus” is 
the MS. of Valla. 

The two other inferior MSS., viz. A (= Codex Parisinus 2359, 
olini Mediceus) and D {=Cod. Parisinus 23G2, Fonteblandensis), 
owe, their origin to V. 

It is next necessary to consider the probabilities as to the MSS. 
used by Nicolas Tartaglia for his Latin translation of certain of 
the works of Archimedea The portion of this translation published 
at Venice in 1543 contained the books de cenlris graviuvi vel clc 
aequerepsntibus I— II, tetragonismus [gyaraholae^, dimcnsio circxdi 
and de insidcnttbus aquae /; the rest, consisting of Book II dc 
insideniibus aquae, was published wdth Book 1 of the same treatise, 
after Tartaglia's death in 1557, by Troianus Curtius (Venice, 1565). 
Now the last-named treatise is not extant in any Greek MS. and, 
as Tartaglia adds it, without any hint of a separate origin, to the 
rest of the books which he says he took from a mutilated and 
almost illegible Greek MS., it might easily be inferred that the 
Greek MS. contained that treatise also. But it is established, by 
a letter written by Tartaglia himself eight years later (1551) that 
he then had no Greek text of the Books de hmdentibxis aquae, and 
it would be strange if it had disappeared in so short a time without 
leaving any trace. Further, Commandinus in the preface to his 
edition of the same treatise (Bologna, 1565) shows that he had 
never heard of a Greek text of it. Hence it is most natural to 
suppose that it reached Tartaglia from some other source and in the 
Latin translation only*. 

The fact that Tartaglia speaks of the old MS. which he used 
as “fracti et qui vix legi poterant libri,” at practically the same 
time, as the writer of the preface to C was giving a similar de- 
scription of Valla’s MS., makes it probable that the two were 

* The Greek fragment of Book i., ircpX tZv SSart i^piaraplvuiv ij vcpl rZv 
edited by, A. Mai from two Yatioan MSS. {Classici aiict. i. p. 426-30 ; 
Vol. n. of Heiberg’s edition, pp. 356-8), seems to be of doubtfnl authenticity. 
Except for- the first proposition, it contains enunciations only and no proofs. 
Heiberg is inclined to think that it represents an attempt at retranslation into 
Greek made by some mediaeval scholar, and he compares the similar attempt 
made by Eivault. 
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identical ; and this probability is confirmed by a considerable agree- 
ment between tbe mistakes in TartagUa and in Valla’s versions. 

But in the case of tbe quadralura parabolae and the dimensio 
circuli Tartaglia adopted bodily, without alluding in any way to 
the source of it, another liatin translation published by Lucas 
Gauricus “luphanenais ex regno Neapolitan©” (Luca Gaurico of 
Giluni) in 1503, and he copied it so faithfully as to reproduce most 
obvious errors and perverse pnnctnation, only filling up a few 
gaps and changing some fig;ures and letters. This translation by 
Gauricus is seen, by means of a comparison with Valla’s readings 
and with the translation of Jacobus Cremonensis, to have been 
made from the same ilS. os the latter, viz. that of Pope Nicolas V. 

Even where Tartaglia used the Valla MS. he does not seem 
to have taken very great pains to decipher it when it was 
not easily legible— it may be that be was unused to deciphering 
MSS.— and in such cases he did not hesitate to draw from other 
sources. In one place {de planar, li. 9) he actually 

gives as the Archimedean proof a paraphrase of Eutocius some' 
what retouched and abridged, and in many other instances he 
has inserted corrections and interpolations from another Greek 
MS. which he once namea 'rfais US. appears to have been a copy 
made from F, with interpolations due to some one not unskilled 
la the subject-matter; and this interpolated copy of F was ap- 
parently also the source of the Nuraberg MS. now to be mentioned. 

N* Codex Norimbergensia) was written in tbe 16th century 
and brought from Rome to Niirnbeig by WUibald Pirckheymer. 
It contains tbe same works of Archimedes and Eutocius, and in 
the same order, os F, but was evidently not copied from P direct, 
while, on the other hand, it agrees so closely with Tartaglia’s 
version os to suggest a common origin, N* was used by Vena- 
torins in preparing the editia pnnctpt, and Venatorius corrected 
many mistakes in it with his own hand by notes in the mar^n 
or on slips attached thereto; be also made many alterations in 
the body cd it, erasing the ori^naV, and sometimes wrote on it 
directions to the printer, so that it was probably actually used 
to print from. The character of tbe US. shows it to belong to 
the same class as the others; it agrees with them in the more 
important errors and in having a similar lacuna at the beginning. 
Some mistakes common to it and F alone show that its source was 
F, though at second hand, as aVwve indicated. 
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It remains to enumerate the principal editions of the Greek 
text and the published Latin versions which are based, wholly or 
partially, upon direct collation of the MSS. These are as follows, 
in addition to Gaurico’s and Tarto-glia’s translations. 

1. The editio princeps published at Basel in 1644 by Thomas 
Gechauff Venatorius under the title Archimedis opera quae quidevi 
exstant omnia nunc primum graece et Inline in lucem edita. Adiccla 
quoque sunt Eutocii Aacalonitae cornmentaria item graece et latine 
nunquam antea excusa. The Greek text and the Latin version in 
this edition were taken from different sources, that of the Greek 
text being N”, while the translation was Joannes Regiomontanus’ 
revised copy (N*") of the Latin version made by Jacobus Cremo- 
nensis from the MS. of Pope Nicolas V. The revision by 
B.egiomontanus was effected by the aid of (1) another copy of 
the same translation still extant, (2) other Greek MSS., one of 
which was probably V, while another may have been Valla’s MS. 
itself. 

2. A translation by F. Commandinus (containing the following 
works, circuli dimensio, de lineis spiralibus, quadratura parabolae, 
de conoidibus et sphaeroidibus, de arenae numero) appeared at 
Venice in 1558 under the title Archimedis opera nonnulla in 
latinum conversa et commentariis illustraia. For this translation 
several MSS. were used, among which was V, but none preferable 
to those which we now possess. 

3. D. Rivault’s edition, Archimedis opera quae exstant graece 
et latine novis demonstr. et comment. iUustr. (Paris, 1616), gives 
only the propositions in Greek, while the proofs are in Latin and 
somewhat retouched. Rivault followed the Basel editio princeps 
with the assistance of B. 

4. Torelli’s edition (Oxford, 1792) entitled ’Apxt/JojSovs va o-w- 
^d/teva fietd. rmv Eutokiov ’Ao-koXiovitou vjroptvij/idTcov, Archimedis 
quae supersunt omnia cum Eutocii Ascalonitae commentariis ex 
recensione J. Torelli Veronensis cum nova versions latina. Acced- 
unt lectiones variantes ex coM. Mediceo et Parisiensihus. Torelli 
followed the iSasel editio princeps in the main, but also collated 
V. The book was brought out after Torelli’s death by Abram. 
Robertson, who added the collation of five more MSS., F, A, B, C, D, 
with the Basel edition. The collation however , was not well done, 
and the edition was not properly corrected when in the press. 
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5. Last of all comes the definitive edition of Heiberg {ArcM- 
medU opeT^ omnia cum commtntariia Eutocii. E codice Florentino 
recgnsuit, Latine wrtit notie^ve UlxutTauii J. L. Ueiherg. Leipzig, 
18S0— 1). 

Tlie relation of all the MSS. and the above editions and trans- 
lations ia well shown by Heiberg in the following scheme (with 
the omission, however, of his own edition) : 

Cod«x Uallae saee. r — z 

Cod. Nicolai V F Tartalea V B C 

c. 1453 c. 1491 a. 1S43 aaec. xv e. 1500 a. lo44 

I EdTSoaUj 

I a. 1615 

A. D CommsndmnB 

saee. xvi 1558 

^ ToicIUm 1792 

OauxicQS Cremoncsais c. 1460 

6^' Uea'ct.ll? Z 1461 
saee. xv 


Cod. Tsrtaleae ii 
N* saee. xvi 
Bd. Basil. 1544 


The remaining editions which give portions of Arehimedes in 
Greek, and the rest of the translations of the complete works or 
parts o! them which appeared before Heiberg’s edition, were not 
based upon any fresh collation of the original sources, though some 
excellent corrections of the text were made by some of the editors, 
notably Wallis and Nizze. The following books may be mentioned. 

Joh. Chr. Sturm, Dts unvergleiehlic/ien ArchirrudU EutulbUchery 
viersetzt und erlautert (Huroberg, 1670). This translation em- 
braced all tbe works extant in Greek and followed three years 
after the same anthor’s separate translation of the Samireckoner. 
It appears from Sturm’s preface that he principally used the edition 
of Rivault. 

Is. Barrow, Opera Arehimedu, ApoHonii Pergoxi conicorum tibri, 
7’heodoaii sphaeriea meChodo novo Uluttrata et demonaiToia (London, 
1675). 

Wallis, AvchitMdia areTsarfus et dimenno ctrcufi, Eutocii in Kane 
eommentarii cum veraione et notia (Oxford, 1678), also given 
in Wallis’ Opera, VoL iii, pp. 509 — 546. 

Karl Friedr, Hauber, Arekimeda ztoei Bitcher iiber Kugel und 
Cylinder. Ebendeaaelben Kreitmeaaung. Vehersetzt nit Anmerkungen 
u. a. to. begleitei (Tubingen, 1798). 
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P. Peyrard, QSiivrcs d’ArcIiimede, (raduiies lidSralemenl, avcc 
uk commenfaire, mivics d’un niemoirc du iradnctciir, mv nn nouveaxt, 
miroir ardent, et d'un autre vtemoire de M. Dclamhre, sur Varith- 
mUique des Grccs. (Second edition, Paris, ISOS.) 

Ernst Kizze, Archimedes von Syrakus vorhandene Wcrke, aus dem 
Gnechischen iibersetzt und mil crliiuternden und kritischen Anmer- 
kimgen begleitet (Stralsnnd, 1824). 

The MSS. give the several treatises in the following order. 

1. wept (T^atpas koI KvXii'Spov d (i\ two Books On the Sphere 
and Cylinder, 

2 . kvkXov fierpya-i';*, Measurement of a Circle. 

3. irrpl (turottSetov Kal {r^atpoeiScwi', On Conoids and Spheroids. 

4. rtpl IXCkwv, On Spirals. 

5. <7rin-cSwv iffoppo— «3v a /J't, two Books On the Equilibrium 
of Planes. 

6. ij/app[n)i, The Sand-reckoner. 

7. Tcrpaym-icpos vapafioXfj^ (a name substituted later for that 
given to the treatise by Archimedes himself, which must 
undoubtedly have been rerpayunerpos rijs tov 6p0oyu>v(ov 
Ktivov ropr}sl), Quadrature of the Parabola. 

To these should be added 

8. TTfpl 6xavpiv(nv%, the Greek title of the treatise On floating 
bodies, only preserved in a Latin translation. 

* Pappus nllndes (i. p. 812, ed. Hnllsch) to tbo Ki’K\Dv fitTpijais in the words 

ip Tip ircpl TTjf ToO k6k\ov vepitfifpdiit, 

t Archimedes himself twice alludes to properties proved in Book i. as 
demonstrated ip toU pnxapixoTs (Quadrature of the Parabola, Props. 6, 10). 
Pappus (viii. p. 1034) quotes ri trepl hroppotridp. The beginning of 

Book r. is also cited by Proolus in his Commentary on Evcl. i., p. 181, where the 
reading should be too d hroppoiriup, and not tSp avuroppomup (Hultsch). 

t The name ‘parabola’ was first applied to the curve by Apollonius. Archi- 
medes always used the old term • section of a right-angled cone.’ Of. Eutocius 
(Heiberg, vol. in., p. 342) lidetirrai ip ry rrepl rys too ipOoyuptov kiIipov ropys. 

§ This title corresponds to the references to the book in Strabo i. p. 54 
,CApx‘M’55’jt ip toTi vepl tup ixovpipup) and Pappus vm. p. 1024 (dt 'Apxmv^f 
ixov/dpoit). The fragment edited by Mai has a longer title, irepl tup SSuti 
iipiirrafiipup y irepl tup ixavpipup, where the first part corresponds to Tartaglia’s 
version, de insidentibus aquae, and to that of Commandinus, de Us quae vehun- 
turin aqua. But Archimedes intentionally used tho more general word iyp6p 
(fluid) instead of OSup ; and hence the shorter title wcpl ixovptipup, de Us quae 
in humido vehuntur (Torelli and Heiberg), seems the better. 
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The boobs were not, however, written in the above orderj and 
Archimedes himself, partly throngh his prefatory letters and partly 
by the use in later works of properties proved in earlier treatises, 
gives indications sufficient to enable the chronological sequence 
to be stated approximately as follows : 

1. On ihe ejuilibnum of ptenes, I. 

2. Quadrature of the Parahala. 

3. On the equilibrium of planesy IL 

4. On the Sphere and Cylinder, T, II. 

5. On SjnraU. 

6. On Conoida and Spheroide. 

7. On ^oaO'ii^ hodiea, I, II. 

8. Ueasurement of a circle. 

9. The Sand^eekoner. 

It should however be observed that, with regard to (7), no 
more is certain than that it was written after (6), and with regard 
to (8) no more than that it was later than (4) and before (9). 

In addition to the above we have a collection of Lemmas {14^ 
Attiimptorufn) which has reached ns through the Arabic. The 
collection was first edited by 8. Foster, Miteellanta (London, 1659), 
and next by Borelli in a book published at Florence, 1661, in 
which the title !s given as Liber asiutnptorwn Arehimedis tnter 7 >rete 
Thehit ben Kora el exponenle doctore Almocktaaso Abilhaean. The 
Lemmas cannot, however, have been written by Archimedes in 
their present form, because bb name b quoted in them mors than 
once. The probability b that they were propositions collected by 
some Greek writer* of a later date for the purpose of elucidating 
some ancient work, though it b quite likely that some of the 
propositions were of Archimedean origin, e.g. those concerning 
the geometrical figures called respectivriy apfitjXotf (literally 

* It would seem that the eompiler ot the Liitr Jttumpiorum must have 
draws, to a cosaiderable extent, from the same soarees as Pappas. The 
number of propoaitiooi appearing aobstaotiallv in the same form in both 
collections is, I think, even greater than baa yet been noticed. Tanneiy (La 
Gtomitrie greeqw, p. 1S2) mentions, as iostanees, Lemmas 1, 4, 5, 6; bnt it 
will be seen from the notes in thb work that there are several other eoin- 
eidenees. 

f Pappns gives (p. 208) what be calls an 'ancient proposition' (ipxala 
epiraea] about the aame figure, whl^ be describes as 4 raXaSe'ir 

£pfiii\or. Ct the note to Prop. 6 (p. 308). The meaning of the word is gathered 



WORKS ASCRIBED TO ARCHIMEDES. 


XXXUl 


‘ shoemaker’s knife ’) and caAirov (probably a ‘ salfc-cellar ’ *), and 
Prop. 8 which bears on the problem of trisecting an angle. 

from the Scholia to Nioander, Thertaca, 423 : &pPfi\ot ^fyoJ'r£^ ri kvkXotipt] 
fftSiipio, ofs ol (TKirroripot 'Ti/ivovari xal (Howi t4 Sippara. Of. Hesychius, 
ivipPriKa, ri. pi] Sippara’ &pPr]Kot yhp t4 trpiXla. 

* The best authorities appear to hold that in any case the name irdXirop was 
not applied to the dgnre in question by Archimedes himself but by some later 
writer. Subject to this remark, I believe {rdXiror to be simply a Graecised 
form of the Latin word salinum. We know that a salt-cellar was an essential 
part of the domestic apparatus in Italy from the early days of the Roman 
Republic. “All who were raised above poverty had one of silver which 
descended from father to son (Hor., Carm. ii. 16, 13, Liv. xxvi. 36), and 
was accompanied by a silver patella which was used together with the salt- 
cellar in the domestic sacrifices (Pers. m. 24, 26). These two articles of 
silver were alone compatible with the simplicity of Roman manners in the 
early times of the Republic (Plin., AT. N. zxxni. § 163, Val. Max. rv. 4, § 3). 
...In shape the salinum was probably in most oases a round shallow bowl ” 
[JDict. of Greek and Jtoman Antiquities, article salinum']. Further we have 
in the early chapters of Mommsen’s Sistory of Borne abundant evidence 
of similar transferences of Latin words to the Sicilian dialect of Greek. Thus 
(Book I., oh. xiii.) it is shown that, in consequence of Latino-Sicilian com- 
merce, certain words denoting measures of weight, libra, triens, quadrans, 
sextans, uncia, found their way into the common speech of Sicily in the third 
century of the city under the forms ’Klrpa, rpids, rerpds, iids, oiyda. Similarly 
Latin law-terms (oh. xi.) were transferred; thus mutuum (a form of loan) 
became poirop, career (a prison) Kipsapop. Lastly, the Latin word for lard, 
arvina, became in Sicilian Greek appirq, and patina (a dish) vardpi]. The last 
word is as close a parallel for the supposed transfer of salinum as could be 
wished. Moreover the explanation of odXiPOP as salinum has two obvious 
advantages in that (1) it does not require any alteration in the word, and 



(2) the resemblance of the lower curve to an ordinary type of salt-cellar is 
evident. I should add, as confirmation of my hypothesis, that Dr A. S. Murray, 
of the British Museum, expresses the opinion that we cannot be far wrong in 
accepting as a salinum one of the small silver bowls in the Roman ministerium 
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Archimedes is farther credited with the authorship of the 
Cattle-problem enunciated in the epigram edited by Lessing in 
1773. According to the heading prefixed to the epigram it was 
communicated by Archimedes to the mathematicians at Alexandria 
in a letter to Eratosthenes*. There is also in the Scholia to Plato’s 
Charmides 165 E a reference to the problem “ called fay Archimedes 
the Cattle-problem” (to JtXijfliv wr* ‘A/>xi/i>j8ow wpo^Aij^). 

The question whether Archimedes really propounded the problem, 
or whether his name was only prefixed to it in order to mark the 
extraordinary difficulty of it, has been much debated. A complete 
account of the arguments for and against is given in an article 
by Krumbiegel in the Zextachrijl fur Mathematik und Physik 
{Hist. litt. Ahthtilung) XXT. (1680), p. 121 sq., to which Amthor 
added (t&td. p. 153 sq.) a discussion of the problem itself. The 
general result of KnimbiegeVa investigation is to show (1) that 

nt the Maaeum which wsa fooad at Chaoursa (iJase) in France and ii of a 
section sufficiently like the curve in the Salinon. 

The other esplaoations of which have been ngpeated are as follows, 

(1) Cantor connects it with eiXct, *'das Bchwankea des boben Meeres,” 
aud would preenmably trautlate it as wove>{ine. But the resemblaaee is 
not altogether sstiafaetory, and the termination -o-ov would need explanation. 

(2) Heiberg says the word is “sine dubio ab Arabibua depranatnm,” and 
suggests that it ehould be oAtvw, panUy (“ex umiUtudine ftondia apli"). 
But, whatever may be thought of the resemblance, the theory that the word ia 
corrupted is CfSTtainly not euppotied by the analogy of d^ijXer which is correctly 
reproduced by the Arsbs, as we know from the passage of Pappus referred to in 
the last note. 

(3) Dr Gow suggests that wdAiror may be a ' sieve, ' eomparlDg edXal. But 
this guess is not supported by any evidence. 

* The heading is, TJfipXrnta Srep fr iwiypiitpiaetp ivpiir rni iy 

'AXi^arSptif rtpl ravra rpaypareoeiUretl h'ttr irferetXrr h vj rpit 'EpaTOvSiniv 
Tor Evp^ater irirro\^. Heiberg translates this as “the problem which 
Archimedes discovered and sent in an epigram.. .in a letter to Eratosthenes.’’ 
He admits however that the order of words is against this, as is the use of 
the plural iriypiftftaeir. It is clear that to take the two eipressioiiB ir 
iriypappaaiP and ir fsiTraXy as both following drforetXcv is very awkward. In 
fact there seems to be no alternative but to translate, as Erumbiegel does, in 
accordance with the order of the words, “a problem which Archimedes found 
among (some) epigrams and Bent..an his letter to Eratosthenes and this sense 
is certainly nnaatisfactory. Boltsch remarks that, though the mistake rpay. 
;iar«e^/roit for rpaypartvopiren and the composition of the heading as a whole 
betray the hand of a writer who lived some centuries after Archimedes, yet he 
must have had an earlier source of information, because be could hardly have 
invented the story of the letter to Eratosthenes. 
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the epigram can hardly have been written by Archimedes in its 
present form, but (2) that it is possible, nay probable, that the 
problem was in substance originated by Archimedes. Hultsch* has 
an ingenious suggestion as to the occasion of it. It is known that 
Apollonius in his wkvtoklov had calculated a closer approximation to 
the value of v than that of Archimedes, and he must therefore have 
worked out more difficult multiplications than those contained in 
the Measurement of a circle. Also the other work of Apollonius 
on the multiplication of large numbers, which is partly preserved 
in Pappus, was inspired by the Sand-reckoner of Archimedes ; and, 
though we need not exactly regard the treatise of Apollonius as 
polemical, -yet it did in fact constitute a criticism of the earlier 
book. Accordingly, that Archimedes should then replj' with a 
problem which involved such a manipulation of immense numbers 
as would be difficult even for Apollonius is not altogether outside 
the bounds of possibility. And there is an unmistakable vein of 
satire in the opening words of the epigram “ Compute the number 
of the oxen of the Sun, giving thy mind thereto, if thou hast a 
share of Avisdom,” in the transition from the first part to the 
second where it is said that ability to solve the first part would 
entitle one to be regarded as “not unknowing nor unskilled in 
numbers, but still not yet to be numbered among the wise,” and 
again in the last lines. Hultsch concludes that in any case the 
problem is not much later than the time of Archimedes and dates 
from the beginning of the 2nd century B.c. at the latest. 

Of the extant books it is certain that in the 6th century a.d. 
only three were generally known, viz. On the Sphere and Cylinder, 
the Measurement of a circle, and On the equilibrium of planes. Thus 
Eutocius of Ascalon who >vTote commentaries on these works only 
knew the Quadrature of the Parabola by name and had never seen 
it nor the book On Spirals. Where passages might have been 
elucidated by references to the former book, Eutocius gives ex- 
planations derived from Apollonius and other sources, and he 
speaks vaguely of the discovery of a straight line equal to the 
circumference of a given circle “by means of certain spirals,” 
whereas, if he had known the treatise On Spirals, he would have 
quoted Prop. 18. There is reason to suppose that only the three 
treatises on which Eutocius commented were contained in the 

* Pauly-Wissowa’s Beal-Encycloptidie, ii. 1, pp. 634, 6. 
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ordinary editions of the time sach as that of Isidorus of Miletus, 
the teacher of Eutociua, to which the latter several times alludes. 

In these circumstances the wonder is that so many more books 
have survived td the present day. As it U, they have lost to a 
considerable extent their original form. Archimedes wrote in tb© 
Doric dialect*, but in the best known books (On the Spfiere and 
Cylinder and the Meamrement of a circld) practically all traces 
of that dialect have disappeared, while a partial loss of Doric forms 
has taken place in other books, of which however the Sand- 
reckoner has suETcred least. Jloreovcr in all the books, except the 
Sand-Ttekoner, alterations and additions were first of all made by 
an interpolator who was acquainted with the Doric dialect, and 
then, at a date subsequent to that of Eutocins, the book On (he 
Sphere and Cylinder and the Meaturemenl of a circle were completely 
recast. 

Of the lost works of Archimedes the following can be identified. 

1. Investigations relating to pdyhedra ere referred to by 
Pappus who, after alluding (v. p. 352) to the five regular polyhedra, 
gives a description of thirteen others discovered by Archimedes 
which are semi-regular, being contained by polygons equilateral 
and equiangular but not similar. 

2. A book of arithmetical content, entitled ip'pai Prineiples 
and dedicated to Zeuxippus. We leant from Archimedes hunself 
that the book dealt with the naming of numbert (irarovdftafiv ruv 

and expounded a system of expressing numbers higher 

* Thas Untodns in hit com(neotat 7 on Prop. 4 cf Book n. On (A« Sphere 
and Cylinder speaks of the fragoent, which he found in an old book and which 
appeared to him to be the missutg sopplement to the proposition referred to, 
as “preserring in part Arehimedes’ fseonrite Doris d^ect" (fr fUptt H rijr 
AwpiJa dWeufor). From the use of the expreesioo ir 

nipet Beiberg conclades that the Doric forms had bj the time of Entoeios 
begun to disappear in the books which have come down to ns no less in 
the fragment referred to. 

t Observing that in all tbo refereocea to this work in the Sand-recioner 

Archimedestpeaksof the naminpi/nunben or ot numbers which ore no med or hare 

their names {iptSmel taTurenaeiUm, tA A»i!;i«Ta fx*rTH, roe Karoea^iaflne fx^ves), 
EuUsch (Faulj-Wiesowa's Reat-Eneyetophdie, ii. 1, p. fill) speaks of yrareeo- 
lialit ru¥ as the name of the work; and he explains the words nrat rwr 

Ir 4/>xa*» ^dpt9ft!iw> rSr earerosioffar as meaning "some of the 

numbers mentioned at the hegintting which have a special name," where "at 
the beginning” refers to the passage in which Archimedes first mentions rur 
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than those -which could be expressed in the ordinary Greek no- 
tation. This system embraced all numbers up to the enormous 
figure which we should now represent by a 1 followed by 80,000 
billion ciphers ; and, in setting out the same system in the Sand- 
recko 7 ier, Archimedes explains that he does so for the benefit of 
those who had not had the opportunity of seeing the earlier work 
addressed -to Zeuxippus. 

3. Trepi ^vySiv, On balances or levers, in which Pappus says (vin. 
p.'l068) that Archimedes proA-ed that “greater circles overpower 
{KaraKpaTova-i) lesser circles when they revolve about the same 
centre.” It was doubtless in this book that Archimedes proved 
the theorem assumed by him in the Quadrature of the Parabola, 
Prop. 6, viz. that, if a body hangs at rest from a point, the centre 
of gra-vity of the body and the point of suspension are in the same 
vertical line. 

4. Kevrpo^apiKa, On centres of gravity. This work is mentioned 
by Simplicius on Aristot. de caelo ii. {Scholia in Arist. 508 a 30). 
Archimedes maybe referring to it when he says (On the equilibrium 
of planes i. 4) that it has before been proved that the centre of 
gravity of two bodies taken together lies on the line joining the 
centres of gravity of the separate bodies. In the treatise On 
floating bodies Archimedes assumes that the centre of gra-rity of a 
segment of a paraboloid of revolution is on the axis of the segment 
at a distance from the vertex equal to frds of its length. This 
may perhaps have been proved in the KevrpopapiKa, if it was 
not made the subject of a separate work. 

Doubtless both the 7r«pl Qr/Sv and the KOT-po/Japi/cd preceded 
the extant treatise On the equilibrium of planes. 

5. KaTOTrrpiKo, an optical work, from Avhich Theon (on Ptolemy, 
Synt. I. p. 29, ed. Halma) quotes a remark about refraction. 
Cf. Olympiodorus in Aristot. Meteor., n. p. 94, ed. Ideler. 


if afiwy KaTWoitturiUvuv ipiBpwy sal iySeSofUyuy iy rois ttotI Zei^nrroy yeypap- 
ptyois. But {y ipxais seems a less natural expression for “ at the beginning” 
than iy dpxv or mr’ dpxds -uroald have been. Moreover, there being no 
participial expression except KaToyopa^lav ixivTay to be taken with iy dpxait in 
this sense, the meaning would be unsatisfactory ; for the numbers are not 
named at the beginning, but only ref erred to, and therefore some word like 
elprjpiyuy should have been used. For these reasons I think that Heiberg, 
Cantor and Susemihl are right in taking dpxal to be the name of the treatise. 
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6. irtp'i (rtpatpoTToda^, On tfhere-making, a mechanical work on 
the construction o£ a sphere rq>re8eating the motions of the 
heavenly bodies as already mentioned (p. xzi). 

7. l^dStov, a Method, noticed by Suidas, who says that Theo- 
dosius wrote a commentary on it, but gives no further information 
about it. 

8. According to Hipparchus Archimedes must have written 
on the Calendar or the length of the year (cf. p xxi). 

Some Arabian writers attribute to Archimedes works (1) On 
a heptagon in a circle, (2) On circles touching one another, (3) On 
parallel lines, (4) On triangles, (5) On the properties of right- 
angled triangles, (6) a book of Data ; but there is no confirmatory 
evidence of his having written such works. A book translated 
into liatin from the Arabic by Gongava (Louvain, 1548) and en- 
titled aeriptarie de apecvlo comburente concavifalia parabolae 

cannot be the work of Archimedes, since it quotes Apollonius. 
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THE RELATION OF ARCHIMEDES TO HIS PREDECESSORS. 

An extraordinarily large proportion of the subject matter of 
the "writings of Archimedes represents entirely new discoveries of 
his own. Though his range of subjects was almost encyclopaedic, 
embracing geometry (plane and solid), arithmetic, mechanics, hydro- 
statics and astronomy, he was no compiler, no writer of text- 
books ; and in this respect he differs even from his great successor 
Apollonius, whose work, like that of Euclid before him, largely 
consisted of systematising and generalising the methods used, and 
the results obtained, in the isolated effoids of earlier geometers. 
There is in Archimedes no mere working-up of existing materials ; 
his objective is always some new thing, some definite addition to 
the sum of knowledge, and his complete originality cannot fail 
to strike any one who reads his works intelligently, "without any 
corroborative evidence such as is found in the introductory letters 
prefixed to most of them. These introductions, however, are emi- 
nently characteristic of the man and of his work ; their directness 
and simplicity, the complete absence of egoism and of any effort 
to magnify his own achievements by comparison "with those of 
others or by emphasising their failures where he himself succeeded : 
all these things intensify the same impression. Thus his manner 
is to state simply what particular discoveries made by his pre- 
decessors had suggested to him the possibility of extending them 
in new directions ; e.g. he says that, in connexion -with the efforts 
of earlier geometers to square the circle and other . figures, it 
occurred to him that no one had endeavoured to square a parabola, 
and he accordingly attempted the problem and finally solved it. 
In like manner, he speaks, in the preface of his treatise On the 
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Sphert and Cylinder, of his discoveriea with reference to those 
solids as supplementing the theorems about the pyramid, the cone 
and the cylinder proved by Eudozas. He does not hesitate to 
say that certain problems baffled him for a long time, and that 
the solution of some took him many years to effect; and in one 
place (in the preface to the book On Spircda) he positively insists, 
for the sake of pointing a moral, on specifying two propositions 
which he had enunciated and which proved on further investigation 
to be wrong. The same preface contains a generous eulogy of 
Conon, declaring that, but for his untimely death, Conon would 
have solved certain problems before him and would have enriched 
geometry by many other discoveries in the meantime. 

In some of his subjects Archimedes had no fore-runners, e.g. 
in hydrostatics, where he invented the whole science, and (so 
far as mathematical demonstration was concerned) in his me- 
chanical investigations. In these cases therefore he had, in laying 
the foundations of the subject, to adopt a form more closely re- 
sembling that of an elementary textbook, but in the later parte 
he at once applied himself to specialised investigations. 

Thus the historian of mathematics, in dealing with Archimedes’ 
obligations to bis predecessors, bas a comparatively easy task before 
him. But it is necessary, first, to give some description of the use 
which Archimedes made of the general methods which had found 
acceptance with the earlier geometers, and, secondly, to refer to 
some particular results which he mentions as having been previously 
discovered and as lying at the root of bis own investigations; or 
which he tacitly assumes as known. 

§ 1. Use of traditional geometrical methods. 

In my edition of the Conict of Apollonius*, I endeavoured, 
following the lead given in Zeuthen'a work, Die ZeAre von den 
Xeyelsehnitten im AlCertum, to give some account of what has been 
fitly called the yeoTnetrical aXgeVra which played such an important 
part in the works of the Greek geometers. The two main methods 
included under the tenn were (1) the use of the Ote&ry of pro- 
portions, and (2) the method of application of areas, and it was 
shown that, while both methods are fully expounded in the Elements 
of Euclid, the second wm much the older of the two, being 
attributed by the pupils of Eudemns (quoted by Proclus) to the 
• Apollonius of Perga, pp. ci sqq. 
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Pythagoreans. It was pointed out that the application of a/reaSf 
as set forth in the second Book of Euclid and extended in the 
sixth, was made by Apollonius the means of expressing what he 
takes as the fundamental properties of the conic sections, namely 
the properties which we express by the Cartesian equations 

y-=px, 
f=px + ^a?, 

referred to any diameter and the tangent at its extremity as axes j 
and the latter equation was compared with the results obtained in the 
27th, 28th and 29th Props, of Euclid’s Book vi, which are equivalent 
to the solution, by geometrical means, of the quadratic equations 

ax+^a? = D. 

~ c 

It was also shown that Archimedes does not, as a rule, connect his 
description of the central conics "with the method of application of 
areas, as Apollonius does, but that Archimedes generally expresses 
the fundamental property in the form of a proportion 

y’ ^ y'* 

x.Xx . Xi' ’ 

and, in the case of the ellipse, 

y* _l>‘ 

x.Xj a* ’ 

where x, a;, are the abscissae measured from the ends of the diameter 
of reference. 

It results from this that the application of areas is of much less 
frequent occurrence in Archimedes than in Apollonius. It is 
however used by the former in all but the most general form. The 
simplest form of “applying a rectangle” to a given straight line 
which shall be equal to a given area occurs e.g. in the proposition On 
the equilibrium of Planes ii. 1; and the same niode of expression 
is used (as in Apollonius) for the property f=px.in the parabola, 
px being described in Archimedes’ phrase as the rectangle “ applied 
to” (naparnTnov napd) a line equal to p and “having at its width” 
(irkdros ^ov) the abscissa (k). Then in Props. 2, 25, 26, 29 of the 
book On Conoids and Spheroids we have the complete expression 
which is the equivalent of solving the equation 

ax + sd‘=b’‘, 

“let a rectangle be applied (to a certain straight line) exceeding by 
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a eqoare figure (ffapojrtirrwieerw X“P‘®*' vir€ppd\Xov e’Stt Tcrpayan'u) 
and equal to (a certain rectangle)." Thus a rectangle of this sort 
has to be made (in Prop. 25) equal to what we have above called 
x.x^ in the case of the hjperbola, which is the same thing as 
x(a*t- 3 ;) or ax + x\ where a is the length of the transverse axis. 
Sat, curiously enough, we do not find in Archimedes the application 
of a rectangle ^'fcUling c^t by a square figure,” which we should 
obtain in the case of the ellipse if we substituted a:(o— a:) for jc.x,. 
In Ibe case of the ellipse tbe area x.x^ is represented (On Conoids 
and Spheroids, Prop. 29) as a gnomon which is the difference 
between the rectangle h.h, (where h, are the abscissae of the 
ordinate bounding a segment of an ellipse) and a rectangle applied 
to A, — /i and exceeding by a square figure whose side is A — a; ; and 
the rectangle A . Aj is simply constructed from the sides A, A^. Thus 
Archimedes avoids* the application of a rectangle falling short by a 
square, using for « . x, the rather complicated form 

i. A, -((*,-*) (J-x).(4-ar)'|. 

It is easy to see that this last expression is equal to s. for it 
reduces to 

A.A,-{A,(A-*)-«(A-a:)} 

-*(Aj.+ A)-*», 

since A,4-Aso, 

It will readily be understood that the transformation of rectangles 
and squares in accordance with the methods of Euclid, Book li, is 
just as important to Archimedes aa to other geometers, and there is 
no need to enlarge on that form of geometrical algebra. 

The theory of proportions, as expounded in the fifth and sixth 
Books of Euclid, including the transformation of ratios (denoted by 
the terms eotnponendo, dividendo, etc.) and the compo&ition or 
multiplication of ratios, made it possible for the ancient geometers 
to deal with magnitudes in general end to work out relations 
between them with an effectiveness not much inferior to that of 
■EftAwa wAmfitoac^ tfi ratios ccr(ii& 

be effected by procedure equivalent to what we should in algebra 

• The object of Archimedes was no doubt to malce the Lemma in Prop. 3 
(dealing with the summation ol a series of tenns of the form a .rx -t- (rs)*, where r 
fuecessively takes the TsloesJ, 3, S,..,) serve for the hyperboloid of revolution 
and the spheroid as welL 



RELATION OF AROHIJIEDES TO HIS PREDECESSORS. xliii 

call bringing to a common denominator. Next, the composition or 
multiplication of ratios could be indefinitely extended, and hence 
the algebraical operations of multiplication and division found easy 
and convenient expression in the geometrical algebra. As a par- 
ticular case, suppose that there is a series of magnitudes in continued 
proportion (i.e. in geometrical progression) as Oj, Oj, ... o„, so that 

®0 _ _ _ ^n-l 

We have then, by multiplication, 



It is easy to understand ho'vv powerful such a method as that of 
proportions would become in the hands of an Archimedes, and a few 
instances are here appended in order to illustrate the mastery with 
which he uses it. 


1. A good example of a reduction in the order of a ratio after 
the manner just shown is furnished by On the equilibrium of Planes 
li. 10. Here Archimedes has a ratio which we will call where 
al‘lb^ = cld; and he reduces the ratio between cubes to a ratio 
between straight lines by taking two lines x, y such that 

c _ a: _ d 
x~ d~ y' 

It follows 'from this that =^=^, 


or 

and hence 


a c 


a® / 

cV c X 

d_ 


x) ~ x’ d' 

y~ 


2. In the last example we have an instance of the use of 
auxiliary fixed lines for the purpose of simplifying ratios and 
thereby, as it were, economising power in order to grapple the more 
successfully with a complicated problem. With the aid of such 
auxiliary lines or (what is the same thing) auxiliary fixed points in 
a figure, combined with the use of proportions, Archimedes is able to 
efiect some remarkable eliminations. 

Thus in the proposition On the Sphere and Cylinder ii. 4 he obtains 
three relations connecting three as yet undetermined points, and 



IKTRODUCTION. 


xHv 


proceeds at once to eliminate two of the points, so that the problem 
is then reduced to finding the remaining point by means of one 
equation. Expressed in an algebraical form, the three original 
relations amount to the three equations 
3a-g _y ' 

X 

o + g g 

g 2o — g 

y=,” 

z n 


and the reEmlt, after the elimination of y and g, is stated by 
Archimedea in a form equivalent to 

fM-f n o+*_ 4o* 

n ■ a “(2o-*)*' 

Again the proposition On tho etfuilibrium of Planes n. 9 proves 
by tbe same method cf proportions that, if a, (, e, d, x, y, are straight 
lines satisfying tbe conditions 


and 


a b e 
h * c* 3’ 


(o>J >«>d) 


d g 

2a + 46 + 6c + 33 y 
5o + 106+ 10c ♦ fid** o — c’ 


then g+y=|o. 

The proposition U merely brought in as a subsi^ary lemma to the 
proposition following, and is not of any intrinsic importance ; but a 
glance at the proof (which again introduces an auxiliary line) will 
show that it is a really extraordinary instance of tbe tuanipulation 
of proportions. 


3. Yet another instance is worth giving here. It amounts to 
the proof that, if 

a* 6* ’ 

then ^ ^ . y* (o — x) + — — ^.^(o + g)=!4a6*. 


A, A' are tbe points of contact of two parallel tangent planes to a 
spheroid j the plana of the paper U tho plane through AA' and the 
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axis of the spheroid, and PP' is the intersection of this plane with 
another plane at right angles to it (and therefore parallel to the 
tangent planes), which latter plane divides the spheroid into two 
segments whose axes are AN, A'N. Another plane is drawn through 



the centre and parallel to the tangent plane, cutting the spheroid 
into two halves. Lastly cones are drawm whose bases are the 
sections of the spheroid by the parallel planes as shown in the 
figure. 

Archimedes’ proposition takes the following form \On Cmoids 
and Spheroids, Props. 31, 32]. 

APP' being the smaller segment of the two whose common base 
is the section through PP', and x, y being the coordinates of P, 
he has proved in preceding propositions that 


and 


(volume of) segment APP' _2a + x 
(volume of) cone .4 PP' ~ a + x 

half spheroid JPP' „ 

cone ABB' 




and he seeks to prove that 


segment A'PP' 2a — x 
cone A'PP' ~ a- x' 


The method is as follows. 

cone ABB' 


We have 


h- 


cone .4PP' a—x’ip 


a a- 
a — x' a^ — a?' 


If we suppose 


z a 
a a — x 


the ratio of the cones becomes — ~ — 

aP-a?' 


(r). 
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Next, by hypothesis (a), 

cone JPf ' __ g + g 
aegtQt. 2a-*-a‘ 

Therefore, eg oeyuoli, 

coae ABB' »» 

eegoBt. APP' (o — g) (2o + *) ’ 

It foUowa from (fi) that 

spheroid 4ga 

eegmt. APP' (o — g)(2o + *)* 


whence « 4»a> (n-g) 

segmt rPF (o-*)(2n^-g) 

g(So-g)+(2a+g)(g-o-g ) 

* (a— g)(2a + «) 

Now we have to obtain the ratio of the segment A'PP' to the cone 
A'PP't and the comparison between the segment A PP' and the cone 
A'PP' is made by combining two ratios « aeqvcli. Thus 


segmt APP' 
cone APP' 


p bj W, 


, cone^iV o-g 

and ■ ■ on , - — “ . 

cone A PP » + g 

Thns cotabimng the last t?lre« proportions, ex oeywili, we hare 

segmt. A'PP' g(2g-g)-*-(2tt-4-g)(s-»o~g) 
cone A'PP' o* + 2ag + g* 

_ g(2<»— g)+ ( 2a-fg)(s— g — g) 
*(fl-g)+(2o + x)a: ’ 

since «* = *(«— «)i by (y). 

[The object of the transformation of the numerator and denominator 
of the last fraction, by which a(2a-g) and *(o — g) are made the 

first tenns, is now obvioos, because — ? is the fraction which 

o ~g 

Archimedes wishes to sniTe at, and, in order to prove that the 
required ratio is equal to this, it is only necessary to show that 

2rt-® *_(o-*) 
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Now 


so that 


2a — x_j^ a 
a — nc a — x 

= 1+^. by (y), 

Ut 

~ a 

_ s — (a — ^ (dividendo), 

segmt. A'PP' _2a~x 
covlqA'PP' a — x ’ 


4. One use by Euclid of the method of proportions deserves 
mention because Archimedes does not use it in similar circumstances. 
Archimedes {Quadrature of tlie Parabola, Prop. 23) sums a particular 
geometric series 

in a manner somewhat similar to that of our text-books, whereas 
Euclid (ix. 35) sums any geometric series of any number of terms by 
means of proportions thus. 

Suppose Oi, On, to be (n+l) terms of a geometric 

series in which c„+i is the greatest term. Then 

^n+l _ _ *^n-l _ 

®n_l ®n-S 


Therefore 



— ^i»-i 


Cln ““ ^ 


Adding all the antecedents and all the consequents, we have 


~ % 02 — Oj 

Oi -4-tt2 + a3 + -.. + a„ fTj ’ 

which gives the sum of n terms of the series. 


§ 2. Earlier discoveries affecting quadrature and cuba- 
ture. 

Archimedes quotes the theorem that circles are to one another as 
the squares on their diameters as having being proved by earlier 
geometers, and he also says that it was proved by means of a certain 
lemma which he states as follows: “Of unequal lines, unequal 
surfaces, or unequal solids, the greater exceeds the less by such a 
magnitude as is capable, if added [continually] to itself, of exceeding 
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any given magnitude of those which are comparable with one another 
{twv irpos aXXjjXa Xtyo/xo-w).” We know that Hippocrates of Chios 
proved the theorem that circles are to one another as the squares on 
their diameters, but no clear conclnsion can be established as to the 
method which he used. On the other hand, Eudoxns (who is 
mentioned in the preface to Sphere and Cylinder as having 
proved two theorems in solid geometry to be mentioned presently) 
is generally credited with the invention of the method of exhaiatton 
by which Euclid proves the proposition in question in xn. 2. The 
lemma stated by Archimedes to have been used in the original proof 
is not however found in that form in Enclid and is not used in the 
proof of XII. 2, where the lemma used is that proved by him in 
X. 1, viz. that “Given two unequal magnitudes, if from the greater 
[a part] be subtracted greater than the half, if from the remainder 
[a part] greater than the half be subtracted, and so on continually, 
there ^1 be left some magnitode which will be less than the lesser 
given magnitude.” This last lemma is frequently assumed by 
Arcltiioedes, and the application of it to equilateral polygons in- 
scribed in a circle or sector in the manner of xii. 2 is referred to as 
having been handed down in the Elementt*, by which it is clear 
that only Euclid's Elementt can be meant The apparent difBeulty 
caused by the mention of Itoo lemmas in connexion with the theorem 
in question can, however, I think, be explained by reference to 
the proof of x. 1 in Euclid. He there takes the lesser magnitude 
and says that it is possible, by multiplying it, to make it some time 
exceed the greater, and this statement be clearly bases on the 4th 
definition of Book v. to the eOect that “ magnitudes are said to bear 
a ratio to one another, which can, if multiplied, exceed one another.” 
Since then the smaller magnitude in x. 1 may be regarded as the 
difierence between some two unequal magnitudes, it is clear that the 
lemma first quoted by Archimedes fa in substance used to prove the 
lemma in x. 1 which appears to play so much larger a part in the in- 
vestigations in quadrature and cobature which have come down to us. 

The two theorems which Archimedes attributes to Eudoxus 
by namet are 

(1) that any pyramid m one third part of the prism which has 
the same base as the pyramid and eyual height, and 

* On t1ie Sphere and Cylinder, i. 6. 

+ ibid. Prelace. 
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(2) that any cone is one third part of die cylinder which has 
the same base as the cone and eqttal height. 

The other theorems in soKd geometry wliich Archimedes quotes 
as having been proved by earlier geometers are*: 

(3) Cones of equal height are in the ratio of their bases, and 
conversely. 

(4) If a cylinder be divided by a plane parallel to the base, 
cylinder is to cylinder as axis to aocis. 

(5) Cones which have the same bases as cylinders and equal 
height toith them are to one another as the cylinders. 

(6) The bases of equal cones are reciprocally proportional to 
their heights, and conversely. 

^7) Cones the diameters of whose bases have the same ratio as 
thmr axes are in the triplicate ratio of the diameters of their bases. 

In the preface to the Quadrature of the Parabola he says 
that earlier geometers had also proved that 

(8) Spheres have to one another the triplicate ratio of their 
diameters ; and he adds that this proposition and the first of those 
which he attributes to Eudoxus, numbered (1) above, were proved 
by means of the same lemma, viz. that the difference between 
any two unequal magnitudes can be so multiplied as to exceed 
any given magnitude, while (if the text of Heiberg is right) the 
second of the propositions of Eudoxus, numbered (2), was proved 
by means of “a lemma similar to that aforesaid.” As a matter 
of fact, all the propositions (1) to (8) are given in Euclid’s twelfth 
Book, except (5), which, however, is an easy deduction from (2); 
and (1), (2), (3), and (7) all depend upon the same lemma [x. 1] 
as that used in Eucl. xii. 2. 

The proofs of the above seven propositions, excluding (5), as 
given by Euclid are too long to quote here, but the following sketch 
will show the line taken in the proofs and the order of the propo- 
sitions. Suppose ABCD to be a pyramid with a triangular base, 
and suppose it to be cut by two planes, one bisecting AB, AC, 
AD va. F, G, E respectively, and the other bisecting EC, ED, EA 
in H, K, F respectively. These planes are then each parallel to 
one face, and they cut off two pyramids each similar to the original 

• Lemmas placed between Props. 16 and 17 of Book i. On the Sphere ani 
Cylinder. 
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pyramid and c<pial to on© another, while the remainder of the 
pyramid is proved to form two equal prisms which, taken together. 


A 



are greater than one half of the original pyramid [ill. 3]. It is 
next proved [xii. 4] that, if there are two pjTainids with triangular 
bases and equal height, and if they ate each divided in the 
manner shown into two equal pyramids each similar to the whole 
and two prisms, the sum of the prisms in one pyramid U to the 
sum of the prisms io the other in the ratio of the bases of the 
whole pyramids respectively. Thus, if we divide in the same 
manner the two pyramids which remain io each, then all 
the pyramids wluch remain, and so on eontinnally, it follows 
on the one hand, by x. 1, that we shall ultimately have 
pyramids remaining which are together less than any assigned 
solid, while on the other hand the sums of all the prisms 
resulting from the successive Bobdivisions are in the ratio of 
the bases of the original pyramids. Accordingly Cuclid is able 
to use the regular method of exhaostion exemplified in xii. 2, 
and to establish the proposition [xii. 5] that pyramids with the 
same height and with iiiangular bases are to one another as thrir 
bases. The proposition is then extended [xn. 6] to pyramids with the 
same height and with polygonal bases. Next [xir. 7] a prism with 
a triangular base is divided into three pyramida which are shown 
to be equal by means of xii, 5 ; and it follows, as a corollary, that 
any pyramid is one third part of the prism which has the same 
base and equal height. Again, two similar and similarly situated 
pyramids are taken and the solid parallelepipeds are completed, 
which are then seen to be rix tames as large as the pyramids 
respectively; and, since (by xi. 33) shmlar parallelepipeds are in 
the triplicate ratio of corresponding aides, it follows that the same 
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is true of the pyramids [xii. 8]. A corollary gives the obvious 
extension to the case of similar pyramids with polygonal bases. 
The proposition [xn. 9] that, in equal pyramids with triangular 
bases, the bases are reciprocally proportional to the heights is 
proved by the same method of completing the parallelepipeds and 
using XI. 34 ; and similarly for the converse. It is next proved 
[xn. 10] that, if in the circle which is the base of a cylinder a 
square be described, and then polygons be successively described 
by bisecting the arcs remaining in each case, and so doubling the 
number of sides, and if prisms of the same height as the cylinder 
be erected on the square and the polygons as bases respectively, 
the prism with the square base will be greater than half the 
cylinder, the next prism will add to it more than half of the 
remainder, and so on. And each prism is triple of the pyramid with 
the same base and altitude. Thus the same method of exhaustion 
as that in xn. 2 proves that any cone is one third part of the 
cylinder with the same base and equal height. Exactly the same 
method is used to prove [xn. 11] that cones and cylinders which 
have the same height are to one another as their bases, and 
[xn. 12] that similar cones and cylinders are to one another in 
the triplicate ratio of the diameters of their bases (the latter 
proposition depending of course on the similar proposition xn. 8 
for pyramids). The next three propositions are proved without 
fresh recourse to x. 1. Thus the criterion of equimultiples laid 
down in Def. 5 of Book v. is used to prove [xn. 13] that, if a 
cylinder be cut by a plane parallel to its bases, the resulting 
cylinders are to one another as their axes. It is an easy deduction 
[xn. 14] that cones and cylinders which have equal bases are 
proportional to their heights, and [xn. 15] that in equal cones 
and cylinders the bases are reciprocally proportional to the heights, 
and, conversely, that cones or cylinders having this property are 
equal. Lastly, to prove that spheres are to one another in the 
triplicate ratio of their diameters [xn. 18], a new procedure is 
adopted, involving two preliminary propositions. In the first of 
these [xn. 16] it is proved, by an application of the usual lenuna 
X. ,1, that, if two concentric circles are given (however nearly 
equal), an equilateral polygon can be inscribed in the outer circle 
whose sides do not touch the inner j the second proposition [xn. 17] 
uses the result of the first to prove that, given two concentric 
spheres, it is possible to inscribe a certain polyhedron in the outer 
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80 that it does not anTwhcre touch the inner, and a corollary adds 
the proof that, if a aimilar polyhedron be inscribed in a second 
sphere, the volumes of the ptdyhedre are to one another in the 
triplicate ratio of the diameters of the respective spheres. This 
last property is then applied [xil. 18] to prove that spheres are 
in the triplicate ratio of their diameters. 

§ 3. Coirio SectiORB. 

In my edition of the Conics of Apollonius there is a complete 
account of all the propositions in conics which are used by Archi- 
medes, classified under three headings, (1) those propositions 
which he expressly attributes to earlier writers, (2) those which 
are assnmcd without any each reference, (3) those which appear to 
represent new developments of the theory of conics due to Archi- 
medes himself. As all these properties will appear in this 
volume in their proper places, it will suffice here to state only 
such propositions as come under the first heading and a few under 
the second which may safely be supposed to have been previously 
Imown. 

Archimedes says that the following propositions " are proved 
In the elements of conics,” Le. in the earlier treatises of Euclid 
and Aristaeus. 

1. In the parabola 

(0) if PV be the diameter of a segment and QVq the 
chord parallel to the tangent at P, then $?= Fgj 

(1) if the tangent at Q meet YP produced in T, then 

pr=pr; 

(c) if two chords QVq, Q'Y’q’ each parallel to the tangent 
at P meet the diameter PY in V, V’ respectively, 

PY iPV'^QY' iQ’7'\ 

2. If straight lines drown from the same point touch any 
conic section whatever, and if two chords parallel to the respective 
tangents intersect one another, then the rectangles under the 
segments of the chords are to one another as the squares on the 
parallel tangents respectively, 

3. The following proposition is quoted as proved ** in the conics.” 
If in a parabola be the parameter of the principal ordinates. 
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QQ ' any chord not perpendicular to the axis which is bisected in V 
by the diameter P7,jy the parameter of the ordinates to PV, and 
if QD be drawn perpendicular to PF, then 

Q7* : QD^=p : 

\0n Conoids and Spheroids, Prop. 3, which see.] 

The properties of a parabola, PIP’ = Pa--^-^, and QV‘=p .PV, 
were already well known before the time of Archimedes. In fact 
the former property was used by Menaechmus, the discoverer of 
conic sections, in liis duplication of the cube. 

It may be taken as certain that the following properties of the 
ellipse and hyperbola were proved in the Conics of Euclid. 

1. For the ellipse 

PIP : APT. A’N^ P'N'’‘ : AN' . A' N' = CB’‘ : CA’‘ 
and QV‘ : PV. P'V= Q'V'’‘ : PV'.P'V = CD ’ : CP’. 

(Either proposition could in fact be derived from the proposition 
about the rectangles under the segments of intersecting chords 
above referred to.) 

2. For the hyperbola 

PN’ : AN. A'N^P'N” : AN'.A'N' 
and CV’ :PV.P'V=Q'V” -. PV'.P'V, 

though in this case the absence of the conception of the double 
hyperbola as one curve (first found in Apollonius) prevented Euclid, 
and Archimedes also, from equating the respective ratios to those 
of the squares on the parallel semidiameters. 

3. In a hyperbola, if P be any point on the curve and P/i, 
PL be each drawn parallel to one asymptote and meeting the 
other, 

PK. /’A = (const.) 

This property, in the particular case of the rectangular hyperbola, 
was known to Menaechmus. 

It is probable also that the property of the subnormal of the 
parabola (N& = ^pg) was known to Archimedes’ predecessors. It 
is tacitly assumed. On floating bodies, ii. 4, etc. 

From the assumption that, in the hyperbola, AT<AN (where 
N is the foot of the ordinate from P, and T the point in which the 
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tangent at P meets the trattweise axis) we may perhaps infer 
that the harmonic property 

TP\TP'=py'-p’y> ' 

or at least the particular cas« of it, 

was known before Archimedes* time. 

l^astly, with reference to the genesis of conic sections from 
cones and cylinders, Suclid had already stated in his Phaerufmeiui 
that, “ if a cone or cylinder be cut by a plane not parallel to the 
base, the resulting section is a section of an acute-angled cone 
[an ellipse] which is similar to a Though it is not probable 

that Euclid had in mind any other than a right cone, the statement 
should be compared with On. Conoids and Spheroids, Props. 7, 8, 9. 

§ 4. Surfaces of the second degree. 

Prop, n of the treatise On Corxoids and Spheroids states without 
proof the nature of certain plane sections of the conicoids of rero- 
lutioo. Besides the obvious facts (I) that sections perpendicular 
to the axis of revolution are circles, and [2) that sections through 
the axis are the same as the generating conic, Archimedes asserts 
the following. 

1. In a paraboloid of revolution any plane section parallel to 
the axis is a parabola equal to the generating parabola. 

2. In a hyperboloid of revolution any plane section parallel 
to the axis is a hyperbola similar to the generating hyperbola. 

3. In a hy 3 >erboloid of revolution a plane section through the 
vertex of the enveloping cone is a hyperbola which is not similar 
to the generating hyperbola 

4. In any spheroid a plane section parallel to the axis is an 
ellipse similar to the generating ellipse. 

Archimedes adds that “the proofs of all these propositions 
are manifest {ipavepai)," The proofs may in fact he supplied as 
follows. 

I. Section of a paraholoid of revolution by o plane parallel 
to the nans. 
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Suppose that the plaue of the paper represents the plane section 
through the axis AN which intersects the given plane section at right 
angles, and let A'O he the line of intersection. 

Let POP' be any double ordinate to AN in the 
section through the axis, meeting A'O and AN 
at right angles in 0, N respectively. Draw A'M 
perpendicular to AN. 

)Suppose a perpendicular drawn from 0 to 
il'O in the plane of the given section parallel to 
the axis, and let y be the length intercepted by 
the surface on this perpendicular. 

Then, since the extremity of y is on the 
circular section whose diameter is PP', 

y"-=PO.OP'. 

If A'O =x, and if p is the principal parameter of the generating 
parabola, we have then 

y^ = PN^-ON^ 

^PN^-A'iP 

^p{AN-AM) 

-px, 

BO that the section is a parabola equal to the generating parabola. 

2. Section of a hyperboloid of revolution by a plane parallel to 
the axis. 

Take, as before, the plane section through the axis which intersects 




the given plane section at right angles in A'O. Let the hyperbola 
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FAP’ in the plane of the paper represent the plane section through 
the axis, and let 0 be the centre {or the vertex of the enveloping 
cone). Draw CG' perpendicular to CA^ and produce OA' to meet it 
in C'. let the real of the construction be as before. 

Suppose that 

<74 = 0 , <r4'=o', (?'<? = r, 
and let y have the same meaning as before. 

Then = . <?/"= 

And, by the property of the original hyperbola, 

/’aV* : CS^-CA*=^A’M* ; CH*~CA* (which is constant). 

Thus A'M * : Cif * - CA* = i*A'* : CA’* - CA* 

^FN^-A-iP : CA'*-C7J/‘ 

= y* : a:*-o'*, 

whence it appears that the section is a hyperbola similar to the 
original one. 

3. Seeixen cf a hyperMnd 0 / rerpliUivn hy a ftatu pturiny 
throuy?* the centre (or the verlcz 0 / the mvCopxng cone). 

I think there can be no doubt that Archimedes would have proved 
his proposition about this section by means of the same general 
property of conics which he uses to prove Props. 3 and 12-14 of 
the same treatise, and which bo enunciates at the beginning of 
Prop. 3 as a known theorem proved in the “elements of conics," vir. 
that the rectangles under the segments of inteisecUog chords are as 
the squares of the parallel tangents. 

Let the plane of the paper represent the plane section through 
the axis which intersects the given plane passing through the 
centre at right angles. I/Ct CA'O be the line of intersection, <7 
being the centre, and A’ being the point where CA'O meets the 
surface. Suppose CAMIf to be the axis of the hyperboloid, and 
FOp, F'O'p' two double ordinates to it in the plane section through 
the axis, meeting CA'O in O, O' respectively ; similarly let A'M be 
the ordinate from A'. Draw the tangents at A and A' to the 
section through the axis meeting in T, and let QOq^, 0'0'g' be the 
two double ordinates in the same section which are parallel to the 
tangent at A' and pass throu^ O, O' respectively. 

Suppose, as before, that y, y' are the lengths cut off by the 
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surface from the. perpendiculars at 0 and O' to OC in the plane of 
the given section through GA'O, and that 

CO = x, CO' = x', = CA'=^a'. 

Q' 



Then, by the property of the intersecting chords, we have, since 
QO=Oq, 

PO . Op ; QO^^TA * : TA'” 

^P'O’ . Oy •.Q'0'\ 

Also y"=zPO . Op, y'^^P'O’ . O'p', 

and, by the property of the hyperbola, 

qO^ x^ -a'-^Q' O'- x'" -a'\ 

It follows, ex mquali, that 

y"^ : X* — = : x'® — a'* (a), 

and therefore that the section is a hyperbola. 

To prove that this hyperbola is not similar to the generating 
hyperbola, we draw GC perpendicular to GA, and G'A' parallel to 
GA meeting GC in G' and Pp in U. 

If then the hyperbola (a) is similar to the original hyperbola, it 
must by the last proposition be similar to the hyperbolic section 
made by the plane through G'A'U at right angles to the plane of 
the paper. 

Now GO^-GA'’‘ = {G'U'‘-G'A'-) + {GC' + OUY-GG'"- 
>G'V--C’A'\ 

PO .OpcPU .Up. 


and 
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Therefore PO . Op : C0*~CA'*<P{7 ^ Vp : C'0*-C'A'\ 
and it follows that the hypetboUw are not similar* 

4. Section of a spheroid ty * plane parallel to the axis. 

That this is an ellipse rimiUr to the generating ellipse can of 
course be proved in exactly the same way as theorem (2) above 
for the hyperboloid. 


• I think iMhimedes is Uksly to have osed this proof than one on the 

lines suggested by Zeuthen (p. 421). The latter nsea the equation of the 
hyperbola simply and proceeds thna. If y have the same meaning as above, 
and if the coordinates of P referred to CA, CC as axes be *, s, while those of 0 
referred to the same axes are «, we have, for the point F> 

where t is constant. 

Also, Seethe angle UCA is ^ven, af^ns, where a is constant. 

Thus -*a*. 

CO . 

Nows is proportional fo CO, being in fact eqnal to and the equation 

becomes 

!-’=r5f!-co*— w. 


which is clearly a hyperbola, since a'<>> 

Now, though the Oreeks coold have worked out the proof in a geometrical 
form equivalent to the above, I think that it is alien from the manner in which 
Archimedes regarded the equations to central conios. These he always expeesKd 
in the form of a proportion 


»* _ 

and never in the form of 
Apollonius, viz. 


^ =s ^ io the case of the ellipse^ , 

1 equation between areas like that used by 


Moreover the occurrence of the two different constants and the necessity 
of expressing them geometrically as ratios between areas and lines respectively 
would have toade the proof very long and complicated ; and, as a matter of fact, 
Archimedes never does express the ratio jr*/(** - «*) in the case of the hyperbola 
in the form of a ratio between constant areas like Lastly, when the 

equation of the given sectioa through CU'O was found in the form (1), assuming 
that the Greeks bad actually found the geometrical equivaleut, it would still 
have been held necessary, 1 think, to verify that 


before it was finally pronounced that the hyperbola represented by Qie equation 
and the section made by the plane were one and the same thing. 



belation; of aechimedes to his predecessors, lix 

We are now in a position to consider the meaning of Archimedes’ 
remark that “ the proofs of all these properties are manifest.” In 
the first place, it is not likely that “ manifest ” means “ known ” as 
having been proved by earlier geometers ; for Archimedes’ habit is 
to be precise in .stating the fact whenever he uses important 
propositions due to his immediate predecessors, as witness his 
references to Eudoxus, to the Elements [of Euclid], and to the 
“elements of conics.” When we consider the remark with reference 
to the cases of the sections parallel to the axes of the surfaces 
respectively, a natural interpretation of it is to suppose that 
Archimedes meant simply that the theorems are such as can easily 
be deduced from the fundamental properties of the three conics now 
expressed by their equations, coupled with the consideration that 
the sections by planes perpendicular to the axes are circles. But I 
think that this particular explanation of the “manifest” character 
of the proofe is not so applicable to the third of the theorems 
stating that any plane section of a hyperboloid of revolution 
through the vertex of the enveloping cone but not through the axis 
is a hyperbola. This fact is indeed no more “manifest” in the 
ordinary sense of the term than is the like theorem about the 
spheroid, viz. that any section through the centre but not through 
the axis is an ellipse. But this latter theorem is not given along 
with the other in Prop. 11 as being “manifest”; the proof of it is 
included in the more general proposition (14) that any section of a 
spheroid not perpendicular to the axis is an ellipse, and that parallel 
sections are similar. ETor, seeing that the propositions are essen- 
tially similar in character, can I think it possible that Archimedes 
wished it to be understood, as Zeuthen suggests, that the proposition 
about the hyperboloid alone, and not the other, should be proved 
directly by means of the geometrical equivalent of the Cartesian 
equation of the conic, and not by means of the property of the 
rectangles under the segments of intersecting chords, used earlier 
[Prop. 3] with reference to the parabola and later for the case of 
the spheroid and the elliptic sections of the conoids and spheroids 
generally. This is the more unlikely, I think, because the proof 
by means of the equation of the conic alone would present much 
more difficulty to the Greek, and therefore could hardly be called 
“ manifest.” 

It seems necessary therefore to seek for another explanation, 
and I think it is the following. The theorems, numbered 1, 2, and 
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4 above, about sectioua of conoids and spheroids parallel to the axis 
are used afterwards in Props. 15—17 relating to tangent planes; 
whereas the theorem (3) abont Uie section of the hyperboloid by n 
plane through the centra but not through the axis is not used in 
connexion with tangent planes, but only for formally proving that a 
straight line drawn from any point on a hyperboloid parallel to any 
transverse diameter of the hyperboloid falls, on the convex side of 
the surface, without it, and on the concave side within it. Hence 
it does not seem so probable that the four theorems were collected 
in Prop. 11 on account of the use made of them later, as that they 
were inserted in the particular place with special reference to the 
three propositions (12— 14) immediately following and treating of the 
elliptic sections of the three surfaces. The main object of the whole 
treatise was the determination of the volumes of segments of the 
three solids cut off by planes, and hence it was first necessary to 
determine all the sections which were ellipses or circles and therefore 
could form the bases of the segments. Thus in Props. 12-14 
Archimedes addresses himself to finding the elliptic sections, but, 
before he does this, be gives the theorems grouped in Prop. 11 by 
way of clearing the ground, so as to enable the propositions about 
elliptic sections to be enunciated with the utmost precision. Prop. 
11 contains, in fact, explanaiiont directed to defining the scope of 
the three following propositions rather than theorems definitely 
enunciated for their own sake; Archimedes thinks it necessary to 
explain, before passing to elliptic sections, that sections perpen- 
dicular to the axis of each surface are not ellipses but circles, and 
that some sections of each of the two conoids are neither ellipses nor 
circles, but parabolas and hyperbolas respectively. It is as if he had 
said, “ lly object being to find the volumes of segments of the three 
solids cut off by circular or elliptic sections, I proceed to consider 
the various elliptic sections; but I should first explain that sections 
at right angles to the axis are not ellipses but circles, while sections 
of the conoids by planes drawn in a certain manner ore neither 
ellipses nor circles, but parabolas and hyperbolas respectively. With 
these last sectio'as 1 am not conterned in the next propositions, and 
I need not therefore comber my book with the proofs ; but, as some 
of them can be easily supplied hy the help of the ordinary properties 
of conics, and others by means of the methods illustrated in the 
propositions now about to be given, I leave them as an exercise for 
the reader." This will, I think, completely explain the assumption 
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of all the theorems except that concerning the sections of a spheroid 
parallel to the axis ; and I think this is mentioned along with the 
others for symmetry, and because it can be proved in the same way 
as the corresponding one for the hyperboloid, whereas, if mention of 
it had been postponed till Prop. 14 about the elliptic sections of a 
. spheroid generally, it would still require a proposition for itself, since 
»the axes of the sections dealt with in Prop. 14 make an angle with 
the axis of the spheroid and are not parallel to it. 

At the same time the fact that Archimedes omits the proofs of 
the theorems about sections of conoids and spheroids parallel to the 
axis as “manifest” is in itself sufficient to raise the presumption 
that contemporary geometers were familiar with the idea of three 
dimensions and knew how to apply it in practice. This is no matter 
for surprise, seeing that we find Archytas, in his solution of the 
problem of the two mean proportionals, using the intersection of a 
certain cone with a cun'e of double curvature traced on a right 
circular cylinder"*^. But, when we look for other instances of early 
investigations in geometry of three dimensions, we find practically 
nothing except a few vague indications as to the contents of a lost 
treatise of Euclid’s consisting of two Books entitled Surface-loci 
(roTTot rpos iTn^aveC^)^. Tills treatise is mentioned by Pappus 
among other works by Aristaeus, Euclid and Apollonius grouped 
as forming the so-called T 0 V 09 avaXvopcvosI;.. As the other works in 
the list which were on plane subjects dealt only with straight lines, 
circles and conic sections, it is o pHori likely that the surface-loci of 


* Cf. Eutooius on Aiohimedea (Vol. in. pp. 98 — 102), or Apollonius of Perga, 
pp. xxii — ^xxiii. 

+ By this term we conclude that the Greeks meant “loci which are surfaces” 
as distinct from loci which are lines. Cf. Proolus’ definition of a locus as 
“ a position of a line or a surface involving one and the same property ” 
(ypagiirjs rj im^avclas Biais roiovira fr sal raMv avgLtTTWpa), p. 394. Pappus 
(pp. 660 — 2) gives, quoting from the Plane Loci of Apollonius, a classification of 
loci according to their order in relation to that of which they are the loci. Thus, 
he says, loci are (1) iipcKrtKot, i.e. fixed, e.g. in this sense the locus of a point is 
a point, of a line a line, and so on ; (2) SttJoSticoi or moving along, a line being in 
this sense the locus of a point, a surface of a line, and a solid of a surface; 
(3) dvacrpoifuKol, turning backwards, i.e., presumably, moving backwards and 
forwards, a surface being in this sense the locus of a point, and a solid of a lino. 
Thus a surface-locus might apparently be either the locus of a point or the 
locus of a line moving in space. 

Z Pappus, pp. 634, 636. , 
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EucHd included afc least sudi lod as -were cones, cylinders and 
spheres. Beyond this, all is conjecture based upon t-wo lemmas 
given by Pappus in connexion "with the treatise. 

First lemma to the Surface-lod ttf Euclid*. 

The text of this lemma and the attached figure are not satiafac- 
tory as they stand, but they have been explained by Tannery in a 
■way •which requires a change in the figure, bat only the very slightest 
alteration in the text, as fbUows'^. 

“If AE he a straight line and CD be parallel to a straight line 
given in position, and if the ratio AD . DB : DC* be [given], the 
point C lies on a eonic secUon. 

If no'w AB be no longer given in 
position and B b& ao longer 
given but lie on straight lines 
AE, EB given in position^, the 
point C raised above [the plane 
containing AE, EB] is on a 
surface given in position. And 
this was proved.” 

According to this iuterpretatioo, it is asserted that, if AB moves 
with one extremity on each of the lines AE, EB which are fixed, 
while DC is in a fixed direction and AD . DB : DC* is constant, 
then 0 lies on a certain surface. 8o far as the first sentence is 
concerned, AB remains of constant length, but it is not made 
precisely clear whether, when AB is no longer given in position, its 
length may also varyj. If however AB remains of constant length 
for all positions which it assumes, the surface which is the locus of 
C would be a complicated one which we cannot suppose that Euclid 
could have profitably investigated. It may, therefore, be that 
Pappus purposely left the enunciation somewhat vague in order to 
make it appear to cover several surface-loci which, though belongiug 
to the same type, were separately discussed by Euclid as involving 

* Pappus, p. 1004. 

t £u22«tin des teitnen uxalfc., 2* Sirie. vi. 149, 

t The woras of the Greek test are ’ihipru M vpis ri-St'a tbI* AE, EB. 
and the above translation only requires «4#<ieur instead of €6e<ta. The figure in 
the text is so draws that JDB, AEB are represented as two parallel lines, and 
CD is represented aa perpendicular to ADB and meeting AEB in E. 

S The •words are simply “If AB he deprived of its petition (ertpiiSg r^t 
dfcfwt) and the points A, B be deprived of their [character ol] being given'' 
(vT»pT[dn SoSirros tfra^). 
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in each case somewhat different sets of conditions limiting the 
generality of the theorem. 

It is at least open to conjecture, as Zeuthen has pointed out*, 
that two cases of the type were considered by Euclid, namely, (1) 
that in which AB remains of constant length while the two fixed 
straight lines on which A, B respectively move are parallel instead 
of meeting in a point, and (2) that in which the two fixed straight 
lines meet in a point while AB moves always parallel to itself 
and varies in length accordingly. 

(1) In the first case, where the length of AB is constant and 
the two fixed lines parallel, we should have a surface described by a 
conic moving bodily f. This surface would be a cylindrical surface, 
though it would only have been called a “ cylinder ” by the ancients 
in the case where the mo’^g conic was an ellipse, since the essence 
of a “cylinder ” was that it could bo bounded between two parallel 
circular sections. If then the moving conic was an ellipse, it would 
not be difficult to find the circular sections of the cylinder; this 
could be done by first taking a section at right angles to the axis, 
after which it could be proved, after the manner of Archimedes, 
On Conoids and Spheroids, Prop. 9, first that the section is an ellipse 
or a circle, and then, in the former case, that a section made by 
a plane drawn at a certain inclination to the ellipse and passing 
through, or parallel to, the major axis is a circle. There was 
nothing to prevent Euclid from investigating the surface similarly 
generated by a moving hyperbola or parabola; but there would 
be no circular sections, and hence the surfaces might perhaps not 
have been considered as of very great importance. 

(2) In the second case, where AE, BE meet at a point and 
AB moves always parallel to itself, the surface generated is of 
course a cone. Some particular cases of this sort may easily have 
been discussed by Euclid, but he could hardly have dealt with the 
general case, where DC has any direction whatever, up to the 
point of showing that the surface was really a cone in the sense 
in which the Greeks understood the term, or (in other words) 
of finding the circular sections. To do this it would have been 
necessary to determine the principal planes, or to solve the dis- 

* Zeuthen, Die Dehre von den Keffelschnitten, pp. 425 sqq. 

• t This would give a surface generated by a moving line, die^odiKhs ypafifiijs 
as Pappus has it. 
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criminating cubic, which we cannot suppose Euclid to have done. 
Moreover, if Euclid had found the circular sections in the most 
general case, Archimedes would sfanply have referred to the fact 
instead of setting himself to do the same thing in the particular 
case where the plane of symmetry is given. These remarks apply 
to the case where the conic which is the locus of (7 is an ellipse ; 
there is still less ground for supposing that Euclid could have 
proved the existence of circular sections where the conic was a 
hyperbola, for there is no evidence that Euclid even knew that 
hypecboka and parabolas could be obtained by cutting an oblique 
circular cone. 

Second lemma to tJa Surface-loci. 

In this Pappus states, and gives a complete proof of the propo- 
sition, that the loeit$ 0 / a point whose distance from a ffiven point 
is in a given ratio to its distance from a fixed line is a come 
section, which is un ellipse, a parabola, or a hyperbola according 
(U the given ratio is less than, egttaf to, or greater tluin unity*. 
Two conjectures are possible as to the application of this theorem 
by Euclid in the treatise referred ta 

(1) Consider a plane and a straight line meeting it atony angle. 
Imagine any plane drawn at right angles to the straight line and 
meeting the first plane in another sinught line which we will call 
X. If then the given straight line meets the plane at right angles 
to it in the point S, a conic can be described in that plane with 
S for focus and X for directrix; and, as the perpendicular on X 
from any point on the conic is in a constant ratio to the per- 
pendicular from the same point on the original plane, all points 
on the conic have the property that their distances from S are in 
a given ratio to their distances from the given plane respectively. 
Similarly, by taking planes cutting the given straight line at right 
angles in any number of other jMwnts besides S, we see that the locus 
of a point whose distance from a given straight line is in a given 
ratio to its distance from a given plane is a cone whose vertex is 
the point in which the given line meets the given plane, v:&iU (he 
plane of symmetry passes through the given line and is at right 
angles to the given plane. It the given ratio was such that the 
guiding conic was an ellipse, the circular sections of the surface 

• See Pappus, pp. 1006 — 1014, and Hnltsch’e Appendix, pp. 1270 1273 ; or 

et Apotlonius of "Perga, pp. xxxTi.->-xn^. 
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could, in that case at least, be found by the same method as 
that used by Archimedes {On Conoids and Spheroids, Prop. 8) in 
the rather more general case where the perpendicular from the 
vertex of the cone on the plane of the given elliptic section does 
not necessarily pass through the focus. 

(2) Another natural conjecture would be to suppose that, by 
means of the proposition given by Pappus, Euclid found the locus 
of a point tvhose distance from a given j)oint is in a given ratio 
to its distance from a fixed plane. This would have given surfaces 
identical with the conoids and spheroids discussed by Archimedes 
excluding the spheroid generated by the revolution of an ellipse 
about the minor axis. We are thus brought to the same point as 
Cbasles who conjectured that the Surface-loci of Euclid dealt with 
surfaces of revolution of the second degree and sections of the 
same*. Recent writers have generally regarded this theory as 
improbable. Thus Heiberg says that the conoids and spheroids 
were •without any doubt discovered by Archimedes himself ; other- 
wise he would not have held it necessary to give exact definitions 
of them in his introductory letter to Dositheus ; hence they could 
not have been the subject of Euclid’s treatise t- I confess I think 
that the argument of Heiberg, so far front being conclusive against 
the probability of Cbasles’ conjecture, is not of any great weight. 
To suppose that Euclid found, by means of the theorem enunciated 
and proved by Pappus, the locus of a point whose distance from 
a given point is in a given ratio to its distance from a fixed plane 
does not oblige us to assume either that he gave a name to the 
loci or that he investigated them further than to show that sections 
through the perpendicular from the given point on the given plane 
were conics, while sections at right angles to the same perpendicular 
were circles ; and of course these facts would readily suggest them- 
selves. Seeing however that the object of Archimedes was to 
find the volumes of segments of each surface, it is not surprising 
that he should have preferred to give a definition of them which 
would indicate their form more directly than a description of them 
as loci would have done; and we have a parallel case in the dis- 
tinction drawn between conics as such and conics regarded as loci, 
■which is illustrated by the different titles of Euclid’s Conics and 
the Solid Loci of Aristaeus, and also by the fact that Apollonius, 

■* AperfU historiquq, pp. 273, 4. 

t Litterargeschichtliche Studien iiber Euklid, p. 79. 
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though he speahs in his preface of some of the theorems in his 
Conics as -oseful for the synthesis of ‘solid loci’ and goes on to 
mention the ‘ locus with respect to three or four lines,’ yet enun- 
ciates no proposition stating that the locus of such and such a point 
is a conic. There was a further special reason for defining the 
conoids and spheroids as surfaces described by the revolution of 
a conic about its axis, namely that this definition enabled Archi- 
medes to include the spheroid which ho calls ‘flat’ (tirtrAaTv 
<r^a(^oc(S<c), i.e. tlie spheroid described by the revolution of an 
ellipse about its minor axis, which is not one of the loci which 
the hypothesis assumes Buclid to bare discovered. Archimedes’ 
new definition had the incidental effect of making the nature of 
the sections through and perpendicular to the axis of revolution 
even more obvious than it wonld be from Euclid’s supposed way 
of treating the surfaces; and this would account for Archimedes' 
omission to state that the two classes of sections bad been known 
before, for there would have been no point in attributing to Euclid 
the proof of propositions which, with the new definition of the 
surfaces, became self-evident. The further definitions given by 
Archimedes may be explained on the same principle. Thus the 
aans, as defined by him, has special reference to his definition of 
the surfaces, since it means the axis ^ revoluticm, whereas the 
axis of a conic is for Archimedes a diometer. The mvtloping cone 
of the hyperboloid, which is generated by the revolution of the 
asymptotes about the axis, and tbe oeutre regarded as the point 
of intersection of the asymptotes were useful to Archimedes’ dis- 
cussion of tbe surfaces, but need not have been brought into 
Eudid’a dwcription of the surfaces as loci. SimUarly with the 
axis and vertex of a eeymenC of eacb surface. And, generally, it 
seems to me that all the defioitioos given by Archimedes can be 
explained in like manner without prejudice to the supposed dis- 
covery of three of the surfaces by Euclid. 

I think, then, that we may still regard it as possible that 
Euclid’ft Sv.rf<Kt-UKx was concerned, not only with cones, cylinders 
and (probably) spheres, but also (to a limited extent) with three 
other surfaces of revolution of tbe second degree, viz. the paraboloid, 
the hyperboloid and the prolate spheroid. Unfortunately however 
we are confined to tbe statement of possibilities; and certainty 
can hardly be attained unless as the result of the discovery of 
fresh docnmenta 
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§ 5. Two mean proportionals in continued proportion. 

Archimedes assumes the construction of two mean proportionals 
in two propositions (On the Sphere and Cylinder ii. 1, 5). Perhaps 
he was content to use the constinictions given by Archytas, 
Menaechmus*, and Eudoxus. It is worth noting, however, that 
Archimedes does not introduce the two geometric means where 
they are merely convenient but not necessary ; thus, when (On the 

Sphere and Cylinder i. 34) he has to substitute for a ratio ^ , 

where ^>y, a ratio between lines, and it is sufficient for his 

purpose that the required ratio cannot be greater than J but 

may be less, he takes two arithmetic means between p, y, as 8, c, 
and then assumes t as a known result that 

8> y- 


* The constructions of Archytas and Menaeohmus are given by Eutocius 
[Archimedes, Vol. m. pp. 92 — 102] ; or see Apollonius of Perga, pp. six— xxiii. 

+ The proposition is proved by Eutocius; see the note to On the Sphere 
and Cylinder i. 34 (p. 42). 
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ARITHilETIC IN ABCHUIEDES. 

Two of the treatises, the Ifeasvrement of a circle and the 
Sand^ckoner, are mostly arithmetical ia content. Of the Sand- 
reckoner nothing need be said here, because the system for expressing 
nnmbera of any magnitude which it unfolds and applies cannot be 
better described than in the book itself; in the Measurement of a 
circle) however, which Lavolves a great deal of toanipalation of 
numbers of considerable size though expressible by means of the 
ordinary Greek notation for numerals, Archimedes merely gives the 
results of the various arithmetical operations, multiplication, extrac- 
tion of the square root, etc., without setting out any of the operations 
themselves. Various interesting questions are accordingly involved, 
and, for the convenience of the reader, I shall first give a short 
account of the Greek system of numerals and of the methods by 
which other Greek mathematicians usually performed the various 
operations included under the general term AoYurriKTf (the art of 
calculating), in order to lead up to an explanation (1) of the way in 
which Archimedes worked out approximations to the square roots of 
large numbers, (2) of his method of arriving at the two approximate 
values of •Jz which he simply sets down without any hint as to how 
they were obtained*. 

* In writing this chapter I have been under paiticnlar obligations to Holtseh’a 
articles Arithmttiea and Archimedes in PaolT-Wissowa's Real-Eneyelopadit, n. 
1, os well as to the same scholar's articles (1) Die KSherungtioerthe irrationaUr 
QmdratvuTteln lei Archimedei in the Kaekriehten von der kgl. Getelhehaft der 
Wiitmteha/Un zu Gdttingtn (189^, pp. 367 sqq., and (2) Zur Krelttrutning dei 
ArcAimedei in the ZeiUehri/t /Sr ilath, «. Pkyiik [Hut. litt. Abtheilung) zxzli. 
(1894), pp. 121 sqq. and 161 sqq. I hare also made use, in the earlier part 
of the chapter, of Nesselmann’a work Die Algebra der Grieehen and the histories 
of Cantor and Oow. 
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§ 1. Greek numeral system. 

It is ■well known that the Greeks expressed all numbers from 1 
to 99Q by means of the letters of the alphabet reinforced by the 
addition of three other signs, according to the following scheme, in 
which however the accent on each letter might be replaced by a 
short horizontal stroke above it, as a. 


a', /?, y', S’, £', r', V, V, 6' are 1, 2, 3, 4, 5, 6, 7, 8, 9 respectively. 

c, k', k', pf, v', o', tt', q' „ 10, 20, 30 90 

p', o-', t', v', x', oi', 100, 200, 300, 900 

Intermediate numbers were expressed by simple juxtaposition 
(representing in this case addition), the largest number being placed 
on the left, the next largest follo'wing it, and so on in order. Thus 
the number 153 would he expressed by pvy or pry. There was no 
sign for zero, and therefore 780 was x}nr', and 306 rr' simply. 

Thousands (xiXtaScs) were taken as units of a higher order, and 

1.000, 2,000, ... up to 9,000 (spoken of nax^kioi, SitrxiAtoi, K.r.k.) were 
represented by the same letters as the first nine natural numbers 
but with a small dash in front and below the line ; thus e.g. ,8' ■was 

4.000, and, on the same principle of juxtaposition as before, 1,823 was 
expressed by ^atoKy' or ao)Ky, 1,007 by jaC, and so on. 

Above 9,999 came a myriad (pvptd?), and 10,000 and higher 
numbers were expressed by using the ordinary numerals with the 
substantive pvpidScs taken as a new denomination (though the words 
pvpioi, Swrpvpioi, rptcrpuptot, K.r.k. are also found, following the 
analogy of x‘^w‘i ^lax^kioi and so on). Various abbreviations were 
used for the word pvptds, the most common being M or Mv; and, 
where this was used, the number of myriads, or the multiple of 

10.000, was generally written over the abbre'riation, though some- 

AJ 

times before it and even after it. Thus 349,450 was M6vv*, 

Fractions {ktirra.) were written in a variety of ways. The most 
usual was to express the denominator by the ordinary numeral with 
two accents affixed. When the numerator was unity, and it was 
therefore simply a question of a symbol for a single word such as 


* Diophautus denoted myriads followed by thousands by the ordinary signs 
for numbers of units, only separating them by a dot from the thousands. Thus 
for 3,069,000 he writes and X^.^a^orfor 331,776. Sometimes myriads 

were represented by the ordinary letters with two dots above, ns p =100 myriads 
(1,000,000), and myriads of myriads with two pairs of dots, as i for 10 myriad- 
myriads (1,000,000,000). ‘ 
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rpCrov, I, there was no need to express the numerator, and the 
symbol was y"; similarly = «"=-^ and so on. "When the 

numerator was not unity and a certain number o£ fourths, fifths, 
etc., had to be expressed, the ordinary numeral was used for the 
numerator; thus 6' = i' 00 ." = In Heron’s Geometry the 

denominator was written twice in the latter class of fractions ; thus 
I (Svo vinm-a.) was j3’e"«", || (Xeara rpuuiOOTorpiTa or tusovirpCa 
rpuiKorrorpna) was Ky Ay" Ay". The sign for ijpuTv, is in 
Archimedes, Diophantus and Eutocius L", in Heron C or a sign 
similar to a capital S*. 

A favonrite way of expressing fractions with numerators greater 
f.Tian nnity was to separate them into component fractions with 
numerator unity, when juxtaposition as usual meant addition. Thus 
} was written L"S" = j4-i; ^ was + i + ^ + 

Eutocius writes U"i8" or i + x V for and so on. Sometimes the 
same fraction was separated into several different sums; thus in 
Heron (p 119, ed. Hultsch) ^ variously expressed as 

(а) i + f TT + TTT + 

( б ) + + 

and (e) J + t ♦ ^ + tH tit- 

Sexagesimal /raetiom. This ^stem has to be mentioned because 
the only instances of the working out of some arithmetical operations 
which have been handed down to m are calcnlations expressed in 
terms of such fractions ; and moreover they are of special interest 
as having much in common with the modem system of decimal 
fractions, with the difference of coarse that the suhmultiple is 60 
instead of 10. The scheme of sexagesimal fractions was used by the 
Greeks in astronomical calculations and appears fully developed in 
the <rvvTafts of Ptolemy. The circumference of a circle, and along 
with it the four right angles subtended by it at the centre, are 
divided into 360 parts (t/ii^^oto or or as we should say decrees, 

each poipa into 60 parts called (first) sixtieths, (irp&ra) l^rjKotnOf 
or minutes (Aerrrd), each of these again into Scwcpa i^Koara (seconds), 
and so on. A similar di-vision ot the radius of the circle into 60 

* Diophantaa has a general metbod of expressing fractions which la the 
exact zeverae of modem practice; the denominator is written above the 

namerator, thus ( = 5 / 3 , Ka = 21 / 25 , and ^>^.^$17 = 1 , 270 , 563 / 10 . 816 . Some- 
times he writes down the numerator and ^en introdnces denominator 
withfr or iioptou, e.g. Tr.fiftep. Ay. ,ef«f = 3 , 069 , 000 / 331 , 776 . 



ARITHMETIC IN ARCHIJIEDES. 


Ixxi 


parts (Tfi-^fiaTo.) was also made, and these were each subdivided into 
sixtieths, and so on. Thus a convenient fractional system was 
available for general arithmetical calculations, expressed in units of 
any magnitude or character, so many of the fractions which we 
should represent by so many of those which we should write 

extent. It is therefore not surprising 
that Ptolemy should say in one place “ In general we shall use the 
method of numbers according to the sexagesimal manner because of 
the inconvenience of the [ordinary] fractions.” For it is clear that 
the successive submultiples by 60 formed a sort of frame wnth fixed 
compartments into which any fractions whatever could be located, 
and it is easy to see that e.g. in additions and subtractions the 
sexagesimal fractions were almost as easy to work with as decimals 
are now, 60 units of one denomination being equal to one unit of 
the next higher denomination, and “carrying” and “borrowing” 
being no less simple than it is when the number of units of one 
denomination necessary to make one of the next higher is 10 instead 
of 60. In expressing the units of the circumference, degrees, /xoTpat 
or the symbol /S was generally used along mth the ordinary numeral 
which had a stroke above it ; minutes, seconds, etc. were expressed 
by one, two, etc. accents afllxed to the numerals. Thus p.^ = 2°, 
fioipSv gC gP' g" — ^7° 42' 40". Also where there was no unit in any 
particular denomination O was used, signifying ovBegCa goipa, ovStv 
efijKooTdv and the like ; thus O a P" O'" ~ 0° 1' 2" O'". Similarly, for 
the units representing the divisions of the radius the word Tg-qgara 
or some equivalent was used, and the fractions were represented as 
before j thus rggpATwv 8' ve" = 67 (units) 4' 55". 

§ 2. Addition and Subtraction. 

There is no doubt that, in writing dovm numbers for these 
purposes, the several powers of 10 were kept separate in a manner 
corresponding practically to our system of numerals, and the 
hundreds, thousands, etc., were written in separate vertical rows. 
The following would therefore be a typical form of a sum in addition ; 

avKh'= 1424 
p y 103 

, MjSuTra' 12281 

A' 30030 

1 

43838 
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and the mental part of the work woald b© the same for the Greek as 
for us. 

Similarly a subtraction would be represented as follows s 
M.7xXr'“ 93636 
Myv ff 23409 
M ffitr 70227 
§ 3. IdultiplicatioTi. 

A number of instances are given in Eutocius* commentary on 
the Measurtmeixi of a etrc^, and the similarity to our procedure is 
just as marked as in the above cases of addition and subtraction. 
The multiplicand is written first, and below it the multiplier preceded 
by (=s“into”). Then the highest power of 10 in the multiplier 
is taken and multiplied into the terms containing the separate 
multiples of the successive powers of 10, beginning with the highest 
and descending to the lowest} after which the next highest power 
of 10 in the multiplier is multiplied into the various denominations 
in the multiplicand in the same order. The same procedure is 
followed where either or both of Uie numbers to be multiplied 
contain fractions. Two iostances from Eutocius are appended from 
which the whole procedure will be understood. 

(1) 780 

hr\ i/rjr' X 780 

ilky 490000 56000 

M,r,rv' 66000 6400 

I 

ofioZ Mito' sum 608400 

( 2 ) 

,7‘r'L."S" 3013jJ[=3013|] 

«’i! ,7iv' LT X30I3H 

^ y 

9,00(1,000 30,000 9,000 looo 750 
L" 30,000 100 30 5 sj 

,eA9VL''L"5" 9,000 30 9 lH+1 

.af.V U"r.7" 1,500 6 li i i 

L" (."S'V'. r" 750 2i t + i ■ tV 

[6;x)v] [9, 0«, 250 + 30,1371+9, 041J + 1606 + i + i + J 
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One instance of a similar multiplication of numbers involving 
fractions may be given from Heron (pp. 80, 81). It is only one of 
many, and, for brevity, the Greek notation vdll be omitted. Heron 
las to find the product of 4^ and 7g^, and proceeds as follows : 

4.7 = 28, 


4. 


62 _ 2-18 
FT FT"! 


3S 

FT 


7 — 2 31 

' -Tnr» 


3 3 62 _ 204 6 1 _3I_l6.2 

FT • FT FT~ • FT “ FT + FT • FT" 


The result is accordingly 


28 + ^ + lt.^ = 28 + 7 + ^ + lt.^ 

= 35 + ^ + ^ . •^. 

The multiplication of 37° 4' 55" (in the sexagesimal system) by 
itself is performed by Theon of Alexandria in his commentary on 
Ptolemy’s in an exactly similar manner. 


§ 4. Division. 

The operation of dividing by a number of one digit only was 
easy for the Greeks as for us, and what we call "long division” was 
with them performed, mutatis mutandis, in the same way as now 
with the help of multiplication and subtraction. Suppose, for 
instance, that the operation in the first case of multiplication given 

f 

above had to be revei'sed and that liLjqv (608,400) had to be divided 
by (780). The terms involving the different powers of 10 would 
be mentally kept separate as in addition and subtraction, and the 
first question would be, how many times will 7 hundreds go into 60 
myriads, due allowance being made for the fact that the 7 hundreds 
have 80 behind them and that 780 is not far short of 8 hundreds? 
The answer is 7 hundreds or i|-', and this multiplied by the divisor 
>•5 f ' 

ijnr' (780) would give (546,000) which, subtracted from hi 

r 

(608,400), leaves the remainder (62,400). This remainder has 
then to be divided by 780 or a number approaching 8 hundreds, and 
8 tens or n would have to be tried. In the particular case the 
result would then be complete, the quotient being ip-ir' (780), and 
there being no remainder, since v (80) multiplied by i/tt' (780) gives 

the exact figure (62,400). 
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An actual case o£ long division where the dividend and divisor 
contain sexagesimal fractions is described by Tbeon. The problem 
is to divide 1515 20’ 16" by 25 12' 10" and Theon’s account of the 
process comes to this. 

Dirisor Dividend Qaotient 

25 12' 10" 1515 20' 15" 1 First term 60 

25. 60 = 1500 I 

Remainder 15 = 900' 

Sum 920* 

12'. 60= 720' 

Remainder 200' 

10'*.60= W’ 

Remainder 190' I Second term 7' 

25.7'= 175' I 

15' = 900" 

Sum 915" 

12'. r 

Remainder 831" 

10 ". 7 ' 1 " 10 "' 

Remainder 829" 60'" I Third term 38" 

25.33" 825" | 

Remainder 4”30^=290'" 

12'. 33" S96’" 

(too great by) 106"' 

Thus the quotient is something less than 60 7' 33". It will be 
observed that the difference between this operation of Theon’s and 

that followed in dividing M.ijv' (608,400) by ifn/ (780) as above is 
that Theon mahes (Am subtractions for one term of the quotient, 
whereas the remainder was arrived at in the other case after on$ 
subtraction. The result is ttat, though Theon's method is quite 
clear, it is longer, and moreover makes it less easy to foresee what 
will be the proper figure fo try in the quotient, so that more time 
would be apt to be lost in making unsuccessful trials. 

§ 6. Extraction of the square root. 

W^e are now in a position to see bow the operation of extracting 
the square root would be likely to be attacked. First, as in the case 
of division, the given whole nnmber whose square root is required 
would be separated, so to speak, into compartments each containing 



ARITHMETIC IN ARCHIMEDES. IxXV 

such and such a number of units and of the separate powers of 10. 
Thus there would be so many units, so many tens, so many hundreds, 
etc., and it would have to be borne in mind that the squares of 
numbers from 1 to 9 would lie between 1 and 99, the squares of 
numbers from 10 to 90 between 100 and 9900, and so on. Then the 
first term of the square root would be some number of tens or 
hundreds or thousands, and so on, and would have to be found in 
much the same way as the first term of a quotient in a “long 
division,” by trial if necessary. If .d is the number whose square 
root is required, while a represents the first term or denomination of 
the square root and x the next term or denomination still to be 
found, it would be necessary to use the identity (a + x)" = + 2aa: + ar“ 

and to find x so that 2ax + a? might be somewhat less than the 
remainder A — cP. Thus by trial the highest possible value of x 
satisfying the condition would be easily found. If that value were 
6, the further quantity 2a6 + IP would have to be subtracted from 
the first remainder A — a*, and from the second remainder thus left 
a third term or denomination of the square root would have to be 
derived, and so on. That this was the actual procedure adopted is 
clear from a simple case given by Theon in his commentary on the 
(ruvratii. Here the square root of 144 is in question, and it is 
obtained by means of Eucl. li. 4. The highest possible denomina- 
tion (i.e. power of 10) in the square root is 10 ; 10’ subtracted from 
144 leaves 44, and this must contain not only twice the product of 
10 and the next term of the square root but also the square of that 
next term itself. Now, since 2 . 10 itself produces 20, the division 
of 44 by 20 suggests 2 as the next term of the square root ; and 
this turns out to be the exact figure required, since 

2.20 + 2'=44. 

The same procedure is illustrated by Theon’s explanation of 
Ptolemy’s method of extracting square roots according to the 
sexagesimal system of fractions. The problem is to find approxi- 
mately the square root of 4500 /xo^pai or degrees, and a geometrical 
figure is used which makes clear the essentially Euclidean basis of 
the whole method. Nesselmann gives a complete reproduction of 
the passage of Theon, but the following purely arithmetical represen- 
tation of its purport will probably be found clearer, when looked at 
side by side with the figure. 

Ptolemy has first found the integral part of n/ 4600 to be 67. 
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Kow 67* s 4489, bo that the remainder is 11. Suppose now that 
the rest of the square root is expressed by means of the usual 
sexagesimal fractions, and that we may therefore put 

VJSOO = 76T*+Tr= 67 + ^ , 

2. 67* 

where x, y are yet to be found. Thus * must be such that - *gQ ■- 

is Bomewhat less than 11, or a must be somewhat less than 
330 

or -gy, which is at the same time greater than 4. On trial, it 
turns out that 4 will satisfy the conditions of the problem, namely 
that ^67 4- must be less than 4500, so that a remainder will 
he left by means of which y may be found. 



11.60‘-2.67.4,60-16 7424 

60* “ 

Thus we must suppose that 3 ^67 + appro-rimates to , 

or that 8048y is approximately equal to 7424 . 60. 
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Therefore y is approximately equal to 65. We have then to 
subtract 

4\ 55 /55^ 


4\ 55 /55\' 

^ 6 o) 60' (eov ’ 


442640 3025 

+ 


60' 


60* ’ 


from the remainder above found. 


60' 


The subtraction of 


442640 

60' 


from 


7424 

60' 


2800 


46 40 


gives _,orgg, + gQ 3 , 
3025 


but Theon does not go further and subtract the remaining 


55 

60' 


instead of which he merely remarks that the square of 
46 40 

approximates to As a matter of fact, if we deduct the 


3026 


from 


2800 


60* 

.found to be 


60* ’ 
164975 
60* 


so as to obtain the correct remainder, it is 


To show the power of this method of extracting square roots by 
means of sexagesimal fractions, it is only necessary to mention that 

Ptolemy gives as an approximation to ^/3, which 

approximation is equivalent to 1*7320509 in the ordinary decimal 
notation and is therefore correct to 6 places. 

But it is now time to pass to the question how Archimedes 
obtained the two approximations to the value of V3 which ho 
assumes in the Measurement of a circle. In dealing with this 
subject I shall follow the historical method of explanation adopted 
by Hultsch, in preference to any of the mostly a priori theories 
which the ingenuity of a multitude of writers has devised at 
different times. 


§ 6. Early investigations of surds or incommensurables. 

From a passage in Proclus’ commentary on Eucl. i.* we learn 
that it was Pythagoras who discovered the theory of irrationals 
(y rwv dXoyiiiv irpay/tarcia). Further Plato says (Theaetetus 147 b), 
“On square roots this Theodoras [of Gyrene] wrote a work in 


p. 65 (ed. Friedlein). 
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which he proved to us, with reference to those of 3 or 5 [square] fe^ 
that they are incommensurable in length with the side of one^qua^ 
foot, and proceeded similarly to select one by one, each [of the oth'^r 
incommenaurable roots] as far as the root of 17 square feet>^yond. 
which for some reason he did not go." The reason why s/^is 
mentioned as an incommensnrable square root must be, aS^ant^r 
says, that it was before known to be such. We may twtefOe 
conclude that it was the square root of 2 which was geome^c^ly 
constructed by Pythagoras and proved to be incommensurable with 
the side of a square in which it represented the diagonal. A. clue 
to the method by which Pythagoras investigated the value of ^/2 
is found by Cantor and Hultscb in the famous passage of Plato 
{Rtp. vni. 546 B, c) about the ‘geomelricaV or ‘nuptial’ number. 
Thus, when Plato contrasts the pyjrij and appijrof Sidptrpot r!li 
ircpiraSos, be is referring to the diagonal of a square whose side 
contains five units of length ; the afiptjrot itofttipot, or the irrational 
diagonal, is then o/SO itself, and the nearest rational number is 
•JbO-I, which is the pr^nj Std^trpo;. We have herein the 
expUnatioo of the way iu which Pythagoras must have made the 
first and most readily comprehensible approximation to >i/2; be 
must have taken, instead of 2, an improper fraction equal to it but 
such that the denominator was a square in any case, while the 
numerator was as near as possible to a complete square. Thus 
50 

Pj’tbagoras chose and the first approximation to was 


accordingly g, it being moreover obvious that 


7 

5‘ 


Again, 


Pythagoras cannot have been unaware of the truth of the 
proposition, proved in EucL n. 4, that (o + E>)' = a* + 2ab + &*, where 
a, b are any two straight lines, for this proposition depends solely 
upon propositions in Book i. which precede the Pythagorean 
proposition i. 47 and which, as the basis of i. 47, roust necessarily 
have been in substance known to its author. A slightly different 
geometrical proof would give the formula — 2o& + J’, 

which must have been equally well known to Pythagoras. It could 
not therefore have escaped the discoverer of the first approximation 
*/60 — I for VsO that the use of the formula with the positive sign 


would give a much nearer approximation, viz. 7 + ^, which is only 
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greater than >J50 to the extent of • Thus vre may properly 
assign to Pythagoras the discovery of the fact represented by 

7^>n/50>7. 

14 

The consequential result that \J2 > i ^60 — 1 is used by 

0 

Aristarchus of Samos in the 7th proposition of his work On the 
size and distances of the sun and moon*. 

With reference to the investigations of the values of >JZ, n/5, 

jn by Theodorus, it is pretty certain that \/3 was 

geometrically represented by him, in the same way as it appears 


* Part of the proof of this proposition was a sort of foretaste of the first part 
of Prop. 3 of Archimedes’ Measurement of a 
circle, and the substance of it is accordingly 
appended as reproduced by Hultsch. 

ASEK is a square, KB a diagonal, I UBE 
^\lKBE, zEBE=3°,andAC is perpendiou. 
lar to SF so that the triangles ACB, BEF are 
similar. 

Aristarchus seeks to prove that 
AB;BC> 18: 1. 

If R denote a right angle, the angles KBE, 

HBE, FBE are respectively ^R, fJR, ^^R. 

• Then HE : FE > i HBE : i FBE. 



[This is assumed as a known lemma by Aristarchus as well os Archimedes.] 

Therefore HE ; FE > 16 ; 2 (a). 

Now, by construction, BK^=2BF.^. 

Also [End. VI. 3] BK : BE=KH -.HE-, 
whence KH=tj2HE. 


And, since 

so that 

From (a) and (^), ex aeqxMli, 

KE-.FE> 18 ; 1. 

Therefore, since BF > BE (or KE), 

BE.: EE >18:1, 

so that, by similar triangles, 

AB : BC > 18 : 1. 


EH : HE > 7 : 5, 

KE : EH > 12 : 5 


m- 
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afterwards in Archimedes, as the perpendicular from an angular 
point of an equilateral triangle on the opposite side. It -would 
thus he readily comparable with the side of the “1 square foot" 
mentioned hj Plato. The fact also that it is the side of three 
square fetl (rpiirov? Sui'o/uj) which was proved to he incommensurahle 
suggests that there was some special reason in Theodoras' proof for 
specifying Jett, instead of units of length simply ; and the ex- 
planation is probably that Theodoras subdivided the sides of his 
triangles in the same way as the Greek foot was divided into 
halves, fourths, eighths and sixteenths. Presumably therefore, 


exactly as Pythagoras had approximated to \/2 by putting ^ 

for 2, Theodorus started from the identity 3=*^- It would then 
be clear that 

,5 fWTX . 7 


To investigate </43 further, Theodorus would put it in the form 
— as I^thagoras put J50 into the form V49 + 1, and the 
result would ^ 


748(=./49-I)<7-^. 


We know of no further iavestigstions into incommensurable 
square roots until we come to Archimedes. 


§ 7. Archimedes' approximations to a/S. 


Seeing that Aristarchus of Samos was still content to use the 
first and very rough approzimatioo to «/2 discovered by Pythagoras, 
it is all the more astounding that Aristarchus' younger contemporary 
Archimedes should all at once, without a word of explanation, give 
out that 


>^/z> 


265 

153’ 


as he does in the £fea*urtmtj%t tj « eirele. 

In order to lead up to the explanation of the probable steps by 
which Archimedes obtained these approximations, Hnltsch adopts 
the same method of analysts as v^s used by the Greek geometers in 
solving problems, the method, Uat is, of supposing the problem 
solved and following out the necessary consequences. To compare 
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^65 1351 

the two fractions and » 've first divide both denominators 
153 780 

into their smallest factors, and we obtain 
780 = 2.2.3.5.13, 

153 = 3.3.17. 

We observe also that 2.2.13 = 52, while 3.17= 51, and we may 
therefore show the relations between the numbers thus, 

780 = 3.5.52, 

153 = 3.51. 


For convenience of comparison we multiply the numerator and 
265 

denominator of by 5 ; the two original fractions are then 

1361 , 1326 

and 


15.52 15.51’ 

so that we can put Archimedes’ assumption in the form 
1351 ro 1325 

and this is seen to be equivalent to 

26-Jr>15N/3>26-^. 

o2 51 

Now 26 — i — 1 + , and the latter expression 

is an approximation to \/26* — 1. 


We have then 


1 


26-^>,y26“-l. 


As 26 — — was compared with 15*73, and we want an ap- 
proximation to iTS itself, we divide by 15 and so obtain 

But =^2 = 73, and it follom 

The lower limit for \/3 was given by 

/o 1 /oc 


1 
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and a glance at this suggests that it may have been arrived at by 
simply substituting (52— 1) foe 52. 

Now as a matter of fact the following proposition is true. Jf 
n* + h is a tvMe number which is not a square, while c? is the nearest 
square nuniber {above or hthw the first number, as the case may be), 
thers 


•Ja* ± 5 > ^ 


Hultsch proves this pair of inequalities in a series of propositions 
formulated after the Greek manner, and there can be little doubt 
that Archimedes hod discovered and proved the same results in 
substance, if not in the same form. The following circumstances 
confirm the probability of this assumption. 

(1) Certain approximations given by Heron show that be 
knew and frequently used the formula 


Va*±6<^o + ^, 
-2a’ 


(where the sign ro denotes " is approximately equal to 
Thushegives ^/50^^>7 + ^, 




Vf6~8+ JJ. 

lo 

(3) The formula + is used by the Arabian 

Alkarkhi (11th century) who drew from Greek sources (Cantor, 
p. 719 sq.). 

It can therefore hardly be accidental that the formula 


-2o±l 

gives us what we want in order to obtain the two Archimedean 
appronmations to VS, and that in direct connexion with one 
another*. 


• Most of tha a priori theories ss to the origin of the approximations are 
open to the serious objection that, ss a rule, they give series of approximate 
values in which the two now in question do not foliow coDsecutiv^, but are 
separated by others whieh do not appear In Arehimedea. HuUsch's expUnatioa 
is much preferable as beiog free from this objection. But it is fair to say that 
the actual formula nsed by Hnitseb appears in Hunrath’a solution of the puzzle 
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We are now in a position to work out the S 5 Tithesis as follows. 
From the geometrical representation of n/ 3 as the perpendicular 
from an angle of an equilateral triangle on the opposite side we 
obtain •72' — 1 = ^/3 and, as a first approximation, 

4 

Using our formula we can transform this at once into 

or 2-i. 

/ 1\ 5 

Archimedes would then square f 2 — or g, and would obtain 

^ , which he would compare with 3, or ^ ; i.e. he would put 
9 y 




and would obtain 




To obtain a still nearer approximation, he would proceed id the 

, /26V 676 „ 675 , 

same manner and compare ( j , or , with 3, or , whence it 




26»-l 
225 ’ 


would appear that 
and therefore that ^ ^26 — > VS, 


that is, 


1351 

780 


> *73. 


The application of the formula would then give the result 

that is. 




or 


265 


15.51 ’ 153 

The complete result would therefore be 

1351 ,r 265 
780 153 ■ 


(Die Berechnung irrationaler Quadratwurzeln vor der Herrschaft der Decimal- 
briie.he. Kid, 1884, p. 21 ; of. Veber das Ausziehen der Quadratwurzel bei 
Grieehen und Indern, Hadersleben, 1883), and the same formula is implicitly 
used in one of the solutions suggested by Tannery (Sur la mesure du cercle 
d’Archimede in Mdmoires de la sociStS des sciences physiques et naturelles de 
Bordeaux, 2° sSrie, iv. (1882), p. 313-337). 
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Thus Archimedes probably passed from the first approiimatioa 
^ to I , from * to ^ , and from ^ directly to , the closest 
approsimation of all, from which again he derive! the leas close 
approximation . The reason why he did not proceed to a stlE 
nearer approximation than ^ probably that the squaring oi 

this fraction would have brought in numbers much too large to be 
conveniently used in the rest of hia calculations. A similar reason 

will account for hia having started from g instead of if he had 
used the latter, he would first have obtained, by the same method, 
\ and thence or VS; the squaring 

of jg would have given »JZ** — gg — , and the corresponding 
approximation would have given t ^here again the numbers 

are inconveniently large for his purpose. 

g 6. Approsunations to the square roots of large 
numbers. 

Archimedes gives in the Measurement of a cirvle the following 
approximate values; 

(1) 3013f>V9082321, 

(2) 183a^,>V3380929, 

(3) 1009J» V1018405. 

(4) 2017} > 

(5) 591i<V343450. 

(6) 1172l<./l373543jf, 

(7) 2339}.c./S472l32^ 

There is no doubt that in obtaining the integral portion 
of the square root of these numbers Archimedes used the method 
based on the Euclidean theorem (a + i)*= o*+ 206 + 6' which has 
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already been exemplified in the instance given above from Theon, 
where an approximation to V4500 is found in sexagesimal fractions. 
The method does not substantially differ from that now followed; but 
whereas, to take the first case, \/9082321, we can at once see what 
will be the number of digits in the square root by marking off pairs 
of digits in the given number, beginning from the end, the absence 
of a sign for 0 in Greek made the number of digits in the square 
root less easy to ascertain because, as written in Greek, the number 

hi j^Txa only contains six signs representing digits instead of seven. 
Even in the Greek notation however it would not be difficult to see 
that, of the denominations, units, tens, hundreds, etc. in the square 
root, the units would correspond to xa' in the original number, the 

I) ^ 

tens to ,/Sr, the hundreds to M, and the thousands to M. Thus it 
would be clear that the square root of 9082321 must be of the form 

lOOOx + lOOy + 10« + to, 

where x, y, s, w can only have one or other of the values 0, 1, 2, ... 9. 
Supposing then that x is found, the remainder iV- (1000a;)’, where 
N is the given number, must next contain 2 . 1000a:. lOOy and 
(lOOy)’, then 2 (lOOOa: + lOOy) . 10s and (10s)', after which the 
remainder must contain two more numbers similarly formed. 

In the particular case (1) clearly a: =3. The subtraction of 
(3000)' leaves 82321, which must contain 2 . 3000 . lOOy. But, even 
if S' is as small as 1, this product would be 600,000, which is greater 
than 82321. Hence there is no digit representing hundreds in the 
square root. To find s, we know that 82321 must contain 

2. 3000. 10s + (10s)', 

and s has to be obtained by dividing 82321 by 60,000. Therefore 
s= 1. Again, to find w, we know that the remainder 

(82321-2.3000.10-10’), 

or 22221, must contain 2 . 3010 k; + vP, and dividing 22221 by 
2.3010 we see that io = 3. Thus 3013 is the integral portion of 
the square root, and the remainder is 22221 —(2.3010.3 + 3’), or 
4152. 

The conditions of the proposition now require that the approxi- 
mate value to be taken for the square root must not be less than 
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the real value, and therefore the fractional part to bo added to 3013 
must be if anything too great. Now it is easy to see that the 

fraction to be added Is greater than ^ because 2 . 2 ( 2 ) 

less than the remainder 4152. Suppose then that the number 
required (which is nearer to 3014 than to 3013) is 3014 — ^, 
and - has to be if anything too small. 

Now (3014)* = (3013)* + 2 . 3013 + 1 = (3013)* + 6037 
= 9082321-4152 + 6027, 
whence 9082321 = (3014)*- 1875. 

By applying Archimedes’ formula */a*±6-sa±^) we obtain 


The required value ^ has therefore to be not greater than . 
It remains to be explained why Archimedes put for ^ the value 
which is equal to In the first place, he evidently preferred 


fractions with uni^ for numerator and some power of 2 for 
denominator because they contributed to ease in working, e.g. when 
two such fractions, being equal to each other, had to be added. 
9 1 

(The exceptions, the fractions and g, are to be explained by 


exception^ circumstances presently to be zoentioned.) Turther, in 
the particular case, it must be remembered that in the subsequent 


work 3911 had to be added to 3014 — ^ and the sum divided by 780, 

or 2 . 2 . 3 . 5 . 13. It would obvioody lead to simplification if a 
factor could be divided out, e,g. the b^t for the purpose, 13. Now, 
dividing 2911 +3014, or 5925, by 13, we obtain the quotient 455, 

and a remainder It), so that 10—^ remains to l>e divided by 13. 

? 

Therefore^ has to be so chosen that lOg— p is divisible by 13, while 
^ approximates to, but is not greater than, The solution 

p=°l, gss4 would therefore be natural and easy. 
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(2) V3380929. 

The usual process for extraction of the square root gave as the 
integral part of it 1838, and as the remainder 2686. As before, it 
was easy to see that the exact root was nearer to 1839 than to 1838, 
and that 

^/3380929 = 1838' + 2685 = 1839' - 2 . 1838 - 1 + 2685 

= 1839' -992. 

The Archimedean formula then gave 

992 


1839- 


2. 1839 ■ 


VM8M29. 


It could not have escaped Archimedes that ^ was a near approxima- 

, 992 1984 . 1 1839 , 1 , , , , 

^ 3678 7^ ’ 4 = ^ i 

the necessary condition that the fraction to be taken must be less 

2 

than the real value. Thus it is clear that, in taking yj the 

approximate value of the fraction, Archimedes had in view the 
simplification of the subsequent work by the elimination of a factor. 

If the fraction be denoted by the sum of 1839-- and 1823, or 

q q 

3662 , had to be divided by 240, i.e. by 6 . 40. Division of 3662 

by 40 gave 22 as remainder, and then p, q had to be so chosen that 

2 ? 7 ? 

22-- was conveniently divisible by 40, while - was less than but 
992 


approximately equal to 


3678’ 


The solution p = 2, y = 11 was easily 


seen to satisfy the conditions. 

(3) v/l 018405. 

The usual procedure gave 1018405 = 1009’ + 324 and the ap- 


proximation 




324 


It was here necessary that the fraction to replace should be 


greater but approximately equal to it, and ^ satisfied the conditions, 
while the subsequent work did not require any change in it. 
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(4) ./40692843V. 

The\javi&l process gave 4069284jV — 2017* + 995gV; it followed 
that 

aad 2017J was an obviooa value to take aa an approximation 
eomewhat greater than the left side of the inequality. 

(5) 7349450. 

In the ease of this and the two foUe-wing roots an approximation 
had to be obtained which was less, instead of greater, than the true 
value. Thus Archimedes to use the second part of the formula 
h ,-,~i b 

‘*±2i>7a*±i>«±2„£i- 

In the particular case of 7349450 the integral part of the root is 
591, and the remainder is 189. This gave the result 

and since lOSnlS*, while 3.591 + 1 b 7.13*, it resulted vrithoat 
further calculation that 

7545480 >691}. 

Why then did Archimedes take, instead of this approximation, 
another which was not so close, vis. 691| J The answer which the 
subsequent working and the other approximations in the first part of 
the proof suggest is that he preferred, for convenience of calculation, 
to use for his approximations fractions of the form ^ only. But he 
could not have failed to see that to take the nearest fraction of this 
form, g, instead of ^ might conceivably affect his final result and 

toake it less near the truth than it need be. As a matter of fact, 
as Hultsch shows, it does not affect Uie result to take 691f and to 
work onwards from that figure. Hence we must suppose that 
Archimedes had satisfied himself, by taking 59 If and pro(^ing on 
that basis for some distance, tiiat he would not be introducing any 
appreciable error in taking the more convenient though less accurate 
approximation 591^. 
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( 6 ) ^ 1373943 ^. 

In this case the integral portion of the root is 1172, and the 
remainder 359ff. Thus, if R denote the root. 


i2>1172 + 


359g^ 
2.1172 + 1 




1172 + 


359 

2.1172 + 1 


, a fortiori. 


Now 2.1172 + 1 = 2346; the fraction accordingly becomes 


359 

2345’ 



satisfies the necessary conditions, viz. that it must 


be approximately equal to, but not greater than, the given fraction. 
Here again Archimedes would have taken 1172f as the approximate 
value but that, for the same reason as in the last case, 1172^ was 
more convenient. 


(7) V6472132iv. 

The integral portion of the root is here 2339, and the remainder 
1211.^, so that, if R is the exact root. 


.fi>2339 + : 


‘T?r 


2.2339 + 1 
> 2339J, a fortiori. 

A few words may be added concerning Archimedes’ ultimate 
reduction of the inequalities 


to the simpler result 


- 667i- „ 284} 

^■^4673}^’"^^'*' 2017} 

ol „ 10 

37>7r>3^. 


1 607i^ 

As a matter of fact -= so that in the first fraction it was 

only necessary to make the small change of diminishing the de- 
nominator by 1 in order to obtain the simple 3 ^ . 


As regards the lower limit for tt, we see that — 


284} 


2017}' 


1137 
8069’ 


Hultsch ingeniously suggests the Inethod of tr)dng the effect of 
increasing the denominator of the latter fraction by 1. This 
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produces or ^ i divide 2690 by 379, the quotient 

is between 7 and 8, so that 

1^1 

7 ^’ 2690 ^ 8 ’ 


Now it is a known proportion (proved in Pappus vii. p. 689) 

^ rt c a a + e 

thatjU r> j. then r**i" j' 

’id 6 o+d 


SiDularly it may be proved that 

a + e e 

bTd^d' 

It folloa’s in the above case that 

379 379 + 1 1 

2690^ 2690 + 8 ^ 5 ’ 

which exactly gives ^ S’ 

, 10 . . . 070 *. 1 . 

and ^ IS very much nearer to than g is. 


NoU on alumatit^t hjpothtau with regard to the 
approximatioTie to ^/3. 

Far a description and etsminaUen of all the various theories put 
fonvanl, up to the yeir 1882, for the purpose of explaining Archimedes' 
approximations to Vs the reader is referred to the exhaustive paper hy 
DrSiogmuud GVmther, ent'Moi DieqvadraiUchen IrrationaliUitender AUm 
lend dcren SntvieidungtmeChoden (Lcipag, 1882). The same author gives 
further references in his A true der CeechidUe der J/athemalii tend dtr Naiur- 
tnumachaflete itnAlUrtum. fomuog an Appendix to Vol. v. Ft. 1 of Iwan von 
Mdllei’s .ffondhucA dtr IfauucAen AUerttmt-vitaeMchaft (hlUnchec, 1894). 
GUnther groups the dificrent hypotheses under three general heads : 

(1) those which amount to a more or less disguised use of the 
method of continued fractions and nnder which arc included the solutions 
of 3>e LagDy»Mollweidc,Hanber^Bu 2 engeigerYZeathen,F. Tannery (first 
solution), Heilermapn ; 

(2) those which give the approximations in the form of a series 

of fractions such as <x + — + —— + ; under this class come the 

?i7» 9i9t3i 

solutions of Radicke, v, PessI, Rodet (with reference to the ^IvaaOtras), 
Tannery (second solution); 
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' (3) those which locate the incommensurable surd between a greater 
and lesser limit and then proceed to draw the limits closer and closer. 
This class includes the solutions of Oppermann, Alexejeff, Schbnbom, 
Hunrath, though the first two are also connected by Gunther with the 
method of continued fi^actions. 

Of the methods so distinguished by Gunther only those need be here 
referred to which can, more or less, claim to rest on a historical basis 
in the sense of representing applications or extensions of principles laid 
down in the works of Greek mathematicians other than Archimedes which 
have come down to us. Most of these quasi-historical solutions connect 
themselves with the system of side- and diagonal-mmhers (jrXfvpntol and 
fimperpiKoi dpidpoi) explained by Theon of Smyrna (c. 130 a.d.) in a work 
which was intended to give so much of the principles of mathematics as 
was necessary for the study of the works of Plato. 

The side- and diagonal-numhers are formed as follows. We start with 
two units, and (a) from the sum of them, (6) from the sum of twice 
the first rmit and once the second, we form two new numbers ; thus 

1. 1 + 1 = 2, 2. 1 + 1 = 3. 

Of these numbers the first is a side- and the second a dfa^onoZ-number 
respectively, or (as we may say) 

Ct2 = 2, C?2 = 3. 

In the same way as these numbers were formed from etj=l, di=l, suc- 
cessive pairs of numbers are formed from rfj, and so on, in accordance 
with the formula 

®n + l = ®n + ^n) ®fn+l = 2a„ + (f„, 

whence we have 

03 = 1 . 2 + 3 = 5 , <^3=2. 2+3=7, 

04=1.5+7=12, £^4=2. 6+7 = 17, 

and so on. 

Theon states, with reference to these numbers, the general proposition 
which we should express by the equation 

rf„*=2a„*±l. 

The proof (no doubt omitted because it was well-known) is simple. For 
we have 

- 2a„2 = (2a„ _ 4 + (^ _ ,)2 - 2 (o„ _ 4 + _ i)2 
= 2o„_ 4 £fn-l* 

~ ■“(‘^n-l*~2o„_4®) 

= +(<fn- 2 *“ 2 a„_ 2 ^), and so on, 

while d^—'2.a^= — 1 ; whence the proposition is established. 

Cantor has pointed out that any one familiar with the truth of this 
proposition could not have failed to observe that, as the numbers were 
successively formed, the value of d^fa^ would approach more and more 
nearly to 2, and consequently the successive fractions d„/a„ would, give 
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nearer and neircr approximations to the value of */2, or in other words that 
1 3 7 17 « 

1* 2’ 6’ 12' 29’ 

are successive approxiruationa to t/i. It is to bo observed that the third 
of these epi>roximations, is the Pythagorean approsimaticpn which 
appears to be hinted at by Plato, while the above scheme of Theon, 
amounting to a method of dndtng all the solutions in positive integers of 
the indeterminate equation 

2x»-y*= ±1, 

and given in a work designedly iiitrodnctory to the study of Pkto, 
distinctly suggests, as Tannery has pointed out, the probability that even 
in Pkto's lifetime the aystematic investigation of the said equation had 
already begun in the Academy. In tbU connexion Proclus' commentary 
on £ucl. L 47 is interasting. It is there explained that ii} isosceles 
right'angled triangles “it is not possible to find numhers corresponding to 
the sides ; for there is no square number which is double of a square 
except in the sense of approximately double, e.g. 7* is double of S' less I." 
^en it is remembered that Theon’a |iroc«ts has for its object the finding 
of any number of squares differing only by unity from double the squares 
of another series of numbers respectively, and that the sides of the two 
seta of squares are called diayonah and sKfe>numbeTs respectively, tho 
coscliiaion becomes almost irresistible that Plato had such a system in 
mind when he spoke of ^rjrft iiiiitrpot {rational diagonal) as compared 
with SppijTot iiiptrpot (irrational diagonaljr^r ntpniiot (cf. p. Ixzviu above). 

One supposition then is that, following a similar lino to that by which 
successive approximations to coidd be obtained from the successive 
solutions, in rational numbers, of tho indeterminate equations Sr* ±1, 
Archimedes set himaeif the task of finding all the solutions, in rational 
numbers, of the two indeterminate equations bearing a similar relation 
to V3, viz. 

Zeuthen appears to have been tho first to connect, et> nomine, the ancient 
approximations to •Ja with the solution of these equations, which are also 
made by Tannery the basis of his first method. But, in eubstanoe, the 
same method bad been used si early as 1723 by De Lagny, whose 
hypothesis will be, for purposes of comparison, described after Tannery’s 
w-hJ/dx \K SIX oxtJmyilJiA. 

ZeutkerCi eolation. 

After recalling the fact that, even before Euclid's time, the solution 
of the indeterminate equation *»+y®* 2 * by means of the substitutions 
w*— n* _ia*+n* 

' 2 ’ 3- -'2 


x—mn, y> 
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was well known, Zeuthen concludes that there could have been no 
difBculty in deducing from Euol. n. 5 the identity 




from which, hy mtiltiplying up, it was easy to obtain the formula 
3 (2»in)^+(7)i*— 3a*)*=(«i2+3n*)*. 

If therefore one solution jn*- 3n*= 1 was known, a second could at once 
be found hy putting 

a;=m®+3ra®, y—lmn. 

Now obviomly the equation 

m--37i*=l 


is satisfied by the values jn=2, ?t=l; hence the next solution of the 
equation 

is .^1=22+3. 1=7, yi=2.2.1=4; 

and, proceeding in like manner, we have any number of solutions as 
57 ^= 72 + 3 , 42 = 97 , j^j=2. 7.4=66, 

5;3 = 972 + 3 . 662=18817, 3^3=2. 97 . 66=10864, 

and so on. 

Next, addressing himself to the other equation 
a:2_3y2=_2, 

Zeuthen uses the identity 

(m + 3 Ji)2 — 3 (m + n)2 = — 2 (m2 — 3n2). 

Thus, if we know one solution of the equation we can proceed 

to substitute 

a;=m+3n, y=m+}i. 

Suppose m=2, n=l, as before ; we then have 

271=6, yi=3. 

If we put 572=57i+3yi=14, obtain 

^2 8 4 

(and m=7, Ji=4 is seen to be a solution of m2— 3?i2=i). 

' Starting again from 0 : 2 , we have 

573=38, y 3 = 22 . 


and 


X, 19 


(m=19, «=il being a solution of the equation m^~3n^= -2)-, 


Xi-104, 2 ^ 4 = 60 , 


TTj 26 


whence 
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(and jrt=26, n=15 satisfies w*— 3»*=1), 

Xs=SS4, 


or 


y. 41* 


Similatly — =?^, t“T^» “ ‘®’ 

yd 56’ y, IS3 

This method gives all the attocessive approximations to V^, taking 
account as it does of both the equations 

.ta-3y»--2. 


Tonnery"* Jirtl sofuh'mt. 

Tannery asks himself the qaestion how Diopbsntus would have set 
about solving the two indeterminate equations. He takes the first equation 
in the gener^sed form 

a:*— ay*«l, 

and then, assuming one solution (p, q) of the equation to be known, he 
supposes 

p^»vlx^‘p, y,-aj+j. 

Then y ,* - s - Smpx+p^ - <ar*— 2apjr- oj* » 1 , 

whence, sitiee^—a^^Bl, by hypothesis, 



„that p,_i!!l±4E±2». ,,.25£+(ml±0)? 

»n*-o ’ »i*-a ’ 

and 

The values of p,, §1 so found si« rational but not necessarily integral ; 
if integral solutions are wanted, we have only to put 

/»i= (tt*+ov*)p+2attry, y,=2j)«v+(ti*+ov*)y, 
where (u, v) is another Integral solution ofx*-ay*sl. 

Generally, if (p, be a known solution of this equation 
;t*— ay*«ar. 


supposepi=ap+^ 7 , ii^yp+tf, and“il8uffit pour determiner a, ft y, i de 
connaltre lea trois groupes de Bolniions les plus simples et de r&oudre 
deux couples d’dquations du premier degrd h deui inconnuea” Thus 
(I) for the equation 

aa-3y*-.l, 

the first three solutions aro 


whence 


(y-1,5-0), (p-!!,,-!), (y-V,{-4), 

o*»^ 8=2, 


BO that 
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and it follows that the fourth solution is given by 

p=2. 7+3. 4=26, 
g=I. 7+2. 4=16 ; 

(2) for the equation x- - 3y* = - 2, 

the first three solutions being (1, 1), (5, 3), (19, 11), we have 

5=a+/31 , 19=0a+3/9l 

3=y+fiJ Il=5y+3SJ ’ 

whence a=2, /3=3, y=l, 5=2, and the nest solution is given by 
jo=2. 19+3. 11=71, 

2=1.19+2.11 = 41, 

and so on. 

Therefore, by using the two indeterminate equations and proceeding as 
shown, all the successive approsimations to can be foimd. 

Of the two methods of dealing with the equations it will be seen that 
Tannery’s has the advantage, as compared with Zeuthen’s, that it can be 
applied to the solution of any equation of the form aP — ay^^r, 


De Lagny’s method. 

The argument is this. If •Jz could be exactly expressed by an im- 
proper fraction, that fraction would fall between 1 and 2, and the square of 
its numerator would be three times the square of its denominator. Since 
this is impossible, two numbers have to be sought such that the square of 
the greater dififers as little as possible from 3 times the square of the 
smaller, though it may be either greater or less. De Lagny then evolved 
the following successive relations, 

22 = 3 . 12 + 1 , 52=3.32-2, 72=3.42+1, 192=3.112-2, 


262=3.152 + 1, 712=3.412-2, etc. 

From these relatioas were derived a series of fractions greater than Vs, 

• • 2 7 26 . /- 

T 5 75 77 1 etc., and another series of fractions less than v3, viz. 
1 4’ 15’ ’ ’ 

5 19 *71 

3’ IT’ 41’ formation was found in each case to be that, if 

- was one fraction in the series and S the next, then 
2 q 


This led to , the results 


j?'_ 2y+3 g 
g' “ p+2q ■ 


2 7 26 ^ ^ 13^ 

1^4^16^56^209^ 780 


...>^ 3 , 


989 3691 

3 1 1 41 153 ^ 67l 2131 




and 
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while the law of formation of the successiTe approiimationa in each eeries 
is preciselj that obtained by Tannery as the result of treating the two 
indeterminate equations by the DiojAisntine tnelhod. 

Seilermann's meOiod. 

This method needs to be mentioned because it also depends upon a 
generalisation of the system of titU- and rfi^onof-numbers given by Theon 
of Smyrna. 

Tbeon's rule of formation was 

+/>«_„ i>.=2S',.,+i>.-i5 

and Heilermann simply subetitutes for 2 in the second relation any 
arbitrary number a, developing the following echcsnc, 



Dit^aS^+Dg, 



Sj^Sf+Dj, 

Z)j=oSj+2)j, 




It follows that 

aS^^~aS^,*+SaS^iD^i+aI>^i*, 

By subtraction, -o)(Z>«-t*-trS*-i*) 

»(1 aS^*'h similarly. 


This coTTesponda to the moat general form of the “ PeHian" equation 
jc*-ay*=(const,). 

If now we put w« have 

from which it appears that, where the fraction on the right-hand side 
approaches zero aa n increases, ^ is an approximate value for s/a. 
Clearly in the case where a=3, 2>o=^ ,^=1 we have 

^ 2 ^^5 ^ 52 26 

Si 3' Sf 8 4’ S,“3o“l5' 

^ m 265 

.Sg“'41» 4i*‘ll2“s6' 

and so on. 
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But the method is, as shown by Heilcrmann, more rapid if it is used to 
find, not Va, b\it h>\fa, where h is so chosen as to make h-a (which takes 

27 

the place of a) somewhat near to unity. Thus suppose « = 25 ’ 


and we then have (putting D(,=5’o=l) 
5 


and 


^1=2, A=||. and 


26 


3*25’ 16’ 


102 

A= 

54+62 

106 

25~’ 

25 

~ 25 ’ 

208 


102.27 

106 

25 ’ 

'25.25 

2& ' 



6404 
25. 208 


i7i 5 106 


_ 5404 
“25.25’ 

6 1351 

*3’ 780 ' 


, rtT» — 

3* 102’ 153 


265 


This is one of the very few instances of success in bringing out the two 
Archimedean approximations in immediate sequence without any foreign 
values intervening. No other methods appear to connect the two values 
in this direct way except those of Hunrath and Hultsoh depending on the 
formula 

a±^>V^>a±2i4l- 

We now pass to the second class of solutions which develops the 
approximations in the form of the sum of a series of fractions, and under 
this head comes 


Tannery's second method. 

This may be exhibited by means of its application (1) to the case of the 
square root of a largo number, e.g. V349450 or 23409, the first of 

the kind appearing in Archimedes, (2) to the case of V3. 

(1) Using the formula 

■\/a''“+6coa + 

2,a 


we try the effect of putting for ^571^+ 23409 the expression 


671 + 


23409 
1142 ■ 


It turns out that this gives correctly the integral part of the root, and we 
now suppose the root to be 

571 + 20+i. 
m 

Squaring and regarding ~ as negligible, we have 

5712 + 400 + 22340 + — — + — = 571* + 23409, 

mm ’ . 



,tbat V3494M)>69li. 

(2) Bearing in mind that 

’eha76 •/3='/P+S<^l+--;- 


Assuming then that Vs = + - ) , aquaring and neglecting \ , we obtain 

iiij fji 


whence and we get aa the second approximation 

3 + 16' 15* 

We have now 26*— 3. 16*«1, 

and can proceed to hnd other approximations hy means of TannerT’s hrst 
method. 

Or we can also put (^+| + R+i)*“®' 
and, neglecting we get 

?5?+i2^3 

15* + 16a 

whence «*= — 16,62*= —780, and 




and not mth the intermediate approximation to obtun which 
Tannery implicitly uses a particiilar case of the formula of Hunrath and 
Hultscb. 

Rodeft method was apparently invented to explain the approximation 
in the ^ulvasfitras* 

'^~'+ 5 + 4 - 5 -^; 


See Cantor, VoTletungenUher Gt*eK d. Math, p. 600 ei;. 
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4 

but, given the approximation the other two successive approximations 

indicated by the formula can be obtained by the method of squaring just 
described* without such elaborate work as that of Rodet, which, when 
applied to \/3, only gives the same results as the simpler method. 


Lastly, with reference to the third class of solutions, it may be 
mentioned 

(1) that Oppermann used the formula 


which gave successively 




^1 

66 




97 


hilt only led to one of the Archimedean approximations, and that by 
combining the last two ratios, thus 

97 + 168 265 

56+97 “163’ 

(2) that SchSnbom came somewhat near to the formula successfully used 
by Hunrath and Hultsch when he proved t that 

— ;=• 

2 a - 2 a ±\/6 


* Cantor had already pointed this out in bis first edition of 1880. 
t Zeittchrift fUr Math. «. Phrjsik [Hist. Utt. Ahtheilung) xxvui. (1883), 
p. 169 sq. 



CHAPTER V. 


ON THE PROBLEMS KNOWN AS NET2BIS. 

The word v(v<7(f, cotnmoidy indinatio in lAtm» is dlfficolt to 
translate satisfactorily, tut its meaning will be gathered from pome 
general remarks by Pappus having reference to the two Books of 
Apollonius entitled v(u<tm (now lost). Pappus says*, “A line is 
said to twye (v*v'«iv) towards a point if, being produced, it reach the 
point/' and he gives, among particular coses of the general form of 
the problem, the following. 

"Two lines being given in position, to place between them a 
straight line given in length and verging towards a given point.*' 

"If there be given in position (1) a semicircle and a straight 
line at right angles to the base, or (2) two semicircles with their 
bases in a strught line, to place between the two lines a etmight 
line given in length and verging towards a comer (yuviav) of a 
semicircle.” 

Thus a straight line has to be laid across two lines or curves so 
that it passes through a given point and the intercept on it between 
the lines or curves is equal to a pven lengtht. 

§ 1. The following allusions to particular vcvons are found in 
Archimedes. The proofs of Props. 5, 6, 7 of the book On Spirals 
use respectively three particular cases of the general theorem that, 

• Pappus (ei Holtsch) vii. p. 670. 

f In the Gennan translation of Zeuthen’e work, Zlf« Lehre vm den 
KegeUehnilten in Altertum, rtvcis is translated by " Einschiebung," or as we 
might say " insertion,” bat this fMls to express the condition that the repaired 
line must pass through a given point, jitst as inellnatio (and for that matter the 
Greek term itself) fails to express the other requirement that the intercept on 
the line mast be of given length. 
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if A le any point on a cirde and BC any diameter, it is possible to 
draw through A a straight line, meeting the circle again in P and 
BC produced in R, such that the intercept PR is equal to any given 



length. In each particular case the fact is merely stated as true 
without any explanation or proof, and 

(1) Prop. 5 assumes the case where the tangent at A is parallel 
to BC, 

(2) Prop. 6 the case where the points .d, P in the figure are 
interchanged, 

(3) Prop. 7 the case where A, P are in the relative positions 
shown in the figure. 

Again, (4) Props. 8 and 9 each assume (as before, without proof, 
and without giving any solution of the 
implied problem) that, if AE, BC he two 
chords of a circle intersecting at right 
angles in a point D such that BD > DC, 
then it is possible to draw through A 
another line ARP, meeting BC in R and 
the circle again in P, such that PR = DE. 

Lastly, with the assumptions in Props. 

5, 6, 7 should be compared Prop. 8 of the 
Liher Assumptorum, which may well be 
due to Archimedes, whatever may be said of the composition of the 
whole book. This proposition proves that, if in the first figure 
APR is so drawn that PR is equal to the radius OP, then the arc 
AB is three times the arc PC, In other words, if an arc AB of a 
circle be taken subtending any angle at the centre 0, an arc equal 
to one-third of the given arc can be found, i.e. the given angle can he 
trisected, if only APR can he drawn through A in such a manner 
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that the intercept PR between the nrde and BO produced is equal to 
the radius 0 / the circle. Thus the triseetion of an angle is reduced to 
a exactly similar to those assumed as possible in Props. 6, 7 
of the book On Spirals. 

The k-tvatis so referred to by Archimedes are not, in general, 
capable of solution by means of the straight line and circle alone, 
as may be easily shown. Suppose in the first figure that x 
represents the unknown length OR, where 0 is the middle point 
of BC, and that k is the given length to which PR is to be equal ; 
also let OD = a, AD = b, BC « 2c. Then, whether BC be a diameter 
or (more generally) any chord of the mrcle, we have 
AR.RP^BR.RC, 

and therefore kjb*-r{x-a)* = a^~d. 


The resulting equation, after rationalisation, is an equation of the 
fourth degree in «; or, if we denote the length of AR by y, we have, 
for the determination of x and y, the two equations 






In other words, if we have a rectangular system of coordinate 
axes, the values of x and y satisfying the conditions of the problem 
can be determined as the coordinates of the points of intersection of 
a certain rectangular hyperbola and a certain parabola. 

In one particular case, that namely in which D coincides with 0 
the middle point of BC, or in which A is one extremity of the 
diameter bisecting BC at right angles, ff=0, and the equations 
reduce to the single equation 


y»-iy = 6* + c*, 

which is a quadratic and can be geometrically solved by the 
traditional method of application of areas ; for, if u be substituted 
for y— k, so that w = AP, the equation becomes 


« (i + w) = 4*+c*, 

and we have simply *' to apply to a straight line of length k a 
rectangle exceeding by a square figure and equal to a given 
area (6* + c*).” 

The other vcvcris referred to in Prijps. 8 and 9 can be solved in 
the more general form where k, the given length to which PR 
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necessarily equal to DE, in exactly the same manner ; and the two 
equations corresponding to (a) will be for the second figure ■ 

2 /’ = (a-a;)’ + 6*\ 

ky^c^-a? j 

Here, again, the problem can be solved by the ordinary method 
of application of areas in the particular case where AE is the 
diameter bisecting BC at right angles ; and it is interesting to note 
that this particular case appears to be assumed in a fragment 
of Hippocrates’ Quadrature of lunes preserved in a quotation 
by Simplicius* from Eudemus’ History of Geometry, while Hippo- 
crates flourished probably as early as 450 B.c. 

Accordinglj' we find that Pappus distinguishes different classes 
of veutrets corresponding to his classification of geometrical problems 
in general. According to him, the Greeks distinguished three kinds 
of problems, some being plane, others solid, and others linear. He 
proceeds thusf: “Those which can be solved by means of a straight 
line and a circumference of a circle may properly be called plane 
(trrtrtSa) j for the lines by means of which such problems are 
solved have their origin in a plane. Those however which are 
solved by using for their discovery {tvptaiv) one or more of the 
sections of the cone have been called solid (oTcped) ; for the 
construction requires the use of surfaces of solid figures, namely, 
those of cones. There remains a third kind of problem, that 
which is called linear (ypaypiKov) ; for other lines [curves] besides 
those mentioned are assumed for the construction whose origin 
is more complicated and less natural, as they are generated from 
more irregular surfaces and intricate movements.” Among other 
instances of the linear class of curves Pappus mentions spirals, the 
curves known as quadratrices, conchoids and cissoids. He adds 
that “it seems to be a grave error which geometers fall into 
whenever any one discovers the solution of a plane problem by 
means of conics or linear curves, or generally solves it by means of 
a foreign kind, as is the case, for example, (1) with the problem in 
the fifth Book of the Conics of Apollonius relating to the parabola J, 


* Simplicius, Comment, in Aristot. Phy$. pp. 61 — 68 (ed. Diels). The whole 
quotation is reproduced by Bretsohneider, Die Geometrie tmd die Geometer vor 
Euklides, pp. 109 — 121. As regards the assumed constmotiou see particularly 
p. 64 and p. xxiv of Diels’ edition; of. Bretsohneider, pp. 114, 115, and Zeuthen, 
Die Lehrc von den Kegelschnitten im Altertum, pp. 269, 270. 
t Pappus IV. pp. 270 — 272. 
t Cf. Apollonius of Perga, pp. oxxviii. oxxix. 
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and (2) when Archimedes aaaoines in bis work on the spiral a 
j-cMTis o! a solid character wth reference to a circle; for it is 
possible witbcmt calling in the aid of anything solid to hod the 
[proof of the] theorem given by the latter [Archimedes], that is, to 
prove that the circumference of the circle arrived at in the first 
revolution is equal to the straight line drawn at right angles to the 
initial line to meet the tangent to the spiral.” 

The “ solid vnvtv ” referred to in this passage is that assumed to 
be possible in Props. 8 and 9 of the book On Spiralt^ and is mentioned 
8g^ by Pappus in another place where be shows how to solve the 
problem by means of conics*. This solution will be given later, but» 
when Pappas objects to the procedure of Archimedes as unorthodox, 
the objection appears strained if we consider what precisely it is that 
Archimedes assumes. It is not the actual solution which is assumed, 
but only its ; and its possibility can be perceived without 

any use of conics. For in the particular ease it is only necessary, 
as a condition of possibility, that OE in the second figure above 
should not be the maximum length which the intercept EE could 
have as APE revolves about A from the position AJ>Ji in the 
direction of the centre of the circle; and that EE is not the 
maximum length which PE can have is almost 8elf>evident, In 
fact, if P, instead of moving along the circle, moved along the 
straight line through -S' parallel to ECt and if AEE moved from the 
position AEE in the direction of the centre, the length of PE would 
continually increase, and a fortiori, so long as 7* is on the arc of the 
circle cut off by the parallel through E to BC, PR must be greater 
in length than EE ; and on the other hand, as ARP moves further 
in the direction of B, it must sometime intercept a length PR 
equal to EE before F reaches B, when PR vanishes. Since, then, 
Archimedes' method merely depends upon the theoretical possibility 
of a solution of the vcw-tv, and this possibility could be inferred 
from quite elementary considerations, he had no occasion to use 
conic sections for the purpose immediately in view, and be cannot 
fsdrly be said to have solved a plane problem by ^e use of conics. 

At the same time we may safely assume that Archimedes 
in possession of a solution of the vtwi? referred to. But there 
is no evidence to show how he solved it, whether by means of conics, 
or otherwise. That he would bav© been <Ale to effect the solution, 


Pappus IV. p. 298 sq. 



ON THE PROBLEMS KNOWN AS NET2EIS. 


CV 


as Pappus does, by the use of conics cannot be doubted. A precedent 
for the introduction of conics where a “ solid problem ” had to be 
solved was at hand in the determination of two mean proportionals 
between two unequal straight lines by Menaechnius, the inventor of 
the conic sections, who used for the purpose the intersections of a 
parabola and a rectangular hyperbola. The solution of the cubic 
equation on which the proposition On the Sphere and Cylinder ii, 4 
depends is also effected by means of the intersections of a parabola 
with a rectangular hyperbola in the fragment given by Eutocius 
and by him assumed to be the work of Archimedes himself*. 

Whenever a problem did not admit of solution by means of the 
straight line and circle, its solution, where possible, by means of 
conics was of the greatest theoretical importance. First, the 
possibility of such a solution enabled the problem to be classified 
as a “solid problem”; hence the importance attached by Pappus 
to solution by means of conics. But, secondly, the method had 
other great advantages, particularly in view of the requirement that 
the solution of a problem should be accompanied by a Siopio-pds 
giving the criterion for the possibility of a real solution. Often too 
the Stopwr/ws involved (as frequently in Apollonius) the determination 
of the number of solutions as well as the limits for their possibility. 
Thus, in any case where the solution of a problem depended on the 
intersections of two conics, the theory of conics afforded an effective 
means of investigating Siopurfiot. 

§ 2, But though the solution of “ solid problems ” by means of 
conics had such advantages, it was not the only method open to 
Archimedes. An alternative would be the use of some mechanical 
construction such as was often used by the Greek geometers and is 
recognised by Pappus himself as a legitimate substitute for conics, 
which are not easy to draw in a planet- Thus in Apollonius’ 
solution of the problem of the two mean proportionals as given by 
Eutocius a ruler is supposed to be moved about a point until the 
points at which the ruler crosses two given straight lines at right 
angles are equidistant from a certain other fixed point; and the 
same construction is also given under Heron’s name. Another 
version of Apollonius’ solution is that given by loannes Philoponus, 
which assumes that, given a circle with diameter OG and two 

* See note to On the Sphere and Cylinder, ii. 4. 

+ Pappus III. p. 64. 
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straight lines OD, OB throagh 0 and at right angles to one 
another, a line can be drawn throagh. Ct meeting the circle again 
in F and the two lines in i>, E respectively, such that the in- 
tercepts <7Z>, FE are equal. This solution was no douht discovered 
by means of the intersection of the circle with a rectangular hyper- 
bola drawn with Oi), OE as asymptotes and passing through C‘, 
and this supposition accords with Pappus' statement that Apollonius 
solved the problem by means of the sections of the cone*. The 
equivalent mechanical construction is given by Eutocius as that 
of Philo Byzantinus, who turns a ruler about C until CD, FE are 
equalt. 

Now clearly a similar method could be used for the purpose of 
edecting a vcvwis. We have only to suppose a ruler (or any object 
with a straight edge) with two marks made on it at a distance 
equal to the gjven length which the problem requires to he 
intercepted between two curves by a line passing through the 
hxed point ; then, if the ruler be so moved that it always passes 
throagh the fixed point, while one of the marked points on it follows 
the coarse of one of the curves, it is only necessary to move the 
ruler until the second marked point falls on the other curve. Some 
such operation as this may have led Nicomedes to the discovery of 
his curve, the conchoid, which he introduced (according to Pappus) 
into his douhling of the cube, and by which he also trisected an 
angle (according to the same authority). From the fact that 
Nicomedes is said to have spoken disrespectfully of Eratosthenes' 
mechanical solution of the duplication problem, and therefore must 
have lived later than Eratosthenes, it is concluded that bis date 
must have been subsequent to 200 b.c., while on the other hand 
he must have written earlier than 70 me., since Geminus knew the 
name of the curve about that date ; Tannery places him between 
Archimedes and Apolloniust. While therefore there appears to 
be no evidence of the use, before the time of Nicomedes, of such 
a mechanical method of solving a vewtr, the interval between 
Archimedes and the discovery of the conchoid can hardly have 
been very long. As a maUer cd fact, the conchoid of Nicomedes 
can be used to solve not only all the Murctr mentioned in Archimedes 
but any case of such a problem where one of the curves is a straight 

* Pappus lit. p. 56. 

+ For fuller detaUi see Apotloniva of Perga, pp. exxv — cxxrii. 

i DuiMin de$ Seieneti 2laihfmatiqM», 2* sirie vii. p. 334, 
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line. Both Pappus and Eutocius attribute to Nicomedes the inven- 
tion of a machine for drawing his conchoid. AB is supposed to be 



a ruler ■ivith a slot in it parallel to its length, FE a second ruler at 
right angles to the first with a fixed peg in it, C. This peg moves 
in a slot made in a third ruler parallel to its length, w'hile this 
ruler has a fixed peg on it, D, in a straight line with the slot in 
which C moves j and the peg D can move along the slot in AB. If 
then the ruler PE moves so that the peg E describes the length of 
the slot in AB on each side of F, the extremity of the ruler, P, 
describes the curve which is called a conchoid. Nicomedes called 
the straight line AB the ruler {navtiv), the fixed point C the pole 
(iroXos), and the length PE the distance (Siaon^pa) ; and the 
fundamental property of the curve, which in polar coordinates 
would now he denoted by the equation r-a + b sec 8, is that, if 
any radius vector be drawn from G to the curve, as GP, the length 
intercepted on the radius vector between the curve and the straight 
line AB is constant. Thus any reverie in which one of the two 
given lines is a straight line can he solved by means of the 
intersection of the other line with a certain conchoid whose pole 
is the fixed point to which the required straight line must verge 
(veueiv). In practice Pappus tells us that the conchoid was not 
always actually drawn, but that “some," for greater convenience, 
moved the ruler about the fixed point until by trial the intercept 
was made equal to the given length*. 

§ 3. The following is the way in which Pappus applies 
conic sections to the solution of the vcwis referred to in Props. 8, 9 
of the book On Spirals. He begins with two lemmas. 


* Pappus IV. p. 246. 
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(1) If from a given point A any straight line be drawn meeting 
a straight line BC gi%en in position In B, and if BQ be drawn 
perpendicular to BC and bearing a given ratio to AE, the locus of 
Q is a h^ytrhcltt. 



For draw AD perpendicular to BC, and on AB produced take A' 
such that 

QR i BAs A'D : DA » (the given ratio). 

Tileasure DA" along DA et^usl to DA'. 

Then, if perpendicular to AB, 

(AB* - AD*} : {QR*-A'D*) = (const.), 
or QN* I A'B. A"N ~ (const.) 

(3) If BO be given in length, and If RQ, a straight line drawn 
at right angles to BC from any point R on it, be such that 
BR.HC^k. RQ, 

■where ft is a straight line of given length, then the locus of Q is a 
parahda. 

Let 0 be the middle point of BO, and let OK be drawn at right 
angles to it and of such length that 

OC* = ft. A'O. 

Draw QX' perpendicular to OK. 

Tlien QX'*=OR* = OC*~BR . BC 

=:k.{KO — RQ), by hypothesis, 

= A'.V. 
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In the particular case referred to by Archimedes (with the slight 
generalisation that the given length k to which PR is to be equal is 
not necessarily equal to DE) we have 

(1) the given ratio RQ : is unity, or RQ = AR, whence A" 

coincides -svith A, and, by the first lemma, 

Qm=^AN . A’N, 

so that Q lies on a rectaiigular hyperbola. 

(2) BR . RC = AR . RP = k . AR = k . RQ, and, by the second 
lemma, Q lies on a certain parabola. 

If now we take 0 as origin, OC as axis of x and OK as axis of y, 
and if we put OD = a, AD = b, BG = 2c, the hyperbola and parabola 
determining the position of Q are respectively denoted by the 
equations 

c^ — a^^ky, 

which correspond exactly to the equations (P) above obtained by 
purely algebraical methods. 

Pappus says nothing of the Siopur/ios which is necessary to the 
complete solution of the generalised problem, the Siopitr/tos namely 
which determines the maodmum value of k for which the solution is 
possible. This maximum value would of course correspond to the 
case in which the rectangular hyperbola and the parabola touch one 
another. Zeuthen has shown* that the corresponding value of k can 
be determined by means of the intersection of two other hj-perbolas or 
of a hyperbola and a parabola, and there is no doubt that Apollonius, 
with his knowledge of conics, and in accordance with his avowed 
object in giving the properties useful and necessary for Siopurpoi, 
would have been able to work out this particular Siopio-pos by means 
of conics ; but there is no evidence to show that Archimedes investi- 
gated it by the aid of conics, or indeed at all, it being clear, as shown 
above, that it was not necessary for his immediate purpose. 

This chapter may fitly conclude with a description of (1) some 
important applications of veutrets given by Pappus, and (2) certain 
particular cases of the same class of problems which are plane, that 
is, can be solyed by the aid of the straight line and circle only, and 
which were (according to Pappus) shown by the Greek geometers to 
be of that character. 

* Zeuthen, Die Lehre von den Kegehclmitten im AUertum, pp. 273 5 ,_ 
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§ 4. One of the two Important applications of ‘solid’ vcvcrciswaa 
discovered by Nicomedes, the inventor of the conchoid, who intro- 
duced that cun-e for solving a vcixrts to which he reduced the problem 
of ^ouhling t!ie cule* or (what amounts to the same thing) the jfndiny 
of Iwo mean proportionali betuxen tux) given unequal $lraight line*. 

Let the given unequal straight lines be placed at right angles as 
CL^ LA. Ckimplete the parallelogram ABCL, and bisect AB at i), 
and BC at E. Join LD and produce it to meet CB produced in H. 
From E draw Ef at right angles to 5(7, and take a point F on EF 
such that CF is equal to AD. Join HF, and through C draw CG 
parallel to HF. If we produce BG to A’, the straight lines GO, GE 



form an angle, and we now draw from the pven point F a straight 
line FGK, meeting CG, CK in G, K respectively, such that the 
intercept GK is equal to AD or FC. (This is the vtvrn to which 
the problem is reduced, and it can be solved by means of a conchoid 
with F 03 pole.) 

Join EL and produce it to meet BA produced in M. 

Then shall CE, AM be the required mean proportionals between 
CL, LA, or 

CL:CS=CKiAM^AM:AL. 

"We have, by Eucl. ii. 6, 

BE.EC + CE^^EE\ 

If we add EF* to WAh aide, 

BE.EC+CF*^FE*. 

Now, by parallels, 

MA lABsMLiLK 
*5(7 ;CA'} 

• Pappo» r?. p. 242 sq. and ki. p. ES «q. ; EnleciuB on Ardumede*, On the 
Sphere and Ct/Ujtder, n- 1 (Vol. in. p. 114 sq.) 
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and, since AJ3=2AD, and £0 = iHG, 

MA : AD^HG : GK 

= FG : GK, by parallels, 

whence, componendo, 

MD-.AD = FK : GK. 

But GK== AD; therefore AID = FK, and MD^ = FJP. 

Again, MD^ = BAf . AfA + AD% 

and FK’ = BK . KG + GF’, from above, 

while AFD ' = FK’, and AD’ = CF’ ; 

therefore BAf .AfA =BK. KG. 

Hence GK ; 3£/I = BAf : BK 

= BC ; 0^ } ’ parallels, 
that is, LG : GK=GK : AfA = AfA : AL. 

§ 5. The second important problem which can be reduced to 
a ‘solid’ vn)<r« is the trisection of any angle. One method of 
reducing it to a vcvcris has been mentioned above as following from 
Prop. 8 of the Liber Assumptomm. This method is not mentioned 
by Pappus, who describes (iv, p. 272 sq.) another way of effecting 
the reduction, introducing it with the words, “The earlier 
geometers, when they sought to solve the aforesaid problem about 
the [trisection of the] angle, a problem by nature ‘solid,’ by 
‘plane’ methods, were unable to discover the solution; for they 
were not yet accustomed to the use of the sections of the cone, 
and were for that reason at a loss. Later, however, they trisected 
an angle by means of conics, having used for the discovery of it 
the following v€vcris.” 

The vevoris is thus enunciated : Given a rectangle ABGD, let it 
be required to draw through A a straight line AGB, meeting GD in 
6 and BG produced in R, such that the intercept QR is equal to a 
given length, h suppose. 

Suppose the problem solved, QR being equal to h. Draw DF 
parallel to QR and RF parallel to CD, meeting in F. Then, in the 
parallelogram DR, DF = QR = h. 

Hence P lies on a drde with centre D and radius h. 

Again, by Eucl. i. 43 relating to the complements of the 
parallelograms about the diagonal of the complete parallelogram, 
BG .CD^BR.QD 
= FR.RB; 
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and, since SC . CD ia given, it follows that P lies on a rec«<in^?ar 
hyi-ytrbda with BR, BA aa asymptotes and passing through D. 



Therefore, to effect the construction, we hare only to draw this 
rectangular hyperbola and the drcle with centre D and radius equal 
to i. The intersection of the two curves gives the point P, and i? 
is determined by drawing PR parallel to DC. Thus AQR is found. 

ynjQu^h Pappus makes A.BQD a T««ixng?e> the construction 
applies equally if ABCD is any parallelogram.] 

Now suppose ABC to be any acute angle which it is required to 
trisect. Let AC be perpendicular to BC. Coisplete the parallelo- 
DSC, and produce DA. 

Suppose the problem solved, and let the angle CBB be one-third 
of the angle ABC. Let BE meet AC in B and DA produced in F. 
Bisect EFin D, and join AH. 

Then, since the angle ABE is equal to twice the angle EBC and, 
by parallels, the angles ESC, EFA ore equal, 

L. ABE « 2 AFH^l. AEB. 

Therefore AB=^AH=:BF, 

and EF^ 2BF 



Hence, in order to trisect the angle ABO, we have only to solve 
the following vcvtrt?; Cfiven iSe rectangle ADBC whose diagonal 
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w AB, to drdio through B a straight line BEF, meeting AG in E and 
DA produced in F, sxtch that EF mag he equal to twice AB ; and this 
vevins is solved in the manner just shown. 

These methods of doubling the cube and trisecting any acute 
angle are seen to depend upon the application of one and the same 
veSeris, which may be stated in its most general form thus. Giveii 
any two straight lines forming an angle and any fixed point 
which is not on either line, it is required to draw through the 
fixed point a straight line such that the portion of it intercepted 
between the fixed lines is equal to a given length. If AE, AO be 



the fixed lines and B the fixed point, let the parallelogram ACBD 
be completed, and suppose that BQR, meeting CA in Q and AE in 
if, satisfies the conditions of the problem, so that QR is equal to 
the given length. If then the parallelogram CQRP is completed, 
we may regard P as an auxiliary point to be determined in order 
that the problem may be solved j and we have seen that P can be 
found as one of the points of intersection of (1) a circle with centre 
C and radius equal to k, the given length, and (2) the hyperbola 
which passes through G and has DE, DB for its asymptotes. 

It remains only to consider some particular cases of the problem 
which do not require conics for their solution, but are ‘plane’ 
problems requiring only the use of the straight line and circle. 

§6. We know from Pappus that Apollonius occupied him- 
self, in his two Books of veva-ets, with problems of that type 
which were capable of solution by ‘plane’ methods. As a matter 
of fact, the above vna-is reduces to a ‘plane’ problem in the 
particular case where A. lies on one of the bisectors of the angle 
between the two given straight lines, or (in other words) where the 
parallelogi’am ACBD is a rhombus or a square. Accordingl)'' we 
find Pappus enunciating, as one of the ‘plane’ cases which had 
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been singled out for proof on eccount of their greater utility for 
many purposes, the following*: Giren a rhombus with cue side 
produced, to fit into the exterior angle a straight line given in 
length and verging to the opposite angle ; and he gives later on, in 
his lemmas to Apollonius’ work, a theorem bearing on the problem 
with regard to the rhombus, and (after a preliminaiy l emm a) 
a solution of the vtOotv with reference to a square. 

The question therefore arises, how did the Greek geometers 
discover these and other particular cases, where a problem which 
is in general ‘solid,’ and therefore requires the use of coniw (or a 
mechanical equivalent), becomes ' plane' t Zenthen is of opinion that 
they were probably discovered ns the result of a study of tbe general 
solution by means of cordcst- I do not feel convinced of this, for 
the following reasons. 

(1) The authenticated instances appear to be retj rare in 
which we should be justified in assuming that the Greeks used 
the properties of conics, in the same way as we should combine 
and transform two Cartesian eqaations of tbe second degree, for 
the purpose of proving that tbe iotersectioss of two conics also 
lie on certain circles or straight Unea It is true that we may 
reasonably infer that Apolionios discovered by a method of this sort 
his solution of the problem of doubling the cube where, in place 
of the parabola and rectangular hyperbola used by Menaechmus, 
he employs the same hyperbola along with the cirefe which passes 
through the points common to the hyperbola and parabola^, but 
in the only propositions contained in his conics which offer an 
opportunity for making a similar rednctionl, Apollonius does not 
make it, and is blamed by Pappus for net doing so. In the pro- 
positions referred to the feet of the normals to a parabola drawn 
from a given point are determined as the intersections of the 
parabola with a certain rectangular hyperbola, and Pappus objects 

• Pappus vn. p. 670. 

+ “Mit dieser selben auikste iat namlith da wieh%e3 Beispiel dalttr 
Tctlcnapft, daaa man bemuht war solche Fatte *u ent<i«Ven. is denen Anfgaben, 
XI iAsvi. va ■ertarArfiiiJa Aa.\ 'inia mOtia 

Zirkel osd Iiiiiea] ISsen lassen. Da nun das Stsdium der allgemeineo Lasting 
dnrcb C^elscbnitte das bests Mittel gewghrt solche Falle zn entdecken, so isi 
es ziemlich wahrscheinlich. dass man wirUich diesen Weg eingeschlagcn hat." 
Zeuthen, op. eit. p. 280. 

i Apollonius of Ptrga, p. cxxv, exxri. 

§ Jltd. p. cxxTui and pp. 182, 186 (Com'er, v. 68, 62 
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to this method as an instance of discovering the solution of a' 
‘plane’ problem by means of conics*, the objection having reference 
to the use of a hyperbola where the same points could be obtained 
as the intersections of the parabola with a certain circle. Now the 
proof of this latter fact would present no difficulty to Apollonius, 
and Pappus must have been aware that it would not; if therefore 
he objects in the circumstances to the use of the hyperbola, it is at 
least arguable that he would equally have objected had Apollonius 
brought in the hyperbola and used its properties for the purpose 
of proving the problem to be ‘plane’ in the particular case. 

(2) The solution of the general problem by means of conics 
brings in the auxiliary point P and the straight line CP. We 
should therefore naturally expect to find some trace of these in the 
particular solutions of the vevons for a rhombus and square; but 
they do not appear in the corresponding demonstrations and figures 
given by Pappus. 

Zeuthen considers that the vevcrts ■svith reference to a square was 
probably shown to be ‘ plane ’ by means of the same investigation 
which showed that the more general case of the rhombus was also 
capable of solution with the help of the straight line and circle 
only, he. by a systematic study of the general solution by means of 
conics. This supposition seems to him more probable than the view 
that the discovery of the plane construction for the square may have 
been accidental ; for (he says) if the same problem is treated solely 
by the aid of elementary geometrical expedients, the discovery that 
it is ‘plane’ is by no means a simple matter!. Here, again, I am 
not convinced by Zeuthen’s argument, as it seems to me that a 
simpler explanation is possible of the way in which the Greeks were 
led to the discovery that the particular vEutreis wore plane. They 
knew in the first place that the trisection of a right angle was a 
‘plane’ problem, and therefore that half a right angle could be 
trisected by means of the straight line and circle. It followed 

* Pappus IV. p. 270. Of. p. ciii above. 

t “ Die Ausfiihrbarkeit kann dann auf die zuerst angedeutete Weise gefunden 
sein, die den allgemeinen Pall, wo der Winkel zwisohen den gegebenen Geraden 
beliebig ist, in siob begreift. Dies scheint mir viel wahrsoheinlioher als die 
Annabme, dass die Entdeckung dieser ebenen Konstruotion zufiillig sein sollte ; 
denn wenn man dieselbe Aufgabe nur mittels rein elementar-geometrisoher 
Hiilfsinittel behandelt, so liegt die Entdeckung, dass sie eben ist, ziemlioh fern.” 
Zeuthen, op. cit. p. 282. 
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therefore that the corresponding wvo«, ie. that for a sqnare, "va-i 
a ‘plane’ problem in the particniar case where the given length 
to which the required intercept was to be equal was double of 
the diagonal of the square. This fact would naturally suggest 
the question whether the problem was still plane if A had 
any other value; and, when once this question was thoroughly 
investigated, the proof that the problem was ‘plane,' and the 
solution of it, could hardly have evaded for long the pursuit of 
geometers so ingenious as the Greeks. This will, I think, be 
clear when the solution given by Pappus and reproduced below 
U examined. Again, after it had been proved that the verbis with 
reference to a square was 'plane,' what more natural than the farther 
inquiry as to whether the intermediate case between that of the 
square and pamllelogram, that of the rhombus, might perhaps be a 
‘ plane ‘ problem 1 

As regards the actual solution of the plane vcwrrtc with respect 
to the rhombus and square, Le. the cases in general where the fixed 
point £ lies on one of the bisectors of the angles between the two 
given straight lines, Zeuthea eaye that only in one of the cases have 
we a positive statement that the Greeks solved the vnott by means 
of the circle and ruler, the case, namely, where ACBD is a tqvare*. 
This appears to be a misapprehension, for not only does Pappus 
mention the caae of the rhombus as one of the plane vcvertts which 
the Greeks had solved, but it is clear, from a proposition given by 
him later, how it was actually solved. The proposition is stated 
by Pappus to he “involved" (wapa^rwpov/icvov, meaning presumably 
“the subject of concurrent investigation’') in the 8th problem of 
Apollonius’ first Book of vcvffiw, and is enunciated in the following 
form f. Given a rkomhus AD with diameter BC produced to if EF 
he a mean proportional lelmen BE, EC, and if a circle be described 
with centre E and radius CD in K and AC produced in 

H, BKH shall be a straight line. The proof is as follows. 

Let the circle cut AC in L, end join UE, KE, LE. Let LK 
meet BC in M. 

* "Indessen beaitzen wir doch nnr in eisem einzelnen luerher gehorigen 
Falle eine positive Angabe darUber, dsse die Oriechen die Einschiebnng mittela 
Ziikel nnd Lineal aasgefuJirt haben, wenn namlicb die gegebenen Geradea 
zugleich techte TVinkel bilden, AIBC also rin Quadrat wird." Zenthen, op. cil. 
p. 281. 

t Pappus _vii. p. 778. 
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Since, from the property of the rhombus, the angles LOM, KOM 
are equal, and therefore CL, GK make equal angles with the diameter 
FG of the circle, it follows that CL = CK. 



Also EK = EL, and CE is common to the triangles ECK, ECL. 
Therefore the said triangles are equal in all respects, and 

L CKE = LCLE=i.CBE. 

Now, by hypothesis, 

EB:EF=EF:EC, 

or EB : EK - EK ; EG (since EF = EK), 

and the angle GEK is common to the triangles BEK, KEC ; there- 
fore the triangles BEK, KEC are similar, and 

i.GBK=LCKE 

= c. CHE, from above. 

Again, lHCE - l ACB = c BCK. 

Thus in the triangles CBK, CHE two angles are equal re- 
spectively ; 

therefore 4 GEH= l CRB. 

But, since l CKE = l CHE, from above, the points K, C, E, H 
are concyclic. 

Hence l. GER + L CKH = (two right angles). 

Accordingly, since lCEH = lGKB, 

L CKH + L CKB = (two right angles), 
and BKH is a straight line. 
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Now the fonn of the proposition at once suggests that, in the 
8th problem referred to, Apolloiuns had simply given a construction 
involving the drawing of a circle cutting (72> and AC produced in 
the points if, H respectively, and Pappus’ proof that SKH is a 
straight line is intended to prove that HK verges tcncards B, or (in 
other words) to verify that tlie constrnction given by Apollonius 
solves a eerlain nwis requiring BKH to be draxon so that KH is 
equal to a given length. 

The analysis leading to the construction must have been worked 
out somewhat as follows. 

Suppose BKII drawn so that KH is equal to the given length k. 
Pisect KH at 2f, and draw NE at right angles to KH meeting BC 
produced in E. 

X>raw KM perpendicular to BC and produce it to meet CA in L. 
Then, from the property of the rhombus, the triangles KCM, LCM 
are equal in all respects. 

Therefore KM-^ML', and accordingly, if MH be joined, MK, 
LH are parallel. 

Now, since the angles at M, A* are right, a circle can be described 
about EMKH. 

Therefore l CEK b l SINK, in the same segment, 

s L CHK, by parallels. 

Hence a circle can he described about CEHX. It follows that 
lBCD^lCEK + j.CKE 
=>i.CHK+t.CHE 
= lEHK=i.EKH. 

Therefore the triangles EKH, DBC are similar. 

Lastly, L CKN= l CBK-t- l. BCK\ 

and, subtracting from these equals the equal angles EKN, BCK 
respectively, we have 

L. EKC *= u EBK. 

Hence the triangles EBK, EKC are similar, and 

BEiEK^BK'.EU, 

or BE.EC^EK*. 

But, by similar triangles, EK ; KH= DC : CB, 

and the ratio DC : CB w given, while KH is also given (= k). 
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Therefore EK is given, and, in order to find E, we have only, in 
the Greek phrase, to “apply to BG a rectangle exceeding by a square 
figure and equal to the given area EKV’ 

Thus the construction given bj' Apollonius was clearly the 
following*. 

If Jibe the given length, taJte a straight line p such that 
2}‘Jc = AB : BC. 

Apply to BG a rectangle exceeding by a square figure and equal to 
the area y>*. Let BE . EG be this rectangle, and with E as centre and 
radius equal to p descAbe a circle cutting AG produced in H and 
CD in E. 

HK is then equal to Jc, and verges towards B, as proved by 
Pappus; the problem is therefore solved. 

The construction used by Apollonius for the ‘ plane ’ veyais vdth 
reference to the rhombus having been thus restored by means of the 
theorem given by Pappus, we are enabled to understand the pui-pose 

* Tlus construction was suggested to me by a careful examination of 
Pappus’ proposition without other aid ; but it is no new discovery. 
Samuel Horsley gives the same construction in his restoration of Apollonii 
Pergaei Inclinatiomm libri duo (Oxford, 1770); he explains, however, that 
he went astray in consequence of a mistake in the figure given in the nss., 
and was unable to deduce the construction from Pappus’s proposition until he 
was recalled to the right track by a solution of the same problem by Hugo 
d’Omerique. This solution appears in a work entitled. Analysis geometrica, give 
nova et vera methodus resolvendi tarn problemata geometrica quam arithmeticas 
quaestiones, published at Cadiz in 1698. D’Ornorique’s construction, which is 
practically identical with that of Apollonius, appears to have been evolved by 
means of an independent analysis of bis own, since be makes no reference to 
Pappus, as he does in other cases where Pappus is drawn upon (e.g. when giving 
the construction for the case of the square attributed by Pappus to one 
Heraclitus). The construction diSers from that given above only in the fact 
that the circle is merely used to determine the point JT, after which BK is joined 
, and produced to meet AC in H. Of other solutions of the same problem two 
may here be mentioned. (1) The solution contained in Marino Ghetaldi’s 
posthumous work Be Reeolutione et Compositione Mathematica Libri quinque 
(Rome, 1630), and included among the solutions of other problems all purporting 
to be solved " methodo qua antiqui ntebantur,’’ is, though geometrical, entirely 
different from that above given, being effected by means of a reduction of the 
problem to a simpler plane of the same character as that assumed by 
Hippocrates in his Quadrature of lunes, (2) Christian Huygens (He circuli 
viagnitudine inventa; accedunt problematum quorundam illustrium comtructiones, 
Lugduni Batavorum, 1654) gave a rather complicated solution, which may be 
described as a generalisation of Heraclitus’ solution in the case of a square. 
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for which Pappus, while still on the snbject of the “ 8th problem ” 
of Apollonius, adds a solution for the particular case o! the aqxuirt 
(which he calls a "problem after Heraclitus”) with an introductory 
lemma. It seems clear that Apollonius did not treat the case of the 
Equare separately from the rhombus because the soluUoir for the 
rhombus was equally applicalde to the square, and this suppositioii 
is confirmed by the fact that, in setting out the main problems 
discussed in the vrvvti^, Pappus only mentions the rhombus and not 
the square. Being however acquainted with a solution by one 
Heraclitus of the vturtr relating to a square which was not on the 
same lines as that of Apollonius, while it was not applicable to the 
case of the rhombus, Pappus adds it as an alternative method for 
the square which is worth noting*. This is no doubt the explanation 
of the heading to the lemma prefixed to Heraclitus* problem which 
Hultsch found so much difficulty in explaining and put in brackets 
as an interpolation by a writer who misunderstood the figure 
and the object of -the theorem. The words mean " Lemma useful 
for the [problem] with reference to squares taking the place 
of the rhombus'* (literally "having the same property as the 
rhombus”), i.e. a lemma useful for Heraclitus’ solution of the 

* This tUw of the matter receives strong sopport from the foUovring 
facts. In Fappus’ enmmacy (p. 670) of the contents of the ftistit of ApoUonins 
“two eases” of the rrvtit with refereoce to the rhombos are mentioned last 
among the psrticnlar problems given in the first of the two Books. As we have 
teen, one case (that ^ven above) was the sabjeet of the “Sth problem” of 
Apollonius, and it is equally clear that the other case was dealt with in the 
” 9th problem.” The other case is clearly that in which 
the line to be drawn throngb B, instead of crossing the ^ A c 

exterior angle of the rhombus at C, lies acrou the angle 
C itself, i.e. meets CA, Cllbotb produced. In the former 
case the solution of the problem is always possible what* 
ever be the length of k; but in the second case clearly 
the problem is not capable of aolntioo if k, the given 
length, ia less than a certain minimum. Hence the 
problem requires a Siopiatiii to determine the minimam 
length of I. Accordingly we find Pappus giving, after 
the interposition of the case of the 8<inare, a “ lemma nsefnl for the iiopitpSt of 
the 9th problem,” which proves that, if Cn=OK and B be the middle point of 
HK, then IIK is the least straight line wluch can be drawn through B to meet 
CH, CK. Pappas adds that the for the rhombus is then evident; if 

HK be the line drawn through B perpendicular to CB and meeting CA, CD 
produced in H, K, then, in order that the problem may admit of solution, the 
given length k must be not less than HK. 
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vevcrts in . the particular case of a square*. The lemma is as 
follows. 

ABGD being a square, suppose BHE drawn so as to meet QD in 
H and AD produced in B, and let EF he drawn perpendicular to BE 
meeting BG produced in F. To prove that 
GF‘=^BCr- + HE-. 

Suppose EG drawn parallel to DC meeting OF in G. Then 
since BEF is a right angle, the angles HBC, FEG are equal. 



Therefore the triangles BCH, EGF are equal in all respects, and 

EF= BH. 

Now BF’^ = BE'‘ + EF\ 

or BC .BF-¥BF.F0 = BH.BE^BE.EH+EF\ 

But, the angles EGF, HEF being right, the points C, H, E, F 
are concyclic, and therefore 

BG . BE . BE. 

Subtracting these equals, we have 

BF . FC --= BE. EE + EF’‘ 

= BE.EE + BE"‘ 

BE . EE + EE‘ + BE^ 
=^EB.BE + EE’‘ 

= FB.BC + EE\ 

* Hultsch translates the words \^pina •jytrisifiov tit t 6 irrl Tcrpaydivuv ttoioi/vtuv 
aiT&. Imppip (p. 780) thus, “ Lemma utile ad prohlema de quadratis quorum 
summarhombo aequaliaest,”and has a note in his Appendix (p. 1260) explaining, 
what he supposes to be meant.' The ‘ squares’ he takes to be the given square 
and the square on the given length of the intercept, and the rhombus to be one 
for which he indicates a construction but which is not shown in Pappus’ figure. 
Thus he is obliged to translate T<p as “ a rhombus,” which is one objec- 

tion to his interpretation, while “whose squares are equal” scarcely seems a 
possible rendering of ttoioiIi'tuw rh airrd. 
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Take away the commoa part SC . CF, and 

Heraclitus' analysis and coostmction are now as follows. 

Suppose that we have drawn BBS so that BE has a given 
length i. 

Since CF* = ilC* + EH\ or BC* + B, 

and BG and k are both given, 

CF is given, and therefore BF is given. 

Thus the semicircle on BF as diameter is given, and therefore 
also E, its intersection with the given line ADE\ hence BE is 
given. 

To effect the construction, we first find a square equal to the 
sum of the given square and the square on k. We then produce 
BC to F so that CF is equal to the aide of the square so found. If 
a semicircle be now described on BF&s diameter, it will pass above 
D (since CF> CD, and therefore BC . CF» CE*), and will therefore 
meet AD produced in some point E. 

Join BE meeting CDia H. 

Then BE a kt and the problem is solved. 
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CUBIC EQUATIONS. 

It has often been explained how the Greek geometers were able 
to solve geometrically all forms of the quadratic equation which give 
positive roots j while they could take no account of others because 
the conception . of a negative quantity was unknown to them. The 
quadratic equation was regarded as a simple equation connecting 
areas, and its geometrical expression was facilitated by the methods 
which they possessed of transforming any rectilineal areas whatever 
into parallelograms, rectangles, and ultimately squares, of equal 
area ; its solution then depended on the principle of application of 
areas, the discovery of which is attributed to the Pythagoreans. 
Thus any plane problem which could be reduced to the geometrical 
equivalent of a quadratic equation with a positive root was at once 
solved. A particular form of the equation was the pitre quadratic, 
which meant for the Greeks the problem of finding a square equal 
to a given rectilineal area. This area could be transformed into a 
rectangle, and the general form of the equation thus became ar = ab, 
so that it was only necessary to find a mean proportional between a 
and h. In the particular case where the area was given as the 
sum of two or more squares, or as the difference of two squares, 
an alternative method depended on the Pythagorean theorem of 
Eucl. 1 . 47 (applied, if necessary, any number of times successively). 
The connexion between the two methods is seen by comparing 
Eucl. VI. 13, where the mean ptoportional between a and b is 
found, and Eucl. ii. 14, where the same problem is solved without 
tiie use of proportions by means of i. 47, and where in fact the 
formula used is 


a + b' 


'a — b\- 
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The choice between the two methods was equally patent when the 
equation to be solved was a?=pa\ where p is any integer; hence 
the 'multiplication' of squares was seen to be dependent on the 
finding of a mean proportional. The equation a:* = 2»* was the 
simplest equation of the kind, and the discovery of a geometrical 
construction for the aide of a square equal to twice a given square 
was specially important, as it was the beginning of the theory of 
incommensurables or ‘irrationals’ (iXeytiiv wpayfiartlo.) which was 
invented by Pythagoras. There is every reason to believe that this 
successful doubling of the square was u'hat suggested the question 
whether a construction could not be found for the doubling of the 
cube, and the stories of the tomb erected by Minos for his son and 
of the oracle bidding the PeUans to double a cubical altar were no 
doubt intended to invest the purely mathematical problem with an 
element of romance. It may then have been the connexion between 
the doubling of the square and the finding of one mean proportional 
which suggested the reduction of the doubling of the cube to the 
problem of finding ttao mean jnvportioyiaU between two unequal 
straight lines. This reduction, attributed to Hippocrates of Chios, 
showed at the same time the possibility of the cube 

b}' any ratio. Thus, i( x, p are two mean proportionals between 
a, b, we have 

n : *«x : y «y : 5, 

and we derive at once 


whence a cube (**) is obtained which bears to o* the ratio J : a, 


while any fraction — can be transformed into a ratio between lines 


of which one (the consequent) is equal to the side a of the given 
cube. Thus the finding of two mean proportionals gives the solution 
of any pure cubic equation, or the equivalent of extracting the cube 
root, just 85 the single mean proportional is equivalent to extracting 
the square root. For suppose the pven equation to be x® »= l>cd. 
We have then only to find a mean proportional a between c and d, 
and the equation, becomes = a* . 6 «= a* . — which is exactly the 

multiplication of a cube by a ratio between lines which the two 
mean proportionals enable us to eSect. 

As a matter of fact, we do not find that the great geovneters 
were in the habit of reducing problems to the multiplication of the 
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cube eo nomine, but to the equivalent problem of the two me<an 
proportionals ; and the cubic equation a:'' = orb is not usually stated 
in that form but as n proportion. Thus in the two propositions On 
(he Sphei'e and Cylinder n. 1, 5, where Archimedes uses the two 
mean proportionals, it is required to find x where 

a’ ; = x ; h ; 

he does not speak of Ending the side of a cube equal to a certain 
parallelepiped, as the analogy of finding a square equal to a given 
rectangle might have suggested. So far therefore we do not find 
any evidence of a general system of adding and subtracting solids 
by transforming parallelepipeds into cubes and cubes into parallel- 
epipeds which we should have expected to see in operation if the 
Greeks had systematically investigated the solution of the general 
form of the cubic equation by a method analogous to that of the 
application of areas employed in dealing with quadratic equations. 

The question then arises, did the Greek geometers deal thus 
generally with the cubic equation 

a? + aa? + 5;c + P = 0, 

which, on the supposition that it was regarded as an independent 
problem in solid geometry, would be for them a simple equation 
between solid figures, x and a both representing linear magnitudes, 
B an area (a rectangle), and P a volume (a parallelepiped) ? And 
was the reduction of a problem of an order higher than that which 
could be solved by means of a quadratic equation to the solution of 
a cubic equation in the form shown above a regular and recognised 
method of dealing with such a problem ? The only direct evidence 
pointing to such a supposition is found in Archimedes, who reduces 
the problem of dividing a sphere by a plane into two segments 
whose volumes are in a given ratio {On the Sphefre and Cylinder ii. 4) 
to the solution of a cubic equation which he states in a form 
equivalent to 

A)7 

W : af' = {3a- x) : e (1), 

where a is the radius of the sphere, m : n the given ratio (being a 
ratio between straight lines of which m > n), and x the height of the 
greater of the required segments. Archimedes explains that this is 
a particular case of a more general problem, to divide a straight 
line (o) into two parts (x, a-x) such that one part (a-x) is to an- 
other given straight line (c) as a given area (which for convenience’ 
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sake we suppose transformed into a square, i**) is to the square on 
the other part (**), i.e. so that 

{o-®)ic = 6*;a?. (2). 

He further explains that the Ration (2) stated thus generally 
requires a S(opi<rp>$, i.a that the limits for the possibility of a real 
solution, etc., require to be investigated, but that the particular case 
(with the conditions obtaining in the particular proposition) requires 
no Stopurpo?, Le. the equation (1) will always give a real solution. 
He adds that “ the analysis and synthesis of both these problems 
will be given at the end." That is, be promises to give separately a 
complete investigation of the eqnation (2), which is equivalent to the 
cubic equation 

a* (o-x) = i*c (3) 

and to apply it to the particular case (1). 

Wherever the solution waa given, it was temporarily lost, having 
apparently disappeared even before the time of Dlonysodorus and 
Diodes ^the latter of whom lived, according to Cantor, not later 
than about 100 b.c.) ; but Eutocius describes bow be found an 
old fragment which appeared to contain the original solotion of 
Axchimedes, and gives it in full. It will be seen on reference to 
Eutocius’ note (which I have reproduced immediately after the 
proposition to which it relates, On tie SpJtere and Cylinder it. 4) 
that the solution (the genuineness of which there seems to be no 
reason to doubt) was effected by means of the intersection of a 
parabola and a rectangular hyperbola whose equations may re< 
spectively be written thus. 



(o-*)y = «c. 

The Stopwrpds takes the form of investigating the tnanmuni 
possible value of a?{a—x), and it is proved that this maximiun 

2 

value for a real solution is that corresponding to the value x » ^ o. 

4 

This is established by showing that, if &*<? o*, the curves touch 

2 4 

at thepoint forwhich x=go. If on the other hand 6*c a*, it 

is proved that there are two real solutiona In the particular case 
(1) it is clear that the condition for a real solution is satisfied, for 
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the expression in (1) corresponding to b*c in (2) is ia?, and it 

is only necessary that 

which is obviously true. 

Hence it is clear that not only did Archimedes solve the cubic 
equation (3) by means of the intersections of two conics, but he also 
discussed completely the conditions under which there are 0, 1 or 2 
roots lying between 0 and a. It is to be noted further that the 
hiopia-fio^ is similar in character to that by which Apollonius 
investigates the number of possible normals that can be dra\vn 
to a conic from a given point*. Lastly, Archimedes’ method is 
seen to be an extension of that used by Menaechmus for the solution 
of the pure cubic equation. This can be put in the form 

(36^ : af* = o : 6, 

which can again be put in Archimedes’ form thus, 

a* : ar = a; : 6, 

and the conics used by Menaechmus are respectively 

ar = ay, xy = ah, 

which were of course suggested by the two mean proportionals 
satisfying the equations 

a x=x •. y — y ‘.h. 

The case above described is not the only one where we may 
assume Archimedes to have solved a problem by first reducing it 
to a cubic equation and then solving that. At the end of the 
preface to the book On Conoids and Spheroids he says that the 
results therein obtained may be used for discovering many theorems 
and problems, and, as instances of the latter, he mentions the 
following, “from a given spheroidal figure or conoid to cut off, 
by a plane drawn parallel to a given plane, a segment which shall 
be equal to a given cone or cylinder, or to a given sphere.” Though 
Archimedes does not give the solutions, the follo%ving considerations 
may satisfy us as to his method. ^ 

(1) The case of the ‘ right-angled conoid ’ (the parabolpid of 
revolution) is a ‘ plane ’ problem and therefore does not concern us 
here. 


* Of. Apollonius of Pergo^Tp. 168 sqq. 
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(2) In the case o! the spheroid, the volume o! the whole 
spheroid could be easily ascertuned, and, by xaeans of that, the 
ratio between the required segment and the remaining segment; 
after which the problem could be solved in exactly the same way 
as the similar one in the case of the spliere above described, 
since the results in On Conoid* and Spheroids, Props. 29 — 32, 
correspond to those of On the Sjdtere and Cylinder ii. 2. Or 
Archimedes may have proceeded in this case by a more direct 
method, which we may represent thus. Let a plane be drawn 
through the axis of the spheroid perpendicular to the given 
plane (and therefore to the base of the required segment). This 
plane will cut the elliptical base of the segment in one of its 
axes, which we will coll 2y. Let x be the length of the axis 
of the segment (or the length intercepted within the segment 
of the diameter of the spheroid passing through the centre of the 
base of the segment). Then the area of the base of the segment will 
vary as y* (since all sections of the spheroid parallel to the given 
plane must be similar), end therefore the volume of the cone which 
has the same vertex and base as the required segment will vary as 
And the ratio of the volume of tbe segment to that of the 
cose is (On Conoid) and Spheroids, Props. 29—32) the ratio 
(3n - z) : (2n •> x), where 2<i is tbe length of the diameter of the 
spheroid which passes through the vertex of tbe segment. There* 
fore 




where C is a known volume. Further, since ar, y are tbe coordinates 
of a point on the elliptical section of tbe spheroid made by tbe plane 
through the axis perpendicular to the cutting plane, referred to a 
diameter of that ellipse and tbe tangent at the extremity of the 
diameter, the ratio is given. Hence the equation 

can be pnt in the form 

**(3a-x) = i*c, 

and this again is the same equation as that solved in the fragment 
given by Hutocius. A 3icf is formally necessary in this case, 
though it only requires the constants to be such that the volume 
to which the segment is to be equal must be less than that of the 
whole spheroid. 


(3) For the ‘ obtuse-angled conoid ’ (hyperboloid of revolution) 
it would be necessary to ii»e tbe direct method just described for 
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the spheroid, and, if the notation be the same, the corresponding 
equations ■will he found, ■with the help of On Conoids and Spheroids, 
Props, 25, 26, to be 

3a + a; „ 

■ = G, 


^x. 


2a + x 


and, since the ratio ^ : a; (2a + a;) is constant, 

a:® (3a +x) = h‘c. 

If this equation is ■written in the form of a proportion like the 
similar one above, it becomes 

6' : af* = (3a + x ) : c. 

There can be no doubt that Archimedes solved this equation as 
well as the similar one with a negative sign, Le. he solved the two 
equations 

+ 056 ° + 6*c = 0, 

obtaining all their positive real roots. In other words, he solved 
completely, so far as the real roots are concerned, a cubic equation 
in which the term in x is absent, although the determination of the 
positive and negative roots of one and the same equation meant for 
him two separate problems. And it is clear that all cubic equations 
can be easily reduced to the type which Archimedes solved. 

We possess one other solution of the cubic equation to which 
the dmsion of a sphere into segments bearing a given ratio to one 
another is reduced by Archimedes. This solution is by Dionysodorus, 
and is given in the same note of EutociuB'*^. Dionysodorus does not 
generalise the equation, however, as is done in the fragment quoted 
above ; he merely addresses himself to the particular case, 


4o® ; x®= (3a — a;) 


m 

a, 

m + n 


thereby avoiding the necessity for a Stopitr/xos. 
uses are the parabola 


m + n 

and the rectangular hyperbola 

m 


m + n 


a(3a—x) = y^ 
2a® = xy. 


The curves which he. 


When we turn to Apollonius, we find him emphasising in his 


On the Sphere and Cylinder n. 4 (note at end). 
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preface to Book iv. of the ConicM* the usefulness of investigations 
of the possible number of points in which conics maj intersect one 
another or circles, because “ they at all events afford a more ready 
means of observing some things, e.g. that several solutions are 
possible, or that they are so many in number, and again that no 
solution is possible”; and he showa his mastery of this method 
of investigation in Book v., where he determines the number of 
normals that can be drawn to a eonic through any given point, the 
condition that two normals through it coincide, or (in other words) 
that the point lies on the evolute of the conic, and so on. For these 
purposes he uses the points of intersection of a certain rectangular 
hyperbola with the conic in question, and among the cases we find 
(v. 51, 68, 62) some which can be reduced to cubic equations, those 
namely in wUch the conic is a parabola and tbe axis of the parabola 
is parallel to one of the asymptotes of the hyperbola. Apollonius 
however does not bring in the cubic equation ; he addresses himself 
to tbe direct geometrical solution of the problem in hand without 
reducing it to another. This is after all only natural, because tbe 
solution necessitated the drawing of the rectangular hyperbola in 
the actual figure containing tbe conic in question ; thus, e.g. in the 
case of the problem leading to a cubic equation, Apollonius can, so 
to speak, compress two steps into one, and the introduction of the 
cubic as such would be mere Euiplnsage, The case was different 
with Archimedes, when he had no conic in his original figure ; and 
the fact that he set himself to solve a cubic somewhat more general 
than that actually involved in the problem made separate treatment 
with a number of new figures necessary, hloreover Apollonius was 
at the same time dealing, in other propositions, with cases which did 
not reduce to cubics, but would, if put in an algebraical form, lead 
to biquadratic equations, and these, expressed as such, would have 
had no meaning for the Greeks ; there was therefore the less reason 
in the simpler case to introduce a subsidiary problem. 

As already indicated, the cubic equation, as a sul^ect of syste- 
matic and independent study, appears to have been lost sight of 
within a century or so after the death of Archimedes. Thus Diocles, 
tbe discoverer of the ciasoid, speaks of the problem of the division of 
the sphere into segments in a given ratio as having been reduced 
by Archimedes “to another problem, which he does not solve in 
his work on the sphere and cylinder”; and he then proceeds to 
* Apolhniui o/Perga,p^ Ixxiil. 
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solve the original problem directly, mthout in any way bringing 
in the cubic. This circumstance does not argue any want of 
geometrical ability in Diodes j on the contrary, his solution of the 
original problem is a remarkable instance of dexterity in the use of 
conics for the solution of a somewhat complicated problem, and it 
proceeds on independent lines in that it depends on the intersection 
of an ellipse and a rectangular hyperbola, whereas the solutions of 
the cubic equation have accustomed us to the use of the parabola 
and the rectangular hyperbola. I have reproduced Diodes’ solution 
in its proper place as part of the note of Eutocius on Archimedes’ 
proposition; but it will, I think, be convenient to give here its 
equivalent in the ordinary notation of analytical geometry, in 
accordance with the plan of this chapter. Archimedes had proved 
\0n the Sphere and Cylinder ii, 2] that, if h be the height of a 
segment cut off by a plane from a sphere of radius a, and if A be 
the height of the cone standing on the same base as that of the 
segment and equal in volume to the segment, then 

(3a — k) : (2a —k) = h : k. 

Also, if h' be the height of the cone similarly related to the 
remaining segment of the sphere, 

{a + k) : k = h' : {2a — k). 

From these equations we derive 

{h — k) •. k = a : (2a — k), 

and (A' — 2a + A) : (2a - k) = a : k. 

Slightly generalising these equations by substituting for a in the 
third term of each proportion another length b, and adding the 
condition that the segments (and therefore the cones) are to bear to 
each other the ratio m : n, Diodes sets himself to solve the three 
equations 

{h — k) :k — b : (2a - A) 

(A' -2a + A) : (2a - A) = A ; A . (A). 

and h •.h'=m in 

Suppose m>7i, so that A>o. The problem then is to divide a 
straight line of length 2a into two parts A and (2a -A) of which A is 
the greater, and which are such that the three given equations are 
all simultaneously satisfied. 

Imagine two coordinate axes such that the origin is the middle 
point of the given straight line, the axis of y is at right angles to it, 

i2 
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and a; is positive when measured along that half of the given straight 
line which is to contain the required point of division. Then the 
conica drawn by Diodes are 

(I) the ellipse represented by the equation 


and (2) the rectangular hyperbola 

(x + a) ^ + i) s: 2a5. 

One intersection between these conica gives a value of x between 0 
and a, and leads to the eolation required. Treating the equations 
algebraically, and eliminating y by means of the second equation 
which gives 

y=— -ft. 

a + x 

w© obtain from the first equation 

thatis, (» + *)>(a + J-i) = ^(o-*)’(o + l + x) (B). 

In other words Diodes’ method is the equivalent of solving a 
complete cubic equation containing all the three powers of x and a 
constant, though no mention is made of such an equation. 

To verify the correctness of the result we have only to remember 
that, X being the distance of the point of division from the middle 
point of the given straight lin^ 

i = a-t-x, 2a-i = tt-x. 

Thus, from the first two of the given equations (A) we obtain 
respectively 

r a+X f 

n=a + x+ .0, 

a—x 


A'=0' 


a—x 

a+x 


. 6 , 


whence, by means of the third equation, we derive 


(a + x)’ (o + 6 - x) - ^ (o - x)’ (« + 6 + 4 
which is the same equation as that loand by elimination above (S). 
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I have purposely postponed, until the evidence respecting the 
Greek treatment of the cubic equation was complete, any allusion 
to an interesting hypothesis of Zeuthen’s* which, if it could be 
accepted as proved, would explain some difficulties involved in 
Pappus’ account of the orthodox classi6cation of problems and loci. 
I have already quoted the passage in which Pappus distinguishes 
the problems which are plane (cjrwrcSo), those which are solid (a-repta) 
and those which are linear (ypappiKo) t- Parallel to this division of 
problems into three orders or classes is the distinction between three 
classes of loci%. The first class consists of plane loci (tottoi ea-tn-cSot) 
which are exclusively straight lines and circles, the second of solid 
loci (tottoi areptoi) which are conic seotions§, and the third of 
linear loci (tottoi ypappiKoC). It is at the same time clearly implied 
by Pappus that problems were originally called plane, solid or linear 
respectively for the specific reason that they required for their 
solution the geometrical loci which bore the corresponding names. 
But there are some logical defects in the classification both as 
regards the problems and the loci, 

(1) Pappus speaks of its being a serious error on the part of 
geometers to solve a plane problem by means of conics (i.e. ‘solid 
loci ’) or ‘ linear ’ curves, and generally to solve a problem “ by means 
of a foreign kind” («^ dvoiKciov ycrovs). If this principle were 
applied strictly, the objection would surely apply equally to the 
solution of a ‘solid’ problem by means of a ‘linear’ curve. Yet, 
though e.g. Pappus mentions the conchoid and the cissoid as being 
‘linear’ curves, he does not object to their employment in the 
solution of the problem of the two mean proportionals, which is a 
‘ solid ’ problem. 

(2) The application of the term ‘ solid loci ’ to the three conic 
sections must have reference simply to the definition of the curves 
as sections of a solid figure, viz. the cone, and it was no doubt in 
contrast to the ‘ solid locus ’ that the ‘ plane locus ’ was so called. 
This agrees with the statement of Pappus that ‘ plane’ problems may 

* Die Lehre von den KegeUchnitten, p. 226 sqq. 

+ p, ciii. 

J Pappus vu. pp. 652, 662. 

§ It is true that Proolns (p. 394, ed. Friedlein) gives a wider definition of 
“ solid lines” as those which arise “ from some section of a solid figure, as the 
cylindrical helix and the conic curves”; but the reference to the cylindrical 
helix would seem to be due to some confusion. 
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properly be so called because the lines by means of which they are 
solved “ have their origin in a plane." But, though this may be 
regarded as a satisfactory distinction when ‘ plane ’ and * solid ' loci 
are merely considered in relation to one another, it becomes at once 
logically defective when the third or ‘linear’ class is also brought 
in. For, on the one hand, Pappus shows how the ‘ quadratrix * (a 
‘linear’ curve) can be produced by a construction in three 
dimensions (“ by means of snrface-loci,” Sid t<Sv wpo? 

ToVwv); and, on the other hand, other ‘linear* loci, the conchoid 
and cissoid, have their ori^n in a plane. If then Pappus’ account 
of the origin of the terms ‘ plane ’ and ‘ solid’ as applied to problems 
and loci is literally correct, it would seem necessary to assume that 
the third name of ‘linear’ problems and loci was not invented until 
a period when the terms ‘plane’ and ‘solid loci’ had been so long 
recognised and used that their origin was forgotten. 

To get rid of these difficulties, Zeuthen suggests that the terms 
‘plane’ and ‘solid' were first applied to problems, and that they 
came afurwards to be applied to the geometrical loci which were 
used for the purpose of solving them. On this interpretation, when 
problems which could be solved by means of the straight line and 
circle were called ‘plane,’ the tenn is supposed to have had reference, 
not to any particular property of the straight line or circle, but to 
the fact that the problems were such as depend on an equation of a 
degree not higher than the second. The solution of a quadratic 
equation took the geometrical form of application of areas, and the 
term ‘ plane ’ became a natural one to apply to the class of problems 
so soon as the Greeks found themselves confronted with a new class 
of problems to which, in contrast, the term ' solid ’ could be applied. 
This would happen when the operations by which problems were 
reduced to applications of areas were tried upon problems which 
depend on the solution of a cubic equation. Zeuthen, then, 
supposes that the Greeks sought to ^ve this equation a similar 
shape to that which the reduced ‘plane’ problem took, that is, to 
form a simple equation between solids conesponding to the cubic 
equation 

IB* + 03? + Fx + r = 0 ; 

the term ‘solid’ or ‘plane’ being then applied according as it had 
been reduced, in the manner indicated, to the geometrical equivalent 
of a cubic or a quadratic equation. 

Zeuthen further explains the term ‘linear problem’ as having 
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been invented afterwards to describe the cases which, being 
equivalent to algebraical equations of an order higher than the 
third, would not admit of reduction to a simple relation between 
lengths, areas and volumes, and either could not be reduced to an 
equation at all or could only be represented as such by the use of 
compound ratios. The term ‘linear* may perhaps have been applied 
because, in such cases, recourse was had to new classes of curves, 
directly and without any intermediate step in the shape of an 
equation. Or, possibly, the term may not have been used at all 
until a time when the original source of the names ‘plane’ and 
‘solid’ problems had been forgotten. 

On these assumptions, it would still be necessary to explain how 
Pappus came to give a more extended meaning to the term ‘ solid 
problem,’ which according to him equally includes those problems 
which, though solved by the same method of conics as was used to 
solve the equivalent of cubics, do not reduce to cubic equations but 
to biquadratics. This is explained by the supposition that, the 
cubic equation having by the time of Apollonius been obscured 
from view owing to the attention given to the method of solution 
by means of conics and the discovery that the latter method was 
one admitting of wider application, the possibility of solution by 
means of conics came itself to be regarded as the criterion deter- 
mining the class of problem, and the name ‘ solid problem ’ came 
to be used in the sense given to it by Pappus through a natural 
misapprehension. A similar supposition would account, in Zeuthen’s 
view, for a circumstance which would otherwise seem strange, viz. 
that Apollonius does not use the expression * solid problem,’ though 
it might have been looked for in the preface to the fourth Book 
of the Conics. The term may have been avoided by Apollonius 
because it then had the more restricted meaning attributed to it by 
Zeuthen and therefore would not have been applicable to all the 
problems which Apollonius had in view. 

It must be admitted that Zeuthen’s hypothesis is in several 
respects attractive. I cannot however feel satisfied that the 
positive evidence in favour of it is suBBciently strong to outweigh 
the authority of Pappus where his statements tell the other way. 
To make the position clear, we have to remember that Menaechmus,. 
the discoverer of the conic sections, was a pupil of Eudoxus who 
fiourished about 365 b.c. ; probably therefore we may place the 
discovery of conics at about 350 b.c. Now Aiistaeus ‘the elder’ 
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wrote a book oq tolid foet {ar*ptdi roiroc) the date of which Cantor 
couclndes to have been abont 320 B.C. Thus, on Zenthen’s hjpo- 
thesis, the ‘solid problems’ the solution of which by means of conics 
caused the latter to be caUed ‘solid loci' must have been snch as 
had been already investigated and recognised as solid problems 
before 320 B,c., while the definite appropriation, so to speak, of the 
newly discovered carves to the service of the class of problems must 
have come about in the short period between their discovery and 
the date of Aristaeus’ work. It is therefore important to consider 
what particular prohlema leading to cubic equations appear to have 
been the subject of speculation before 320 b.c. We have certainly 
no ground for assuming that the cubic equation used by Archimedes 
{On the Sphere and Cylin^ ii. 4) was one of these problems j for 
the problem of cutting a sphere into segments bearing a given ratio 
to one another could not have been investigated by geometers who 
had not succeeded in finding the volume of a sphere and a segment 
of a sphere, and we know that Archimedes was the first to discover 
this. On the other hand there was the duplication of the cube, or 
the eolation of a pure cubic equation, which was a problem dating 
from very early times. Also it is certain that the trisection of an 
angle had long exercised the minds of the Greek geometers. Pappus 
says that “the ancient geometers" considered this problem and first 
tried to solve it, thoogh it was by nature a solid problem {trpdpX^im 
ry ^vtrti ortptoy virip)(ov), by means of plane considerations (Sm tuv 
fTTiTrcScDv) but failed ; and we know that Hipplas of £lis invented, 
about 420 B.O., a transcendental curve which was capable of being 
nsed for two purposes, the trisection of an angle, and the quadrature 
of a circle*. Shis curve came to be caUed the Quadratrixt, bat, as 
Deinostratus, a brother of Menaechmus, was apparently the first to 
apply the curve to the qaadratare of the circle^, we may no doubt 
conclade that it was originally intended for the purpose of trisecting 

• Prodas (ed. Friedlein), p. 272. 

t The character of the carve maj he described as foUovig. Sappoae there 
are two rectangular axes Oy, Os and that a etraight line OP of a certain length 
(a) revolves nniformlj from a position along Oy to a position along Ox, while a 
straight line remEdniog always parallel to Ox and passing throogh P in its 
originsl position also moves uniformly and reaches Ox in the same time as the 
moving radios OP. The point of iaterseeUoa of this line and OP describes the 
Qaadratrix, which may therefore be represented by the equation 
y/a3s29/T. 


i Pappns tv. pp. 250 — 2. 



CUBIC EQUATIONS. 


CXXXVU 


in angle. Seeing therefore that the Greek geometers had used their 
best efforts to solve this problem before the invention of conics, it 
may easily be that they had succeeded in reducing it to the geo- 
metrical equivalent of a cubic equation. They would not have been 
unequal to effecting this reduction by means of the figure of the 
v£i)(rts given above on p. cxii. with a few lines added. The proof 
would of course be the equivalent of eliminating x between the two 
equations 

xy — db 1 

ivhere x = DF, y = FP = EC, a = DA, h = DB. 

The second equation gives 

(x + a) {x— 3a) = (y + b) (3b — y). 

From the first equation it is easily seen that 
(x + a) ; ( 2 / + h) = a : y, 
and that (a: — 3a) y = a(b — 3y) ; 

we have therefore aP (b - 3y) ~y^ (3b — y) (^) 

[or 2 /* - 3by- - ZcPy + a?h = 0]. 

If then the trisection of an angle had been reduced to the geo- 
metrical equivalent of this cubic equation, it would be natural for 
the Greeks to speak of it as a solid problem. In this respect it 
would be seen to be similar in character to the simpler problem of 
the duplication of the cube or the equivalent of a pure cubic 
equation; and it would be natural to see whether the transformation 
of volumes would enable the mixed cubic to be reduced to the form 
of the pure cubic, in the same way as the transformation of areas 
enabled the mixed quadratic to be reduced to the pure quadratic. 
The reduction to the pure cubic would soon be seen to be impossible, 
and the stereometric line of investigation would prove unfruitful 
and be abandoned accordingly. 

The two problems of the duplication of the cube and the 
trisection of an angle, leading in one case to a pure cubic equation 
and in the other to a mixed cubic, are then the only problems 
leading to cubic equations which we can be certain that the Greeks 
had occupied themselves with up to the time of the discovery of the 
conic sections. Menaechmus, who discovered these, showed that 
they could be successfully used for finding the two mean propor- 
tionals and therefore for solving the pure cubic equation, and the 
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next question is whether it had been proved before the date of 
Aristaeus' Solid loci that the trisection of an angle could be 
effected by means of the same conics, either in the form of the 
v(v<n; above described directly and without the reduction to a cubic 
equation, or in the form of the subsidiary cubic (;S). Now (1) the 
solution of the cubic would be somewhat difficult in the days when 
conics were still a new thing. The solution of the equation (/3) as 
such would involve the drawing of the conics which we should 
represent by the equations 

xt/=a\ 

hx = 3a* + 35y — y*, 

and the construction would be decidedly more difficult than that 
used by Arebimedes in connexion with bis cubic, which only requires 
the construction of the conics 



(a-a)y«sc<; 

hence we can hardly assume that the trisection of an angle in the 
form of the subsidiary ettfrte equation was solved by means of conics 
before 320 6.c. (2) The angle may have been trisected by means 
of comes in the sense that the referred to was effected by 

drawing the curves (a), ie. a rectangular hyperbola and a circle. 
This could easily have been done before the date of Aristaeus i but 
if the assignment of the name 'solid loci' to conics had in view their 
applicability to the direct solution of the problem in this manner 
without any reference to the cubic equation, or simply because 
the problem had been before proved to be * solid ’ by means of the 
reduction to that cubic, then there does not appear to be any 
reason why the Quadratrix, which had been used for the same 
purpose, should not tlie lime have been also regarded as a ' solid 
locus,’ in which case Arietaeus could hardly have appropriated the 
latter term, in his work, to conics alone. (3) The only remaining 
alternative consistent with Zeuthen'e view of the origin of the 
name 'solid locus' appears to be to suppose that conics were so 
called simply because they gave a means of solving one 'solid 
problem,’ viz. the doubling of the cube, and not a problem of the 
more general character corresponding to a mixed cubic equation, in 
which case the justification for tiie general name 'solid locus’ could 
only be admitted on the assumption that it was adopted at a tune 
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when the Greeks were still hoping to he able to reduce the general 
cubic equation to the pure form. I think however that the 
traditional explanation of the term is more natural than this 
would be. Conics were the first curves of general interest for 
the description of which recourse to solid figures was necessary as 
distinct from the ordinary construction of plane figures in a plane*; 
hence the use of the term ‘solid locus’ for conics on the mere ground 
of their solid origin would be a natural way of describing the new 
class of curves in the first instance, and the term would be likely 
to remain in use, even when the solid origin was no longer thought 
of, just as the individual conics continued to he called “ sections of 
a right-angled, obtuse-angled, and acute-angled ” cone respectively. 

While therefore, as I have said, the two problems mentioned 
might naturally have been called ‘ solid problems ’ before the dis- 
covery of ‘solid loci,’ I do not think there is sufficient evidence 
to show that ‘solid problem’ was then or later a technical term 
for a problem capable of reduction to a cubic equation in the sense 
of implying that the geometrical equivalent of the general cubic 
equation was investigated for its own sake, independently of its 
applications, and that it ever occupied such a recognised position 
in Greek geometry that a problem would be considered solved so 
soon as it was reduced to a cubic equation. If this had been so, 
and if the technical term for such a cubic was ‘solid problem,’ I 
find it hard to see how Archimedes could have failed to imply some- 
thing of the kind when arriving at his cubic equation. Instead of 
this, his words rather suggest that he had attacked it as res Integra. 
Again, if the general cubic had been regarded over any length of 
time as a problem of independent interest which was solved by 
means of the intersections of conics, the fact could hardly have been 
unknown to Nicoteles who is mentioned in the preface to Book iv. 
of the Conics of Apollonius as having had a controversy with Conon 
respecting the investigations in which the latter discussed the maxi- 
mum number of points of intersection between two conics. Now 
Nicoteles is stated by Apollonius to have maintained that no use 


* It is true that Arohytas’ solution of the problem of the two mean propor- 
tionals used a curve of double curvature drawn on a cylinder ; but this was not 
such a curve as was likely to be investigated for itself or even to be regarded as • 
a locus, strictly speaking; hence the solid origin of this isolated curve would 
not be likely to suggest objections to the' appropriation of the term ‘solid loons’ 
to conics. 
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could be made o£ tbe discoveries of Conon for Siopurfioi ; but it seems 
incredible that Hicoteles could have made such a statement, even for 
controversial purposes, if cubic equations then formed a recognised 
class of problems for the discussion of vbich tbe intersections of 
conics were necessarily alL-important. 

I think therefore that the positive evidence available vrill not 
justify us in excepting the conclurious of Zeuthen except to the 
following extent. 

1. Pappus’ explanation of the meaning of the term 'plane 

problem’ (^irtircSov irpofiXijfut) as used by the ancients can hardly 
be right. Pappus says, namely, that “problems which can be 
solved by means of the atrtdght line and circle may properly be 
called plane (Xiyovr av tutotuti for the lines by means of 

which such problems are solved have their origin in a plane.” The 
words “may properly be called" suggest that, so far as plane 
problems were concerned, Pappus was not giving tbe ancient 
definition of them, but hU own inference as to why they were 
called 'plane.’ The true significance of the term is no doubt, as 
Zeuthen says, not that straight Ito^ and circles have their origin 
in a plane (which would be equally true of some other curves), but 
that the problems in question admitted of solution by tbe ordinary 
plane methods of transformation of areas, manipulation of simple 
equations between areas, and in particular the applicatiou of areas. 
In other words, plane problems -were those which, if expressed 
algebraically, depend on equations of a degree not higher than the 
second. 

2. When further problems were attacked which proved to be 
beyond the scope of tbe plane methods referred to, it would be 
found that some of such problem^ in particular the duplication 
of the cube and the trisection of an angle, were reducible to simple 
equations between vclumee instead of equations between areas ; and 
it is quite possible that, following the analogy of the distinction 
existing in nature between plane figures suid solid figures (an analogy 
which was also followed in tbe distinction between numbers as 'plane’ 
and ‘solid’ expressly drawn by Euclid), tbe Greeks applied tbe term 
'solid problem’ to such a problem as they could reduce to an 
equation between volumes, as distinct from a ‘plane problem' 
reducible to a simple equaiion between areas. 

3. The first ‘ solid problem ’ in this sense which they succeeded 



CUBIC EQUATIONS. 


cxii 


in solving was the multiplication of the cube, corresponding to the 
solution of a pure cubic equation in algebra, and it was found that 
this could he effected by means of curves obtained by making plane 
sections of a solid figure, namely the cone. Thus curves having a 
solid origin were found to solve one particular solid problem, which 
could not but seem an appropriate result ; and hence the conic, as 
being the simplest curve so connected with a solid problem, was 
considered to be properly termed a ‘ solid locus,’ whether because of 
its application or (more probably) because of its origin. 

4. Further investigation showed that the general cubic equation 
could not be reduced, by means of stereometric methods, to the 
simpler form, the pure cubic j and it was found necessary to try 
the method of conics directly either (1) upon the derivative cubic 
equation or (2) upon the original problem which led to it. In 
practice, as e.g. in the case of the trisection of an angle, it was 
found that the cubic was often more difllcult to solve in that 
manner than the original problem was. Hence the reduction of 
it to a cubic was dropped as an unnecessary complication, and 
the geometrical equivalent of a cubic equation stated as an in- 
dependent problem never obtained a permanent footing as the 
‘solid problem’ par excellence. 

5. It followed that solution by conics came to be regarded as 
the criterion for distinguishing a certain class of problem, and, as 
conics had retained their old name of ‘ solid loci,’ the corresponding 
term ‘ solid problem ’ came to be used in the wider sense in which 
Pappus interprets it, according to which it includes a problem 
depending on a biquadratic as well as a problem reducible to a 
cubic equation. 

6. The terms ‘linear problem’ and ‘linear locus’ were then 
invented on the analogy of the other terms to describe respectively, 
a problem which could not be solved by means of straight lines, 
circles, or conics, and a curve which could be used for sohing such 
a problem, as explained by Pappus. 
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ANTICIPATIOKS BT ARCHIMEDES OF TUB INTEGRAL CALCULUS. 

It has been often remarked that, though the method of esdiautlion 
exemplified in Euclid xii. 2 really brought the Greek geometers face 
to face with the infinitely great and the infinitely small, they 
never allowed themselves to use such conceptions. It is true that 
Antiphon, a sophist who is said to have often had disputes with 
Socrates, had stated* that, if one inscribed any regular polygon, 
say a square, in a circle, then inscribed an octagon by constructing 
isosceles triangles in the four segments, then inscribed isosceles 
triangles in the remaining eight segments, and so on, “until the 
whole area of the circle was by this means exhausted, a polygon 
would thus be inscribed whose sides, in consequence of their small- 
ness, would coincide with the circumference of the circle.” But aa 
against this Simplicius remarks, and quotes Eudemus to the same 
effect, that the inscribed polygon will never coincide with the 
circumference of the circle, even though it be possible to cany 
the division of the area to infinity, and to suppose that it would 
is to set aside a geometrical principle which lays down that magni- 
tudes are divisible od infinilumi. The time had, in fact, not come 
for the acceptance of Antiphon's idea, and, perhaps as the result of 
the dialectic disputes to which the notion of the infinite gave rise, 
the Greek geometers shrank from the use of such expressions as 
infinitely great and infinitely small and substituted the idea of things 
greater or less than any assigned magnitude. Thus, as Hankel says 
they never said that a circle is a polygon with an infinite number of 

* Bretaclineider, p. 101. 

t Bretachnelder, p. 102. 

+ Esnkel, Zut Geiehiekte der Slathauatik im AUerIhum und ilitlelalter, 
p. 123. 
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infinitely small sides j they always stood still before the abyss of the 
infinite and never ventured to overstep the bounds of clear con- 
ceptions. They never spoke of an infinitely close approximation or . 
a limiting value of the sum of a series extending to an infinite 
number of terms. Yet they must have arrived practically at such 
a conception, e.g., in the case of .the proposition that circles are to 
one another as the squares on their diameters, they must have been 
in the first instance led to infer the truth of the proposition by the 
idea that the ci-cle could be regarded as the limit of an inscribed 
regular polygon with an indefinitely increased number of corre- 
spondingly small sides. They did not, however, rest satisfied with 
such an inference ; they strove after an irrefragable proof, and this, 
from the nature of the case, could only be an indirect one. Ac- 
cordingly we always find, in proofs by the method of exhaustion, 
a demonstration that an impossibility is involved by any other 
assumption than that which the proposition mjiintains. Moreover 
this stringent verification, by means of a double reductio ad ab- 
surdum, is repeated in every individual instance of the use of the 
method of exhaustion j there is no attempt to establish, in lieu of 
this part of the proof, any general propositions which could be 
simply quoted in any particular case. 

The above general characteristics of the Greek method of 
exhaustion are equally present in the extensions of the method 
found in Archimedes. To illustrate this, it will be convenient, 
before passing to the cases where he performs genuine integrations, 
to mention his geometrical proof of the property that the area of a 
parabolic segment is four-thirds of the triangle with the same base 
and vertex. Here Archimedes eocJiausts the parabola by continually 
drawing, in each segment left over, a triangle with the same base 
and vertex as the segment. If A be the area of the triangle so 
inscribed in the original segment, the process gives a series of areas 
A, iA, arA,... 

and the area of the segment is really the sum of the infinite series 

, But Archimedes does not express it in this way. He first proves 
that, if Aj, A 2 ,...A„ be any number of terms of such a series, so that 
A,=4:A^, An = 44j, ... , then 

-^1 + -^2 + -'Is + ••• + ■'ln+ 

^ {1 + 1- + a)= + - + ar-’ + ’ 


or 
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Having obtained this result, ve should nowadays suppose n to 
increase indefinitely and should infer at once that {^)*“^ becomes 
indefinitely small, and that the limit of the sum on the left-hand side 
is the area of the parabolic segment, which must therefore be equal 
to Archimedes does not avow that he inferred the result in 
this wayj he merely itatea that the area of the segment is equal 
to and then verifies it in the orthodox manner by proving that 
it cannot be either greater or less than ^A. 

I pass now to the extensions by Archimedes of the method 
of exhaustion which are the immediate subject of ibis chapter. It 
will be noticed, as an essential feature of all of them, that 
Archimedes takes both an inscribed figure and a circumscribed 
figure in relation to the curve or enrfsce of which he is investigating 
the area or the solid content, and then, as it were, eompressea the 
two figures into one so that they coincide with one another and 
with the curvilinear figure to be measured ^ but a^in it must 
bo understood that he does not describe his method in this way or 
say at any time that the given curve or surface is the limiting form 
of the circumscribed or inscribed figure. 1 will take the cases 
in the order in which they come in the text of this book. 

1. Sur/aee of a spAere or apherieal at^menU 
The first step is to prove {On the Sphere and Cylinder r. 21, 22) 
that, if in a circle or a segment of a circle there be inscribed 
polygons, whose sides AB, BC, CD, ... are all equal, as shown 
in the respective figures, then 
(a) for the circle 

{BS'+CC‘ •*■...) i AA’= A’B : BA, 

(A) for the segment 

(BB'+CC + ... + KK' + LM) ; AiF^ A'B : BA. 

Next it is proved that, if the polygons revolve about the 
diameter AA\ the surface described by the equal sides of the 
polygon in a complete revolntion is [t. 24, 35] 

(o) equal to a circle with radius jAB {BB' + CC + ... + Y¥') 
or (6) equal to a circle with radios J^B {BB' + C(7' + ... + LM). 

Therefore, by means of the above proportions, the surfaces 
described by the equal sides are seen to be equal to 
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(a) a circle -with radius JaA' . A!B, 
and (6) a circle with radius JaM. A'B ; 
they are therefore respectively [i. 25, 37] less than 

(a) a circle with radius AA', 

(b) a circle with radius AL. 

Archimedes now proceeds to take polygons circumscribed to the 
circle or segment of a circle (supposed in this case to be less than a 
semicircle) so that their sides are parallel to those of the inscribed 
polygons before mentioned (cf. the figures on pp. 38, 51) ; and he 
proves by like steps [i. 30, 40] that, if the polygons revolve about the 
diameter as before, the surfaces described by the equal sides during 
a complete revolution are greater than the same circles respectively. 

Lastly, having proved these results for the inscribed and 
circumscribed figures respectively, Archimedes concludes and proves 
[i. 33, 42, "43] that the surface of the sphere or the segment of the 
sphere is equal to the first or the second of the circles respectively. 

In order to see the efiect of the successive steps, let us express 
the several results by means of trigonometry. If, in the figures on 
pp. 33, 47 respectively, we suppose 4n to be the number of sides in 
the polygon inscribed in the circle and 2n the number of the equal 
sides in the polygon inscribed in the segment, while in the latter 
case the angle AOL is denoted by a, the proportions given above 
are respectively equivalent to the formulae* 

. ^ . 27r , , . TT , TT 

Sin — + Sin ^ + ... + sin (2n— 1) = cot — , 

2n 2n ' '' 2n 4w 


and 


„ f . a .2a . , 1 , a) 

2 1 sin — + sin — + ... + sm (« — 1) -1 + sin a 
[ n 71 ' ' n) 

' ■ , ... ■ ■ = cot- . 

1 — cos a 2n 

Thus the two proportions give in fact a summation of the series 
sin d + sin 26+ ... +sin (n— 1) d 


both generally where nO is equal to any angle a less than ir, and in 
the particular case where n is even and 6 = 7rjn. 

Again, the areas of the circles which are equal to the surfaces 
described by the revolution of the equal sides of the inscribed 

* These formulae are taken, with a slight modification, from Loria, II periodo 
aureo della geometria greca, p. 108. 
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polygons oxe respectively (if n be the radius of the great circle 
of the sphere) 

4ffa*BinT^ /sia;^ + 6in^ + ...+sin(2n-l)^|, or 47ra*cos-^, 
4n I 2ji in ' in) 4n 

and 

ffrt*. 2 sm^^2 |sin^ + 8m ^ + ... +sin(n~l)^|- +sinaj , 


■o' • 2 cos 5- (1- cos a). 


The areas of the circles which are equal to the surfaces described 
by the equal sides of the ctrcumscribtd polygons are obtained from 
the areas of the circles just given by dividing them by cos' irjin and 
cos*ay2»» respectively. 

Thus the results obtained by Archimedes are the same as would 
be obtained by taking the limiting value of the above trigonometri- 
cal expressions when n is indefinitely increased, and when therefore 
cos vfin and cos o/2n are both unity. 

But the first expressions for the areas of the circles are (when n 
is indefinitely increased) exactly what we represent by the 
integrab 


and 




w.} sln^dd, or 47ro’, 

,j 2 sin 0 or 2>ro' (1 - cos a). 


Thus Archimedes’ procedure is the equh'alent of a genuine 
integration in each case. 

2. VoluTiie 0/ a tphere or a lector of a splicre. 

The method does not need to bo separately set out in detail here, 
because it depends directly on the preceding case. Thj investiga- 
tion proceeds eoucairently with that of the surface of a sphere or a 
segment of a sphere. The same inscribed and circumscri^d figures 
are used, the sector of a sphere being of course compared with the 
solid figure made up of the figure inscribed or circumscribed to the 
segment and of the cone which has the same base as that figure and 
has its vertex at the centre of the sphere. It is then proved, 

(1) for the figure inscribed or circumscribed to the sphere, that its 
volume is equal to that of a cone with base equal to the surface of 
the figure and height equal to the perpendicular from the centre of 
the sphere on any one of the eqnal sides of the revolving polygon, 

(2) for the figure inscribed or rircumscribed to the sector, that the 
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volume is equal to that of a cone with base equal to the surface of 
the portion of the figure which is inscribed or circmnscribed to the 
segment of the sphere included in the sector and whose height is the 
perpendicular from the centre on one of the equal sides of the 
polygon. 

Thus, when the inscribed and circumscribed figures are, so 
to speak, compressed into one, the taking of the limit is practically 
the same thing in this case as in the case of the surfaces, the 
resulting volumes being simply the before-mentioned surfaces 
multiplied in each case by Ja. 


3, Area of an ellipse. 

This case again is not strictly in point here, because it does 
not exhibit any of the peculiarities of Archimedes’ extensions of 
the method of exhaustion. That method is, in fact, applied in 
the same manner, mutatis mutandis, as in Eucl. xii. 2. There 
is no simultaneous use of inscribed and circumscribed figures, but 
only the simple exhaustion of the ellipse and auxiliary circle by 
increasing to any desired extent the number of sides in polygons 
inscribed to each {On Conoids and Spheroids, Prop. 4). 


4. Volume of a segment of a paraboloid of revolution, 
Archimedes first states, as a Lemma, a result proved incidentally 
in a proposition of another treatise {On Spirals, Prop. 11), viz. that, 
if there be n terms of an arithmetical progression h, 2h, 3h, ..., then 
h + 2h+Zh+ ...+nh->^'ri?h'\ .. 

and h 2/t -t- 3/i -t- ... + — 1) h < \rrh] ' '' 

Next he inscribes and circumscribes to the segment of the 
paraboloid figures made up of small cylinders (as shown in the figure 
of On Conoids and Spheroids, Props. 21, 22) whose axes lie along 
the axis of the segment and divide it into any number of equal 
parts. If c is the length of the axis AD ol the segment, and if 
there are n cylinders in the circumscribed figure and their axes are 
each of length h, so that c = nh, Archimedes proves that 


( 1 ) 


and (2) 


cylinder GE _ nVi 

inscribed fig. h + 2h+Zh+ ... + {n—\)h 
> 2, by the Lemma, 


cylinder GE _ nVi 

circumscribed fig. ~ h + 2h+Zh+ ... +nh 
< 2 . 



cxlviii 


INTRODUCTION. 


iiireantime it has been proved [Props. 19, 20] that, by increasing 
n sufficiently, the inscribed and carcumscribed figure can be made 
to differ by less than any asugnable volume. It is accordingly 
concluded and proved by the usual rigorous method that 

(cylinder C£)=*2(6egnient), 
so that (segment = f (cone 

The proof is therefore equivalent to the assertion, that if h is 
indefinitely diminished and n indefinitely increased, while nh remains 
equal to c, 

limit of + 2A + 3A+ ... +(n- 1) A} = Jc*; 
that is, in our notation, 



Thus the method is essentially the same as ours when we 
express the volume of the segment of the paraboloid in the form 

where a is a constant, which does not appear in Archimedes’ result 
for the reason that he does not give the actual content of the 
segment of the paraboloid but only tbe ratio which it bears to the 
circumscribed cylinder. 

6. Volume of a segment of o hyperboloid of revolution. 

The first step in this case is to prove ]On Conoids ond Spheroids, 
Prop. 2] that, if there be a series of n terms, 

aA + A*, o . 2A + (2A)* a . 34 (34)* ... a . nA -f (nA)*, 
and if (oA + A*) + {a . 2A + (24)*} + ... •i-{a.n4-4> (n4)*} = 5,, 

then »{o.‘nA + (ri4}*}/J',^(o + n4)y^|+ 

and n{a.«A + (nA)*)/5,_i>(a + n4)^Q+ 

Next [Props. 25, 26] Archimedes draws inscribed and circum- 
scribed figures made up of cylinders as before (figure on p. 137), and 
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proves that, if AB is divided into n equal parts of length so that 
nli^AD, and if AA' = a, then 

cylinder BB' _n{a.nh + 
inscribed figure Sn-i 

cylinder EB' n \a . nh + (uA)-} 


and 


circumscribed fig. 


The conclusion, arrived at in the same manner as before, is that 
cylinder . ,, //a nA\ 

^ ’■'■>/ (2 S- j ■ 

This is the same as saying that, if nA = 6, and if A be indefinitely 
dimim'shed while n is indefinitely increased, 

limit oin{ab + h-)/Sn = (a + h)l , 

or limitof = + 

Now = a (A + 2A + . . . + nh) + {A* + (2A)° + . . . + (nA)°}, 

so that hSn = ah (A + 27t + ... +nh) + A {A- + (2A)' + ... +(7iA)'^}. 

The limit of the last expression is what we should write as 
rb 

(ax + or) dx, 


I 

Jo 


which is equal to 


KM)’- 


and Archimedes has given the equivalent of this integration. 

6. Volume of a segvient of a spheroid. 

Archimedes does not here give the equivalent of the integration 

r6 

(ax — cd), ' 


i 


presumably because, with his method, it would have required yet 
another lemma corresponding to that in which the results (fi) above 
are established. 
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Suppose that, io the case of *• segment less than half the spheroid 
(figure on p. 142), AA' = a, OD^ie, AD^b; and let AD be divided 
into n equal parts of length h. 

The gnomons mentioned in Props. 29, 30 are then the differences 
between the rectangle cb and the snccessire rectangles 
eh + h\ c.2A + (2A)*, ... c. («- 1) A + {(n- 
and in this case we have the conclusions that (if be the sum of 
n terms of the series representing the latter rectangles) 
cylinder EB' _ n (c& + 6*) 
inscribed figure n(eb + b*) — A’, 


cylinder EB' n(eh* 6') 

circumscribed fig. n (c& + J*) - i?,.j 


and in the limit 


cylinder ££’ 
segment ABB 


f). 


Accordingly we have the limit taken of the expression 


nicb + h*)-S^ l___A_ 

n(c6 + 6*) ' n(c6 + 6*)’ 

and the integration performed is the same as that in the case of the 
hyperboloid above, with c substituted for o. 

Archimedes discusses, as a separate case, the volume of half a 
spheroid [Props. 27, 28]. It differs from that just given in that c 
vanishes and b = ^o, so that it is necessary to find the limit of 


h‘*{2hy + (3hy + ... ■»-(n/«) » 

n{»hy ' 

and this is done by means of a corollary to the lemma given on 
pp. 107 — 9 \pn Spirals, Prop. 10] which proves that 
A’ + (2A)* + ... + (nA)* > (nA)*, 

and h* + (2A)' 4- ... + ((»— 1)/*)* < Jn (nA)*. 

The limit of course corresponds to the integral 
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7. Area of a spiral. 

(1) Archimedes finds the area bounded by the first complete 
turn o£ a spiral and the initial line by means of the proposition just 
quoted, viz. 

h- + (2 A)® + ... + {nlif > \n {nhf, 

h- + {2h)- +... + {(»- 1 ) /i.}® < Jn (nhf. 

He proves [Props. 21, 22, 23] that a figure consisting of similar 
sectors of circles can be circumscribed about any arc of a spiral such 
that the area of the circumscribed figure exceeds that of the spiral 
by less than any assigned area, and also that a figure of the same 
kind can be inscribed such that the area of the spiral exceeds that 
of the inscribed figure by less than any assigned area. Then, lastly, 
he circumscribes and inscribes figures of this kind [Prop. 24] ; thus 
e.g. in the circumscribed figure, if there are it. similar sectors, the 
radii will be n lines forming an arithmetical progression, as h, 2h, 
3/i, ... nh, and nh will be equal to a, whore a is the length inter- 
cepted on the initial line by the spiral at the end of the first turn. 
Since, then, similar sectors are to one another as the square of their 
radii, and n times the sector of radius nh or a is equal to the circle 
with the same radius, the first of the above formulae proves that 

(circumscribed fig.) > 

A similar procedure for the inscribed figure leads, by the use of the 
second formula, to the result that 

(inscribed fig.) < 

The conclusion, arrived at in the usual manner, is that 
(area of spiral) = ; 

and the proof is equivalent to taking the limit of 
^[A= + (2/t)=+...-f-{(«-l)/if] 


or of 


■kU 

a 


[/i,= +(2/i)"+... + {(«-l)AP], 


which last limit we should express as 
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[It is clear that this method of proof equally gives the area 
bounded by the spiral and any radias vector of length h not being 
greater than a ; for we have only to substitute irbfa for v, and to 
remember that in this case nA = i. We thus obtain for the area 

^ j afdx, or Ja-J’/®-] 

(2) To find the area bounded by an arc on any turn of the 
spiral (not being greater than a complete turn) and the radii 
vectores to its extremities, of lengths & and e say, where ob, 
Archimedca uaea the proposition that, if there be an arithmetie 
progression consisting of the terms 

4, 4 + A, 4 + 2A, ... 4 + (n-l)A, 
and if .9, « 4* + (4 + A)* + (4 + 2A)* + ... + {4 + (n - 1) A}», 

o« — 4 
and 

^•-1 

[On Spirals, Prop. 11 and note.] 

Then in Prop. 26 he circumscribes and inscribes figures consisting 
of similar sectors of circles, os before. There are n~l sectors in 
each figure and therefore n radii altogether, including both 4 and c, 
so that we can take them to be the terms of the arithmetic progres- 
sion given above, where {6-t-(»-l)A) = c. It is thus proved, by 
means of the above inequaltties, that 

sector ©.S' ^ {4 + (»-l)A]* sector OjS’C 

circumscribed fig. (4-<-(n-l)Ai6-i-J{(n-l)A}* inscr. fig.” ’ 

and it is concluded after the usual mauner that 
vtniixn 0£'C _ 

spiral 0£U “ {4+(n-l)Al4+J{(»-l)A}* 

_ c* 

"c4 + ^(c-4)*' 

Remembering that n-l=(c — 4)/A, we see that the result is the 
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where y has the value in terms of * given by the equation ; and of 
course 

1 rs* 4n* 

-pL 

The equivalence of the method to an integration can also 
seen thus. It is proved in Prop. 16 (see figure on p. 244) that, 
<jE be divided into n equal parts and the construction of the 
proposition be made, <2? is divided at Oiy 0*, into the same 
number of equal ports. The area of the circumscribed figure is then 
easily seen to be the sum of the areas of the triangles 
QqF, 0-fii^i. <?■«.?’« - 
that is, of the areas of the triangles 

QqF, QO^Ry, Q0J),y ... 

Suppose now that the area of the triangle QqF is denoted by A, and 
it follows that 

(circumscribed fig.) = A |l + 

= . i 14’ + 2’i« + . . . + n’A'}. 

Similarly we obtain 

(inscribed = A(A*4-2*A*+ ... (n-l)*A*}. 


Taking the limit we have, if A denote the area of the triangle FqQ, 
so that A=nA, 


(area of segment) : 


if" 

A'j, 


^lA. 


If the conclusion be regarded in this manner, the integration is 
the same as that which corresponds to Archimedes’ squaring of the 
spiral. 


« S* 
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the TERT^IINOLOGY of ARCHIMEDES. 

So far as the language of that o^f 

in general, it must necessarily ave inevitable that the 

Euclid and Apollomus, an exnlanations of terms of 
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terms under certain general headings, which will enable the Greek 
term corresponding to each expression in the ordinary mathematical 
phraseology of the present day to be readily traced wherever such 
a Greek equivalent exists. 

Points and lines. 

A point is oTj/icIov, ike point B to B <n}fttiov or to B simply; a 
point on (a line or curve) mj/wtov «ri (with gen.) or «v; a point 
raised ahove (a plane) trtutiiov pettiapov •, any two points whatever 
beiny taken Bvo ayptitnv kafi^avoiUtnav droiuvow. 

At a point (e.g. of an angle) «/><>$ (with dat.), having its vertex at 
the centre of the epfiere KOpv^ijv irpat ru Ktvrpu rijt o-^o/pas ; of 
lines meeting in a point, touching or diidding at a point, etc., Kara 
(with acc.), thus A£ is bisected at Z is a AE rtpvim Kara to Z ; 
of a point falling on or being placed on another ivl or xara (with 
acc.), thus Z will fall on T, to /wv Z hri to T Trcotfrat, so UmI E lies 
on A, oloTC TO pcv C sard t^ A 

Particular points are eadremity *«/»?,- t«rt« Kopvifiij, centre 
Kcirpov, point of divmon Sialpeott, point of meeting o^pirrwoii, point 
of section rop-g, point of bxsecAon Bt)(orofixaj the middle point to 
liioovf the points of dttnnon R, I, K, rd tivv Siatpcotwv oafitia rd E, 
I, K. ; let 3 be ita middle point pioor 8c ovra? eoTw to B j tAe point 
section in tcAicA (a circle) cuts d vo/id^ Koff" ar rtpvei, 

A line is ypappi;, a curved line mapiroXy ypapfi-j, a straight line 
cvdcta with or without ypu^^i;. T/a slraig^ line OIKA, d ©IKA 
cvdctd ; but sometimes the older expression is used, the straight line 
on which (cirt with gen. or dat. of the pronoun) are placed certain 
letters, thus let it be the straight line M, fOTu p to M, other 
straight lines K, A, dXAai ypappai, itft' Sv rd K, A The straight 
lines between the points al pcra£v rSv vT/fAelw ti&uai, of the lines 
which have the same extremities the straight line is the least ruv rd 
ovTQ vipara. i)(pvodv ypappuv tXa.\ioTTjr etvai t^v tiQsiav, straipAt lines 
cutting one another cvdcrai rcprovoat dXAdXar. 

For points in relation to lines we have such expressions as the 
following: the poinisT, 0, M are on a nlraighl line hr cv^das iorl 
TO r, ©, M oaptixL, the point of bisection of the etroipAt line containing 
the centres of the middle magnitudes d bixaropta. tS; cvddd? rSt 
ixowras TO Kcvrpa ti3v piaw peyf^iw, A very characteristic phrase 
for at a point which dirtd« the straight line in such a proportion 
tAat... is firi rat cv^eiat Statpedcunit ivorc...; similarly cvl rat XE 
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T/taffeto-a9 ovtus, (Sot?. A certain point vnll he on the straight line... 
dividing it so that... laatlrai cirl ras cu6etas...8iaipeo>' ovrois toiv 
elprjixivav evdeiav, (Scrre.... 

The middle point of a line is often elegantly denoted by an 
adjective in agreement ; thus at the middle point of the segment i-n-l 
jxfo-ov Tov rpaparos, (a Ihie) drawn from T to the middle point of 
EB, dffo ToS r im pca-av rav EB a^Oeicra, drawn to the middle point of 
the hose iwl piaav rav /Bda-iv ayoplva. 

A straight line produced is the {straight line) in the same straight 
line toith it iq Irr evdelas airrg. In the same straight line with the 
axis tm tSs auras euScois t<S a^ovi. Of a straight line falling on 
another line Kara (with gen.) is used, e.g. Trlrrovai sar avrijs; ini 
(with acc.) is also used of a straight line placed on another, thus if 
EH he placed on BA, reOeicras ras EH erl rav BA. 

For lines passing through points we find the following ex- 
pressions : will pass through N, Sta rov N ; toill pass through the 
centre 8ia rou Kcwpou vopcuaeraL, toill fall through ® ireaetTai Sta rou 
0, verging towards B vevovaa erri to B, pass through the same point 
tiri TO a^o aaptiov ipxdvrai } the diagonals of the parallelogram fall 
(i.e. meet) at ®, Kara 81 to 0 al Biaperpoi rov trapaXXgXoypdppov 
irwrrovTi j EZ (passes) through the points bisecting AB, TA, cwt 8^ rav 
8t;^oTo;atav rdv AB, PA d EZ. The verb tipi is also used of passing 
through, thus «cror«iTai Sq avrd Std tou 0. 

For lines in relation to other lines we have perpendicular to 
Kadcros itri (with acc.), parallel to rrapdXk-qkos with dat. or trapd 
(with acc.) ; let KA be (drawn) from K parallel to PA, otto rou K 
■Trapd rdv PA I(tt(o d KA. 

Lines meeting one another tniptriirrovaat dWgXaK; the point in 
which ZH, MN produced meet one another and AP, to <rqpttav, ko0’ § 
avpPaXXovcriv iK/3aXX6ptvai at ZH, MN dXXgXais rt sal rfj AP ; SO as 
to meet the tangent Ssrrt iprrtcrtxv iiruf/avovcrq, let straight lines be 
drawn parallel to AP to meet the section of the cone axfmv cvOeiai 
Trapd rdv AP l(rre ttoti- rdv tou koivov ropdv, to draw a Straight line to 
meet its circumference ttotI rdv rrepi^tiptiav aurou irortfSoXfiv evOtiavj 
the line drawn to meet d TrortTretroutra, let AE, AA 6e drawn from the 
point A to meet the spiral and produced to meet the circumference of 
the circle ■sroTimrrdvrmv aTrd rov A capeiov ttotI rdv IXtKa at AE, AA 
Kai cKrrtTTTovTtov ttoti rdv tou kukXou Trept^epctav j wntil it meets 0 A in 
O, tore Ka cnip-Triag ra ®A Kara rb O (of a circle). 
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(T'Ae $tra{ghl line) fall oultide {i.e. tvill extend leyond) P, 
CKTQ! Tov P TTccrctTat ; widl faU within the section of the figure <vt5? 
veaovvTai tSs toO to/iS?. 

Tlie {perpendicular) dista/nce between {Itoo parallel lines) AZ, BH, 
TO Ziaonjpa tSv AZ, BH. Other ways of expressing distances are the 
following : the fncjni<urf«s equidistant from the middle one ra ttroy 
dTri^oyra otto toS fiiaov ficyfOea, are at equal distances from one 
another loo- dir oXAoAuv Sttorojcci'; the segments {lengths) on AH 
equal to H, ra iv rq AH ritiftara loopeyiOta. rq N ; greater by one 
segment «vt riidfian /itiCaiv. 

The word itself is also often used in the sense of distance ; 

cf. the terms w/xim; eiffeia etc. in the book On Spirals, also d siStta 
d /lerafu tq 5 Kcvrpov tov dXtov jcoi TOv ««j'Tpov tSs yos the distance 
betioeen the centre of the «wn and the centre of the earOt. 

The word for join is cn^rvyvvw or *frjCtvyw/tt ; the straight Hue 
joining tiui paints qf contact a ras a<pas fjrt{evyvvov<ra cv^<Za, BA when 
joined d BA in-i^tvxdnira ; let EZ join tlte points of bistetion of AA, 
Br, d Si EZ jir({fvyw<T(i> rds Stxoro/uds rdv AA> BP, In one case 
the word seems to be used in the sense of drawing simply, c” xa 
«{dcta inwcSu. 

Angles. 

An angle is ymla, the three kinds of angles are right dp&tjt acute 
i$s“a, obtuse ipfihua ; right-angled etc. dpBoyuivios, d^i^ywvio?, d/xfikv- 
ywvtos; equiangular IffOYtartoc; with an even number of angles 
dpridywvoT or dprioyuvtos. 

At right angles to Ipdoc wpds (with acc.) or irpos 6p$ii (with dat. 
following); thus if a line be erected at right angles to the plane ypappds 
dvttrraxowas dpflSs wot; to cwtircSor, the j^anes are at right angles to 
one another 6p6a ttot dWaXa im ri ivivtba, at rigid angles 

to ABP, wpds dpBhe wv riff ABP j KT, cA are at rigid angles to one 
another vof dpOds im dWdkats oI KP, SA, to cut at right angles 
Ttpveiv irpos opdds. The expression making slight angles toith is also 
used, e.g. dp0as woiovcro yoavia^ wort tof AB. 

Thft cAmjjlftte esjjices.sint)L for the. euv/awit'i ilvt iwvts AH, 
AP is d ycovia d irtpit)(op{va mto tof AH, AP; but there are a great 
variety of shorter expressions, ymda. itself being often underetood ; 
thus the angles A, £, A, B, al A, B, A, B ycuvtot ; the angle at 0, d won 
Tu 0; the angle contained by AA, AZ, a yuvia d vwd tSf AA, AZ; the 
angle AHP,^ vwd twv AHP yuvto,^ 4jrd AHP (with or without ywvio). 
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Making the angle K equal to the angle ©, ywiav Troiovaa. Tav K 
“a-av ; the angle into which the sun Jits and which has its vertex 
at the eye ycovla, eh av 6 aXtos evapgo^ei rav KOpvrjia.i' exovarav ttotI ra 
oipei; of the sides subtending the right angle (hypotenuses) rav vno 
rav opOcLv ytovlav vnoreivovcrai’, they subtend the same angle evrl vn-o 
TttV awav ■yujvtav. 

If a line through an angular point of a polygon divides it 
exactly symmetrically, the opyo^te angles of the polygon, al airevavrlov 
-yuvtai Tou -n-okirytavov, are those answering to each other on each side 
of the bisecting line. 

Planes and plane figures. 

A plane errlTreSot/ ; the plane through BA, to hrvrrehov to Kara 
rijv BA, or to Sia t^s BA, plane of the base IniTTeSov rrjs jSdo-etu?, plane 
(i.e. base) of the cylinder eirireZov toO KvXlvbpov ; cutting plane hri- 
TreSov repvov, tangent plane Irtiite^ov em^avov ; the intersection of 
planes is their common section Koivq ropy. 

In the same plane as the circle <v rta airw iniTreSw riS kvkXw. 

Let a plane be erected on HZ at right angles to the plane in which 
AB, PA ore otto rac IIZ cttiVcSov dvcoTaxcTO) 6p6ov ttotI to hriTreSov to, 
ev ^,£m al AB, PA. 

The plane surface iJ cmireSos (irrahaveia), a plane segment imircSov 
rprjpa, a plane figure a^pa emireSov. 

A rectilineal figure evGvypappov (a-^fipa), a side irXcvpd, perimeter 
ij rreplpcrpos, similar opoios, similarly situated opolas KcLpevos. 

To coincide with (when one figure is applied to another), 
iipappo^eiv followed by the dative or ini (\vith acc.) ; one part 
coincides with the other l(f)app6^ei to trepov pcpos irrl to Irepov j the 
plane through NZ coincides with the plane through AP, to emireSor to 
Kara rav NZ c^appd^ei rw irnTreSco rw Kara rav AP. The passive is 
also used; if equal and similar plane figures coincide with one another 
TiSr Xaviv Kal bpoliov a)g]paro>v hrirrebiov i^appo^opevtav err dXXaXa. 

Triangles. 

A triangle is rplyiavov, the triangles bounded by (their three 
sides) ra rrepicyopeva rplyviva vrrb tc3v. ... A right-angled triangle 
rpCytavov dpSoyojviov, one of the sides about the right angle pla t(3v wepi 
ryv opOrjv. The triangle through the axis (of a cone) to Sia toS amoves 
rplyuvov. 
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Qaadrilaterals. 

A quadrilaUml ia a foitr-aided 6gure (rrrpdwXtvpov) as dis- 
tinguished from a four-angled figure, Tfrpaytovoi’, which means a 
square. A trapezium, rpaxi^tor, is in one place more precisely 
described as a trap« 2 i«jn having two sides parallel rpairiliov ra? 
Svo irXcvpis *X®*' aXXoAat?. 

A parallelogram ifapaXXgXayptt/i/w*'; for a parallelogram on a 
straight line as base »irt (with gen.) is used, thus (he parallelograms 
on them are of e^ua2 height iariy laavipT} ra wapaXXrjXoypappa ra hr 
avrCv. A diagonal of a parallelogram is jidperpos, the opposite sides 
of the parallelogram ol «aT’ cvavriov rjv vapahXijXoypdppov wktvpaL 

Rectangles. 

The word generally used for a rectangle is yaplov {apace or area) 
without any further description. As in the case of angles, the 
rectangles contained by etrai^At tines are generally expressed more 
shortly than by the phrase Ti ircpicxo;4cva J either y^ptar 

may be omitted or both xvpiop and vrpicxdpivov, thus tin rectangle 
T’, FE may be any of the following, to wro rvv AF, FE, to wiri 
AF| FE, TO VTO AFE, and the rectangle under ©K, AH is ro vt& r^t 
©K xoi r^s AH. Rectangles ©, I, H, A, x^pta iv o*s ra (or tSv 
cxacrrov ruy) ©, I, K, A 

To apply a rectangle to a straight Ibe (in the technical sense) is 
npafidWiiy, and waparriTTru is generally used in place of the passive j; 
the participle napaKtlprvot is also used in the sense of applied to. In 
each case applying to a straight line is expressed by vapd (with acc.). 
Examples are, areas which toe can apply to a given straight line (i.e. 
which we can transform into a rectangle of the same area) x'“P^ ^ 
Svvdpiffa vapa tok So^doav evSttay wapafiaXeTy, let a rectangle be 
applied to each of titem irapairciiWKcru Trap* cKaorav awrSv ^wpiov j 
if there he applied to each of them a rectangle exceeding by a square 
figure, and the sides of the excesses exceed each other by an equal 
amount, (i e. form an arithmetical progression) c' xa rrap ticderrav 
avrdv ‘trapaxltrg rt j^wpiW vtreppdXXor (15k Tvrpayuvie, foJVTt 51 oI 
vXevpdX TtSf vvtpPXijpdmv Urtp iXXdXay vjrrpi^^owTat. 

The rectangle applied is impa^Ai;/ut. 

Squares. 

A square is rtrpdywov, a square on a straight line is a square 
(erected) /row it (diro). The square on FS, to dr5 tS? FS Terpdywvov, 



THE TEEMINOLOGY OF ABCHISIEDES. clxi 

is shortened into to otto tSs rS> or to an-o PH simply. Tlie sqtiare 
next in order to it (when there are a number of squares in a row) is 
TO Trap’ avT<S Terpaytavov or to i)(Ofi€Vov Tcrpaytovov. 

With reference to squares, a most important part is played by 
the word Swa/its and the various parts of the verb Swapat. Surapts 
expresses a square (literally a 'power) ; thus in Diophantus it is used 
throughout as the technical term for the square of the unknown 
quantity in an algebraical equation, i.e. for af. In geometrical 
language it is the dative singular Swapei which is mostly used; 
thus a straight line is said to be potentially equal, Swapei lo'a, to a 
certain rectangle where the meaning is that i/ie square on the straight 
line is equal to the rectangle ; similarly for the square on BA is less 
than double the square on AK we have g BA iXacaraiv icrnr rj hvtrXacrltav 
Swd/iei rrji AK. The verb Suvao-dai (with or without loov) has the 
sense of being Smagti 'era, and, when Swaadai is used alone, it is 
followed by the accusative; thus the square (on a straight line) is 
equal to the 'rectangle contained by... is (evOeta) icrov Swarat rw 
Trepiexopwu) wo...; lei the square on the radius be equal to the 
rectangle BA, AZ, 17 « to 5 Kcurpov SwaaBu) rb ujro Ttuv BAZ, (the 
difference) by which the square on ZP is greater than the square on 
half the other diameter w pet^or Swdrai d ZP tS? ygioelas tSs Irepaj 
StapcTpou. 

A gnomon is yvwgwv, and itq breadth (ttAcitos) is the breadth of 
each end ; a gnomon of breadth eqved to BI, yvajpwv ttAotos expv laov 
Ttt BI, (a gnomon) whose breadth is greater by one segment than the 
breadth of the gnomon last taken away ov ttActtos ivl Tgaputri pet(^ov 
Tov TrXaTtos Tov Trpo avTou d^atpovpirov yvupovos. 

Polygons. 

A polygon is TroXvycovov, an equilateral polygon is tordrrkaipov, 
a polygon of an even number of sides or angles dprtoTrkcvpov or 
dpTioywvov; a polygon loith all its sides equal except BA, AA, 'o-as 
exov Tas TrXtupas x“p'‘s rdiv BAA;. a polygon with its sides, excluding 
the base, equal and even in number tXs TrXevpas lx®*' X^P‘5 Pdaems 
lo-as KoX dpriovs ; an equilateral polygon the number of whose sides is 
measured by four noXvyiovov laonXevpov, ov al trXevpal wd rerpdSos 
pcTpoOvrat, let the number of its sides be measured by four to nXyOos 
t(uv TrXeuptov peTpeto-Po) wd TcrpdSos. A chiliagon xihidymvov, ■ 

The straight lines subtending two sides of the polygon (i.e. joining 
angles next but one to each other) at vrro Svo TrXcvpd.9 tou TroXvycilrov 
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woTttVoiwat, Ike straight line subtending one less than half the 
ntiwier of the sides y vnoruravtra ras fiid iXdaaovas T<3t' ij/«erewv. 

Circles. 

A circle is ktkXoj, the circle 'i' is o 'i' kvkXos or o kvicXos ir 2 to 
let the given circle be that rfrown below tcrru 6 So0«is kvkXos o 

The centre is Kivrpov, the eircumferenee irfpj^eptia, the former 
•word having doubtless been euggested by something stticA in and 
the latter by something, e.g. a cord stretched tight, carried round 
the centre as a fixed point and describing a circle with its other 
extremity. Accordingly rrepuftiptta is used for a circular arc as well 
as for the whole circumference; thus the are BA is y BA vepupiptia, 
the (part of tA«) cireurrferenee of the circle cut off by the same 
(straight line) y toO xukXov ir«pt^€p«a y into tys avryc dirorepyoficvy. 
Though the circumference of a circle is also sometimes called its 
(ij rreplptrpos) in the treatises On the Sphere and Cylinder 
and oa the hleasurement of a Circle, the word does not seem to have 
been used by Archimedes himself in this sense ; he speaks, however, 
in the Sand-reckoner of the perimeter of the eardi (ntpiperpos tos ySe). 

The radius is -q Ik rov Kcyrpov simply, and this expression 
■without the article is used as a predicate as if it were one word ; 
thus the circle whose radius is @E is h irvVXor oC Ik tov Kcvrpov d 
©Ej BE is a rodtu# <f the circle y Si BE Ik rov Kfvrpov Icrrl rev kvkXcv. 

A diameter is Staperpor, the circle on AB ns diameter 6 irtpi 
jid^crpov ryv AE kvkXoc. 

For drawing a chord of a circle there is no special technical 
term, hut we find such phrases as the following : edr €« rbv kvkXov 
c6$iia ypappy Tjuffcov; if in a circle a straight line be placed, and the 
chord is then the straight line so placed y iprrtaovoa, or quite 
commonly ^ ^ ru wvxXu (n^cla) simply. For <Ae chord subtending 
one 656iA part of the circumference of a circle we have the following 
interesting phrase, d V7rorc(votxra tv Tfiapa SuupfOdtras to? to?5 ABB 
kvkXov ir€pt<f>tp<lac is 

A segment of a eirde is rpyiua. kukXcv ; sometimes, to distinguish 
it from a segment of a sphere, it is called a plane segment 
rpypa imvtSov. A semimrcle is ^ftiKVfcXtov ; a segment less than a 
semidrele cut off by AB, Tpy/ui tXatraov yfUKVKXCov S dirortpvtt 
y AB. The segments on AE, EB (as bases) are rd «r-i ruv 
AE, EB rpypara-, but the semicircle on ZH as diameter is to 
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■tjfiLKVKkiov TO Trep'i Sidfierpov rdv ZH or to •^p.ikvkXiov to Trept Tav ZH 
simply. The expression the angle of the semicircle, d rov gpuKVKXCov 
(yiorta), is used of the (right) angle contained by the diameter and 
the arc (or tangent) at one extremity of it. 

A sector of a circle is Top.eus or, when it is necessary to 
distinguish it from what Archimedes calls a ‘solid sector,’ ImVcSo? 
TOjaais kvkXov a plane sector of a circle. The sector including the 
right angle (at the centre) is o ropeus o rdv 6p9dv yoiviav rrcpiix<>>v. 
Either of the radii bounding a sector is called a side of it, Trkevpd. ; 
each of the sectors (is) equal to the sector which has a side common 
(with it) EKooTos t<3i' ropioiv la-os tw KOivdv e^ovri TrXevpav ropel', a 
sector is sometimes regarded as described on one of the bounding 
radii as a side, thus similar sectors have been described on all (the 
straight lines) dvayeypa<f)dTaL dird iraadv 6p.oioi rop-ies. 

Of polygons inscribed in or circumscribed about a circle i-yypd<j>€a' 
els or ev and TrepLypd<jieiv uepi (with acc.) are used ; we also find 
vepiyeypappevos used with the simple dative, thus to n-epiye- 
ypappevov a^pa tw ropei is the figure circumscribed to the sector. 
A polygon is said to be inscribed in a segment of a circle when 
the base of the segment is one side and the other sides subtend 
arcs making up the circumference ; thus let a polygon be inscribed 
on Ar in the segment ABT, hn rrjs AT noXvytiivov eyyeypd<f)9ij) 
els TO ABr rprjpa. A regular polygon is said to be inscribed in 
a sector when the two radii are two of the sides and the other sides 
are all equal to one another, and a similar polygon is said to be 
circumscribed about a sector when the equal sides are formed by the 
tangents to the arc which are respectively parallel to the equal 
sides of the inscribed polygon and the remaining two sides are the 
bounding radii produced to meet the adjacent tangents. Of a 
circle circumscribed to a polygon nepiXapPdveiv is also used ; thus 
TToXvyaivov kvkXos nepiyeypappevos TreptXap^avera) nepl rb avrb Kevrpov 
ywdpevos, as we might say let a circumscribed circle be drawn with 
the same centre going round the polygon. Similarly the circle ABTA 
containing the polygon 6 ABBA kvkXos to iroAvycovov. 

When a polygon is inscribed in a circle, the segments left over 
between the sides of the polygon and the subtended arcs are 
nepiXeiTTopeva rpyparo.-, when a polygon is circumscribed to the 
circle, the spaces between the two are variously called ra rrepi- 
Xei-TTopeva rijs nepiypaiftijs rp-qpara, ra. -n-epiXeinopeva axppara, ra 
TrepiXelppara or to. duoXelppara. 
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Spheres, etc. 

In connexion with a sphere a number of terms are 

used on the analogy of the older and similar terms connected with 
the circle. Thus the centre is iterrpor, the radius 17 «»c tov Kwrpov, 
the diameter tidperpac. Two segments, Tp-^para. o-^aipas or 
Tfiijfiara (r^atfucd, are formed when a sphere is cut by a plane; 
a hemisphere is T^/utr^aipiov j the segment of the sphere at T, to icar& to 
r rp^pa Ttji crt^tpa; ; the segment on the side of ABF, to diro ABF 
rpijpai the segment including the eireumferenee BAA, to koto BAA 
vtpi<f>iptua' rp^pa. The curved surface of a sphere or segment 
is limhdvtia ; thus of spherical segments bounded by equal surfaces the 
hemisphere is greatest is rvv rg tag lirt^vtia. ntpifxppivuv a<f>cupij(uv 
T^tij/iaToiv pti^ov tart to ij/tur^oiptoi’. The terms base (/Sdcts), iwrtea: 
(Kopv^)^ and height (t^os) are also used with reference to a segment 
of a sphere. 

Another term borrowed from the geometry of the circle is the 
word sector (to/mv?) qualified with the adjective artptit (solid). 
A solid sector {roptve artptot) is defined by Archimedes as the 
figure bounded by a cone which baa its vertex at the centre of 
a sphere and the part of the surface of the sphere within the cone. 
The segment of the sphere included in the sector is rp^pa 
a^alpai to iy TOpd or tS koto tov ropia. 

A great circle of a sphere is i peytaroe kvkXo? tcSv tv rg'ai^alpf 
and often o ptywrot ki^Xos alone. 

Zet a sphere be cut by a plane not through the cenire rtTpqaSut 
athatpa pg Sta tov Knrpcv ^trnrcSw; a sphere cut by a plane ^rou^X 
the centre in the circle EZH0, cr^oTpa <7rt7rtS«i) rerpr)pcvT} Sia tov 
xArpov fcarX tov EZHO kvkXov. 

Prisms and pyramids. 

A prism is irpiapa, a pyramid wpapic. As usual, dvoypd^nv diro 
is used of describing a prism or pyramid on a rectilineal figure 
as base; thus let a prism be described on the rectilineal figure 
(oa base) dvoycypd^ffw diro tov tvOvypippm npiapa, on the polygon 
circumscribed about Vte eircfe A let a pyramid be set up diro tov vtpt 
TOV A kvkXov vtpiytypapph>ov voXvywoo mpa/dc avtararu avayrypap- 
pin). A pyramid vrith an equilateral base ABF is mpapit tadirXevpov 
e;^ovffa piaiv to ABF. 

The surface is, as nsual, cirt^vcta and, when any particular face 
or a base is excluded, some qualifying phrase has to be used. 
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Thus the surface of the prism consisting of the “parallelograms 
(i.e. excluding the bases) g in-uliaveia rov irplapaTOs g is rSv 
wapaAArjXoypd/i/itov cruykei/x^ j the surface {of a pyramid) excluding 
the hose or the triangle AEP, g imijidveia X“P‘5 rgs ^acrttos or rov 
AEP rpiydvov. 

The triangles hounding the pyramid ra rrepiixovra rplyma rgv 
TTvpapCSa (as distinct from the base, which may be polygonal). 

Cones and solid rhombi. 

The Elements of Euclid only introduce right cones, which are 
simply called cones without the qualifying adjective. A cone is 
there defined as the surface described by the revolution of a right- 
angled triangle about one of the sides containing the right angle. 
Archimedes does not define a cone, but generally describes a right 
cone as an isosceles cone {kwvos ta-ocrKeXgis), though once he calls it 
right {6p66e). J. H. T. Muller rightly observes that the term 
isosceles applied to a cone was suggested by the analogy of the 
isosceles triangle, but I doubt whether such a cone was thought of 
(as he supposes) as one which could be described by making an 
isosceles triangle revolve about the perpendicular from the vertex 
on the base; it seems more natural to connect it with the use of 
the word side (irXevpd) by which Archimedes designates a generator 
of the cone, a right cone being thus directly regarded as a cone having 
all its legs equal. The latter supposition would also accord better 
with the term scalene cone (kwvos a-KoXgvos) by which Apollonius 
denotes an oblique circular cone; such a cone could not of course 
be described by the revolution of a scalene triangle. An oblique 
circular cone is simply a cone for Archimedes, and he does not 
define it ; but, while he speaks of finding a cone with a given 
vertex and passing through every point on a given ‘ section of an 
acute-angled cone’ [ellipse], he regards the finding of the cone as 
being equivalent to finding the circular sections, and we may 
therefore conclude that he would have defined the cone in 
practically the same way as Apollonius does, namely as the surface 
described by a straight line always passing through a fixed point 
and moving round the circumference of any circle not in the same 
plane with the point. 

The vertex of a cone is, as usual, Kopvijjg, the base ^do-is, the axis 
aiaiv and the height v\j/os ; the cones are of the same height ela-iv bt 
Kwvoi wo TO auTo v\pos. A generator is called a aide {rrhevpi ) ; if a 
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com he cut by a plane Tneetir^ all the generators of the cone «' ica 
Kuvo$ tffiTTtSw T/JM&g (rvfxTrtvrovn, vwaK toTs toS kcJ^ov irA«vpot?. 

The sutface of the cone excluding the hose y trtifiayeia rov Ktorov 
X<»pis Tiji /Socreus } the conical surface between {two generators) AA, AB, 
KuviKT] CTru^Ki'vtta rj pitrafu xtuf AAB. 

There is no special name for what we call a frustum of a cone 
or the portion intercepted between two planes parallel to the base ; 
the surface of such a frustum is simply the surface of the cone 
between the parallel planes liru^ytia rov kcuvov fiera^v ruv 

wapoXAjjXoJV «Vt7r«8(i>v. 

A curious term is segment of a cone {avorixafia icwfov), which is 
used of the portion of any circular cone, right or oblique, cut off 
towards the vertex by any plane which makes an elliptic and not a 
circular section. With reference to a segment of o cone the axis 
(afuiv) is defined as the straight line drawn from the vertex of the 
cone to the centre of the elliptic base. 

As usual, iyaypdt^uv diro is used of describing a cone on a circle 
as base. Similarly, a very common phrase is dvb rov kvkXov kuvos 
iaru let there be a com on the circle {as base). 

A solid rhoTnbus {pofifios arepeos) is the figure made up of two 
cones having their base common, their vertices on opposite sides of 
it, and their axes in one straight line. A rkom^ made up <f 
isosceles cones uro^xcXwv Ktivwy avyKtlufyos, and the two 

cones are spoken of as the cones hounding the rhornbus el xuvot oi 
irtpif\oyT*s tSv ftopPov. 

Cylinders. 

A right cylinder is bp96s, and the following terms 

apply to the cylinder as to the cone : base ^dtris, one base or the 
other jJ iripa ^don, of which the circle AB is a base and PA opposite 
to it ov piois phy b AB kvkXos, iirtvav-ncr 8« 5 PA j o*is a^y, Iteight 
v^os, generator vXevpd. The cylindrical surface cut off by {two 
generators) AP, BA, jj dirortpvoiuvij icvXtv8piK^ cn-i^aVcm vffO ruv AP, 
BA j the surface of the cylinder adjacent to the circumference ABP, >? 
CTTi^arcia Tov miXiVSpov ^ Kara ABP rrept^/peuv denotes the 
surface of the cylinder between the two generators drawn through 
the extremities of the arc. 

A frustum of a cylinder to/m>v •cvXit'Spov is a portion of a 
cylinder intercepted between two parallel sections which are elliptic 
and not circular, and the meta (a£«v) of it is the straight line 
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joining tlie centres of the two sections, which is in the same straight 
line with the axis of the cylinder. 

Conic Sections. 

General terms are /cuivtKa aTot)(eia, elements of conics, ra KwrcKa 
(the theory of) conics. Any conic section Ktivov roy-y oirotaovv. 
Chords are simply ev9ela.L iv ra toS Kiivov roya dyyivai. Archimedes 
never uses the word axis (o^toi/) with reference to a conic j the axes 
are with him diameters (Sidycrpoi), and Sia/icrpos, when it has 
reference to a complete conic, is used in this sense exclusively. A 
tangent is imxj/avova-a or e<^aTrro[ievr) (with gen.). 

The separate conic sections are still denoted by the old names ; 
a parabola is a section of a right-angled cone opOoytavlov Ktivov ropy, 
a hyperbola a section of an obtuse-angled cone dp.phvyxviov Ktivov 
ropy, and an ellipse a section of an acute-angled cone o^vyurtou Ktivov 
ropy. 

The parabola. 

Only the axis of a complete parabola is called a diameter, and 
the other diameters are simply lines parallel to the diameter. Thus 
parallel to the diameter or itself t1ve diameter is irapa rav Siaperpov 
avra Sidperposj AZ is parallel to the diameter & AZ vapa. rav 
Sidperpov £cm. Once the term principal or original (diamet&r) is 
used, op^iKa (sc. Stap,eTpos). 

A segment of a parabola is rpypa, which is more fully described 
as the segment bounded by a straight line and a section of a right- 
angled cone Tpdpa to T7ept.€)(ap^vov wo re cvSeias Kal opfloyojviou Ktavou 
ropds. The word Sidpcrpos is again used with reference to a 
segment of a parabola in the sense of our word axis ; Archimedes 
defines the diameter of any segment as the line bisecting all the 
straight lines {chords) drawn parallel to its base rav Ttpvovtrav. 
ras evOeCas Trdaas ras ■srapa rav pdxnv avrov dyopivas. 

The part of a parabola included between two parallel chords is 
called a frustum ropos {dno opBoyavlov Ktivov Topds d(f>aipovpevos), 
the two chords are its lesser and greater base (cXdo-trojv and pet^mv 
/Jatris) respectively, and the line joining the middle points of the 
two chords is the diameter {Sidperpos) of the frustum. 

What we call the latus rectum of a parabola is in Archimedes 
the line which is double of the line drawn as far as the axis a SnrXaaCa 
Ttts plxP'- d$ovos. In this expression the axis (a^uv) is the axis 
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of the right-angled cone from which the cuire was originally derived 
by means of a section perpendicular to a generator*. Or, again, the 
equivalent of our word parameter (^rap* av Swavrot ol diro to? to/io?) 
is used by Archimedes as by ApoUonius, meaning the straight line 
to which the rectangle which has its breadth equal to the abscissa 
of a point and is equal to the square of the ordinate must be 
applied as base. The full phrase states that the ordinates have 
their squares equal to the rectangles applied to the line equal to N (or 
the parameter) which have as their breadth the lines which they (the 
ordinates) cut off from AZ (the diameter) towards the extremity A, 
Surdrrai to rrapk rav N rraft&itanoyTa irXoTOS f^orro, as airal 

attohafipavovTi duo ras AZ vorl to A vepat. 

Ordinates are the lines drawn from tite section to the diameter 
(of the segment) parallel to the base (of the segment) al dn-o ras ropds 
(iri rav AZ dyopcvai erapa rdv AE, or simply al diro rds rofiae. Once 
also the regular phrase drawn ordinate-wise rtrayfityw KarTjyitivi] is 
used to describe an ordinate, as in ApoUonius. 

The hyperbola. 

What we call the asympto^ (al dovpnrtoTot in Apollonius) are 
ia Archimedes the lints (approaching) nearest to the section <f the 
obtuse-angled cone ol fyytcrra ras rov ip0\vywtov kwvav ropav. 

The centre is not described as such, but it is the point at which 
the lines nearest (to the curve) meet to oa/tiXoy, soff S ol JyyMrro 
«m/iirtirro»Ti. 

This is a property of the sections of obtuse-angled cones tovto yap 
*OTiv cv Tots Tov ipPXvywCov kwov ro/uxt; (rvpTrrwpa. 

The ellipse. 

The major and minor axes ore the greater and lesser diameters 
and ih&Tomv Sidpcrpos. Let the greater diameter be AT, 
Std/icrpoe Si (ovras) d piv firro) <^’ os ri A, F. The rectangle 

contained by the diameters (axes) to v*ptT)(6pfvoy iiro rdv SiapiTpu>v. 
One axis is caUed conjugate (ovlVyifs) to the other ; thus lei the 
straight line 2J be equai to half of the other diameter which is 
e07ijugate to AB, d Sc K cidc“a toa cotu VpiotCq rav CTcpos tiapirpov, 
d COT4 trvjvy^s tq AB. 

The centre is here ic^pov- 


Cf. Apollonius of Perga, pp. xxiv, xxv. 
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Conoids and Spheroids. 

There is a remarkable similarity between the language in which 
Archimedes describes the genesis o£ his solids of revolution and that 
used by Euclid in defining the sphere. Thus Euclid says; when, iJie 
diameter of a semicircle remaining fixed, the semicircle revolves and 
retti/ms to the same position from which it began to move, ilw included 
figure is a sphere o-ipaLpd iariv, orav gpiKUKklov /icvovcnjs rijs 8 ia/xerpou 
ireptevexOev to ij/ukukXiov <ts to auro irdkiv aTroKarcurraO-g, oOev gp^aro 
<^epfcr 0 ai, to TrepiXg^Oiv <T)fipa j and he proceeds to state ^that the 
axis of the sphere is the fixed straight line about which the semicircle 
turns a^ojv Se T^5 ctfiaLpa^ coriv g pevovca eiOeia, rrepl gv to ijpiKvickiov 
oTpe(^£Tat. Compare mth this e.g. Archimedes’ definition of the 
rightrangled conoid (paraboloid of revolution) ; if a section of a 
right-angled cone, with its diameter {axis) remaining fixed, revolves 
and returns to the position from which it started, the figure included 
by the section of the right-angled cone is called a right-angled conoid, 
and its axis is defined as the diameter which has remained fixed, 
el Ka opGoymviov kojvou ropA pevovcas T09 Siapcrpov Trepieve^fieica 
dnoKaracraGfj ttoXiv, o6ev dpp.acef', to nepiXatfiGev cyfipe. inb ras tov 
opGoytoviov Kwvov Topas opdoydviov KcovoetSc; KaXeicOac, Kut a^ova 
par avTov TttV pepevaKovcav Sidperpov KoXeCcSai, and it will be seen 
that the several phrases used are practically identical with those of 
Euclid, except that wppacev takes the place of gp^aro <f>^peordai ; and 
even the latter phrase occurs in Archimedes’ description of the 
genesis of the spiral later on. 

The words conoid KuvoctSes (cr;^pa) and spheroid o-(^atpo«Ses 
{cxypa) are simply adapted from kwos and c^aipo, meaning that 
the respective figures have the appearance (eKos) of, or resemble, 
cones and spheres ; and in this respect the names are perhaps more 
satisfactory than paraboloid, hyperboloid and ellipsoid, which can 
only be said to resemble the respective conics in a difierent sense. 
But when JctuvoetSes is qualified by the adjective right-angled 
opBoydviov to denote the paraboloid of revolution, and by dppkv- 
ydviov obtuse-angled to denote the hyperboloid of revolution, the 
expressions are less logical, as the .solids do not resemble rigid- 
angled and obtuse-angled cones respectively; in fact, since the 
angle between the asymptotes of the generating hyperbola may bo 
acute, a hyperboloid of revolution would in that case more resemble 
an acMie-angled cone. The terms right-angled and obtuse-angled 
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were merely transferred to the conoids from the names for the 
respective conics >vithout any more thought of their meaning. 

It is unnecessary to pve separately the definition of each 
conoid and spheroid j the phraseology is in all cases the same 
as that given above for the paraboloid. But it may be remarked 
that Archimedes does not mention the conjugate axis of a hyperbola 
Or the figure obtained by causing a hyperbola to revolve about that 
axis ; the conjugate axis of a hyperbola first appears in Apollonius, 
who was apparently the first to conceive of the two branches of a 
hj'perbola as one curve. Thus there is only one oituse-angled 
conoid in Archimedes, whereas there are two kinds of spheroids 
according as the revolution takes place about the greater diameter 
(axis) or lesser diameter of the generating section of an acute- 
angled cone (ellipse) ; the spheroid is in the former case oblong 
(irapafiaKtt a^aipotibU) and in the latter case fat (in-m'Xarv 
v^aipociSct). 

A special feature is, however, to be obsen'ed in the description 
of the obtuse-angled conoid (hyperboloid of revolution), namely that 
the asymptotes of the hyperbola are supposed to revolve about the 
axis at the same time as the curve, and Archimedes explains that 
they icill include an isosceles cone (kwvov loooKtXta ■trtpiXa\fiovvni), 
which he therenpon defines as the cone enveloping the conoid 
(itepiixuv TO KwottSis). Also in a epheroid the term diameter 
(Sia;*frp«) is appropriated to the straight line drawn through 
tliC centre at right angles to the axis (« Sio toS KivTpou ttot 6pBo.% 
iyopiya tm afow)i. The centred a spheroid is llte middle point of 
the axis to pttrov rov dfovov. 

The following terms are used of all the conoids and spheroids. 
The vertex (Kopwfnj) is the point at which the axis meets the surface to 
aaptiov, Ko.ff o dirrtTai o aiior tos w^Ktas, the Spheroid having of 
course two vertices. A segmeTit (t/u^) is a part out off by a plane, 
and the base (fiiooi) of the segment is defined as the plane {figure) 
included by tiie section of the conoid (or spheroid) in the cutting 
plane to iiriVfSov to vtpiha<ft$iir {wo tSt tov KuvoeiScos (or tr^ttipotiStos) 
Topas T^ dsTOTt/ivovre iw»Tr«8<o. The vertex of a segment is t/K point 
at which iJiS tangent plane parallel to the base of the segment meets 
the surface, to oapttov, K&ff t dmirai to ivlvtSor to cjrt^avov (tov 
fKovonScos). The axis (ofwv) of a segment is differently defined for 
the three surfaces ; (a) in the paraboloid it is the straight line cut off 
within tJte segment from the line draum througlt the vertex of Ote 



THE TERJIINOLOGY OF ARCHIMEDES. 


olxxi 


segment parallel to the axis of the conoid a iva.Tro\a(j}6eia'o. evOeia iv tw 
Tpapari awo ras d)(9elcras Sia rag KOpvif>as tov rpafiaro^ irapa tov 
u^ova TOV KtvvoeiBios, (f) in tliG liyperboloid it is the straight line cut 
off within the segment from the line drawn through the vertex of the 
segment and the vertex of the cone enveloping the conoid ano rds 
d^Oeiaas Sia rds Kopv(j}d'S tov TpdpaTOS sal ras Kopv^as tou kwvov toS 
TTcpt^oiTos TO KutvoeiSis, (c) in the spheroid it is the part sunilarly 
cut off from the straight line joining the vertices of the two segments 
into which the base divides the spheroid, utto ras cvSeias ras rds 
Kopv(f)as avTwv (toiv Tpapdruiv) hri^evywovcra';. 

Archimedes does not use the word centre with respect to the 
hyperboloid of revolution, but calls the centre the vertex of the 
enveloping cone. Also the axis of a hyperboloid or a segment is 
only that part of it which is within the surface. The distance 
between the vertex of the hyperboloid or segment and the vertex 
of the enveloping cone is the line adjacent to the axis d TroTcovaa 
t<3 o^ovu 

The following are miscellaneous expressions. The part inter- 
cepted within the conoid of (he intersection of the planes d ivaxo- 
Xa^Btixa iv t<3 KoivoeiSa ras yevopevas To^as tQv exLxeBtov, (the plane) 
will have cut the spheroid through its axis tct/oikos ecrcreiTai to 
cr^atpoeiSes 8id roC amoves, so that the section it makes will be a 
conic section djore Tav Topav xoitjorei kwvov Topdv, let two segments he 
cut off in any manner dxoTerpda-Oa) Svo TpApoxa ols eTvxev or by 
planes drawn in any manner (xcireSow oxtocrovy dyglvois. 

Half the spheroid to dplcrcov tov cr(^aipoetSeos, ludf the line 
joining the vertices of the segments (pf a spheroid), i.e. what we should 
call a semi-diameter, d gpicria avras tSs ixi^evyvvovcra^ tos Kopv^ds 

TtSy TpapaTojy. 

The spiral. 

We have already had, in the conoids and spheroids, instances of 
the evolution of figures by the motion of cur\'e 3 about an axis. The 
same sort of motion is used for the construction of solid figures 
inscribed in and circumscribed about a sphere, a circle and an 
inscribed or circumscribed polygon being made to revolve about 
a diameter passing through an angular point of the polygon and 
dividing it and the circle symmetrically. In this case, in Archimedes’ 
phrase, the angular points of the polygon will move along the circum- 
ferences of circles, at yuivtat Kara kvkX<vv xepitjiepHiSv ive^^gaovrai (or 
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our^'ffovTot) and 0x6 sides tcUt move on certain cones, or on the surface 
of a cone koto rtvwv kiLvihv Ivrj^vomt or kot firt^ovttos Kwm*; and 
sometixaes the angular points or the points of contact of the sides of 
a circumscribed polygon are said to describe circles ypo^owrt kvkXow. 
The soKd fgure so formed is to ■yorjdtv <rTCpeQv and let the 

sphere by its revolution make a fiffure rr€pitvi)(9tuTa 17 tr^ol^ iroitiru 
oxnpdri. 

For the construction of the spiral, however, we have a new 
element introduced, that of tints, and we have two different uniform 
motions combined ; if a straight line in a plane turn uniformly 
about one extremity which remotna fixed, and return to Uxe position 
from which t( started and if, at the same time as tlxe line is revolving, 
a point move at a uniform rate along the line starling from the fixed 
extremity, the point will desoribe a spiral in (he plane, si sa ev$tia...iv 
hrtviB(o...piroyTOi roil irtpov eriparos avraf (crora;^cu$ irtpiivexStioa 
unoicaraova^ noXo', o6ev ufi/iaircy, apa ypappa irtptayopivf 

^cpifrai Tt iraftsiov tooraxiat^ airb ^avrw xarci tSt ei$tiac op^apevov dno 
Tov pivovTO^ iriparof, to oapeior fA«*« ypo'^tt iy tw iiriTtSv. 

The spiral (described) in the first, second, or any turn is d & Iv 
f, irpurg,, bsvrip^ or dnoifovr vtpt^opa yrypapfieva, and the turns 
other than any particular ones are the other spirals al aWat cX(k<$. 

The distance traversed by the point along the line in any time is 
d fidtia d StawoStioti, and tlte times in whiclt the point moved over tlte 
distances ol xpdvot, iv ots to xrafUtoy tos ypappas ixopcv0g in the time 
in which the revolving line reaches AI* from A6, iy w xpoy'f d irtptayopiva 
ypappa dno tS* AB ini tov AF i^utytirai. 

The origin of the spiral is dp 7 (d tSt cAocot, the initial line apxh vds 
ir«p»^opos. The distance described by the point along the line in 
the first complete revolution is f^«!d vpura (frst distance), that 
described during the second revolution the second distance nStia 
SrvTtpa, and so on, the distances being called by the number of the 
revolutions opuyvpvs to« wcpi^opalT. The frst area, j^upiov irptHrov, 
is the area bounded by the spiral described in the first revolution and 
by ihe * first distance ’ to x'^piov to wcpiXA^^ev vn-d re rds cAikos fas o' 
Tf vpwra irtpi^p^ ypa^eioae «« tus cv&clac, d iortv irpwra; the second 
area is that bounded by the ^irsl in the second turn and the ‘second 
distance,’ and so on. The area added by the spiral in any turn is to 
Xwptov TO jroTtXa^O' viro Tus cAikot o' rtyt wept^op^ 

The first circle, kokAo; irpvrot, is the circle described with the 
‘first distance’ as radius and the origin as centre, the second circle 
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that with the origin as centre and twice the ‘first distance’ as 
radius, and so on. 

Together with as many times the whole of the circumference of the 
circle as (is represented by) the number less by one than (that of) 
the revolutions ytS' oAas ras tov kvkXov Trcpi^cpcias TotrawaKis Xay.- 
PavofjLO'as, ocros cotiv o evl iXacratav apiOfibs rdv TTcpi^opar, the cirde 
called by the number corresponding to that of the revolutions 6 kvkXos 
b Kara tov airrov dpiOpbv Xeyopevos rots irepi^opats. 

With reference to any radius vector, the side which is in the 
direction of the revolution is forward ra npoayovyeva, the other 
backward ra tTro/xem. 

Tangents, etc. 

Though the word dirro/rat is sometimes used in Archimedes of a 
line touching a curve, its general meaning is not to touch but simply 
to meet', e.g. the axis of a conoid or spheroid meets (dirrerai) the 
surface in the vertex. (The word is also often used elsewhere than 
in Archimedes of points lying on a locus ; e.g. in Pappus, p. 664, the 
point will lie on a straight line given in position wf/erat to arjpeiov 
deaei beSopivtjs evOeCas.) 

To touch a curve or surface is generally c^aTrrto-dai or eTnij/aveiv 
(with gen.). A tangent is ij>a.nrop€vr] or inuj/avovaa (sc. cvOeia) and 
a tangent plane emifravov imneSov. Let tangents be drawn to the circle 
ABP, TOO ABF kvkXov ei^airro/icvoi ij^fdaiarav', %f straight lines be drawn 
touching the circles eav dyOwalv Ttvcs cmxj/avovcrai twv kvkXivv. The 
full phrase of touching without cutting is sometimes found in 
Archimedes; if a plane touch (any of) the conoidal figures 
loithout cutting the conoid tl ku rwv KwvoeiSitov o'^/xaTtov imveSov 
E^armfrat py ripvov to kojvoeiSes. The simple word }j/aveiv is 
occasionally used (participially), the tangent planes ra. hriTreBa to. 
\fiavovra. 

To touch at a point is expressed by Kara (with acc.) ; the points 
at which the sides... touch (or meet) the circle orjpua, uaff d d-nrovrai 
TOV kvkXov al TrXevpaC.... Let them touch the circle at the middle 
points of the circumferences cut off by the sides of the inscribed 
polygon iirixl/avcrwa-av rov kvkXov Kara pioa riSv rrepi^epeimv t(3v 
dnorepvopivmv inro too eyyeypappevov iroXvyivvov nXevpuiv. 

The distinction between im^aveiv and dirropaxi is well brought 
out in the following sentence ; but that the planes touching the 
spheroid meet its surface at one point only we shall prove on Se 
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Ta iTTiifiavovTCL IffwrtSa tov (TtpaipOiiioK Kaff" tv ftovov aTTrovrat (rafttiav 
To? iTri(f>av(Ca^ avrov Sei^ov^*?. 

37k point of contact iy d^if. 

Tangents drawn from (a point) ay/icvai dr-d; we find also the 
elliptical expression diro toS H €^irr«<r^ti> 17 OST, let 05n be the 
tangent from a, ■where, in the particular case, a is on the circle. 

Constmctions. 

The richness of the Greek language in expressions for con- 
structions is forcibly illustrated by the variety of words which 
may be used (with different shades of meaning) for drawing a 
line. Thus we have in the first place oyo) and the compounds 
8 (dybi (of drawing a line through a figure, with «!« or iv following, 
of prorfuciny a plane beyond a figure, or of drawing a line in a 
plane), Kardyoi (used of drawing an ordinate down from a point on 
a conic), upoadyv (of drawing a line (0 meet another). As on 
alternative to irpocdyu, irpo<r^dXXw is also used ; and rpoowurru 
may take the place of the passive of either verb. To produce is 
lePaXXu, and the same word is also used of a plane drawn through a 
point or through a straight line; an alternative for the passive is 
supplied by harlwo. Moreover vpooKufiai is an alternative word 
for being produced (literally being added). 

In the vast majority of cases constructions are expressed by the 
elegant use of the perfect imperative passive (with which may be 
classed such forms as ytyovirtn from yiyvopat, torw from tipi, and 
KfioBai from kcT/uu), or occasionally the aorist imperative passive. 
The great variety of the forms used will be understood from the 
follo%ring specimens Let BP be made (or supposed) equal to A, 
KtlaB>n T« A tiTov to BP ; let it be drawn ® straight line be 

drawn in it (a chord of a circle) ttv els d'urov eufleia, let KM be 

drawn equal to... 'tnj Kur^x^w g KM, let it be joined iTrtlevxOu, let 
KA be drawn to meet -irpoaptfiX^Qio g KA, let them be produced 
tKptpXgo&tixrav, suppose tlwm found ap/^Btnoav, let a circle he set out 
cKKeiVdu icvfcXos, let it be taken let K, H he taken larinativ 

f'lXgppivai at K, H, let a circle ^ be taken kvkXos <S to let 

it be cut Ter/iifcr^a^ let it be divided StapgaBca (SiypyaOw ) ; let one cone be 
cut by a plane parallel to the base andproduce the section EZ, rpr^rta 6 
trtpos Ktuvos cjrnr*Sa> jropoXAijXw Tp fiiirei rai voteiru ropgv rqv EZ, let 
TZ be cut off oxoXtXd^Bui d TZ j fet y.Mh, an angle) he left and let it 
be NHP, Xf\{uj>$u> »cal effTto g vara KHP, let a figure be made yr^tyffaBm 
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<T)^lxa, let the sector be made ecrrui yeyevrinevos 6 rofievs, let cones be 
described on the circles {as bases') avaytypiffiOuiaav drrh rmv KVK\<av 
Kwvoi, dirb Tov kvkXov k( 3 vos eotoj, let it be inscribed or circumscribed 
eyyeypd.<j} 6 m (or iyyeypappevov tcrrui), nepLyeypa^dtii • let an area {equal 
to that) of AB be applied to AH, TrapafSe/SX'qaOoi irapd. rav AH to ^tnpiov 
tot) AB ; let a segment of a cirde be described on ©K, hn rrjs ©K 
kvkXov TfJ-rjpa et^eardadta, let the circle be completed dvaneTrXTjpwa'Bu) 6 
kvkXos, let NE {a parallelogram) be completed a~op.TrerrX-qp(La-Oui to NS, 
let it be made TreTroHjtrfioj, let the rest of the construction be the same as 
before ra dXXa KaTeaKevdadoi tov ovtov rpoirov toTs TrpoTfpov. Suppose 
it done ytyovlrw. 

Another method is to use the passive imperative of voeu {let it be 
conceived). Let straight lines be conceived to be draion voda-Buicrav 
evOetai rjyptvai, let the sphere be conceived to be cut vodcrOto g atpaipa 
Terpripevr], let a figure {generated) from the inscribed polygon be 
conceived as inscribed in the sphere aTro toO TroXvyojrov to5 iyypaffio- 
pivov vodaOto ti ets rrjv <T<}>°-lpav eyypa<j>€v (rxppxi. Sometimes the 
participle for drawn is left out ; thus an auroC vodcrOui inajidveia let 
a surface be conceived {generated) from it. 

The active is much more rarely used; but we find ( 1 ) «dv with 
subjunctive, if toe cut Idv reympev, if we draw edv dydywpev, if you 
prroduce idv eK^aXys; (2) the participle, it is possible to inscribe... and 
{ultimately) to leave Suvarov iariv (.yypd<^ovra...Xdneiv, if we con- 
tinually circumscribe polygons, bisecting the remaining circumferences 
and drawing tangents, we shall {ultimately) leave del 87 nepiypdtfiovTee 
TroXvytava bCxp. reyvopevtov t<ov nepiXteiropevoiv Trcpi^eptiZv Kai dyopivwv 
i^anTopivmv Xd^opev, it is possible, if we take the area..., to inscribe 
XajSovTa {or XapPdvovTo) to ■)(yyplov...bin'aT 6 v ltmv...t.yypdtpaL', ( 3 ) the 
first person singular, I take two straight lines Xap^dvoi Suo eidda's, 
I took a straight line eXaySdv rtva evOdav ; L draw ©M from © parallel 
to AZ, dyo) dno tov 0 rdv ©M napaXXyXov ra AZ, having drawn PK 
perpendicular, I cut off AK equal to PK dyaywv KadcTov rav PK Ta 
PK Lo-av dneXaJSov rdv AK, I inscribed a solid figure... and circum- 
scribed another eviypa^a <T)(r}pa o'Ttp€bv...Kal dXXo ircpiiypa^a. 

The genitive of the passive participle is used absolutely, 
evpede'vTos 87 it being supposed found, lyypa^evTos 87 {the figure) 
being inscribed. 

To make a figure similar to one {and equal to another) bpoaioai, 
to find experimentally opyaviKtos XaySeTv, to cut into unequal parts els 
dviera repveiv. 
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Operations (addition, sabtraction, etc.). 

1 . ilddifion, and sums, of mapntturf#*. 

To add is vpo<n(6rni.i, for the passive of which itp6<TKup.tu is often 
used; thus one segment being abided hie TfuifiaToe noTiTtOhroe, the 
added (^straight line) d n-orwet/ttVa, let the common HA, ZP be added 
Koival n-pocrcftVduaav al HA, ZP; the words are generaUy followed 
by wpds (with acc. of the thing added to), but sometimes by the 
dative, that to which the addition was made £ iroreriBri. 

Tor being added together we bare <Tw-ridcer^at ; thus hetn^ added 
to itself awTi6ip.tvav aino iavr^ added together it to ovro crvyreffeyra, 
added to itself (^tonlinually) hrwrwrSi^evov cavriji. 

Sams are commonly e^tpressed for two magnitudes by awaii<bo- 
repot used in the following different ways j the sum of BA, AA 
trvyafi^artpot 17 BAA, the sum of AP, PB oi'Vo/ti^oTrpoJ 1 ; AP, PB, the 
sum of the area and the circle to trvva^i^dTfpor 5 t« icSeXot xai to 
Xvpiov. Agiun for sums in general we have such expressions os the 
line which is egual to both the radii ^ Totj d^^orepait ra“t ix rov 
Ktrrpov, the line equal to (the earn of) aU the lines Joining g laii 
rriirats nut ijrt^<vywovffa«. Also all the circles ol irdvrcj kvk\o( 
means the sum of all the circles; and a^Ktirai Ik Is used for is 
equal to the sum of (two other magnitudes). 

To denote plus ptra (with gen.) and avv are used ; together with 
the bases fiera r£v pi<r«ov, together witJi half the base of tJte segment 
<rw tjixKTtCq. Ttjt ToC rfvjfiarot /Jdofws ; t€ and Koi also express the 
same thing, and the participle of irpowAapi^dwii gives another way of 
describing having sometidng added to it ; thus the squares on (all) 
the lines equal to the greatest together with the square on the greatest... 
13 Ttt TCTpayojva to airo t5v ioZy rf ^eyicrroi wor(Aa|(/?dvotTa to t( airo 
Tas’pteyioras Tfrpaycovov.... 

2. Subtraction and differences, • 

To subtract from is a^ipcTr dvd; if {flt,e rhonibus) be conceived as 
taken away «dv vorjSg d^pij/icrOT, let the. segments be subtracted 
i<)>aipt&crTior rd rpi^^aro. Terms common to each side in an 
equation are Koivd; the squares are common to both (sides) Koivd im 
iKeLriptav Ta rerpayuvo. Then let the common area be subtracted 
is Koivdv dtb-^ptja-ffij} TO )(apioy, and so on ; the remainder is denoted 
by the adjective AohtoV, e.g. the conical surface remaining Aotjr^ r) 
Kwvud] hn^dyiia. 

The difference or excess is inpoxgt or more fully the excess by 
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which {one magnitude) exceeds {another) imtpoxg, g wrep^et... or 
vTrepoxd, a icrri.... The excess is also expressed by means of 

the verb v^rtp^eo’ alone ; let the difference hy which the said triangles 
exceed the triangle AAT be ©, u hg vnepix^i ra tlpr}p.^°- rptymva rov 
AAr rpiyusvov forto to @, to oocceed hy less than the excess of the cone 
^ over the half of the spheroid oTrep^tiv Ikdacrovt y w (or dXtKcj)) 
vVepcj^ei o ^ Kuvos rov yplaeos rov or^atpoeiSeos (where w vncpexu may 
also be omitted). Again the excess may be 5 peC^tov tort. The 
opposite to vTrepexet’ is XcHrcrat (with gen.). 

Equal to twice a certain excess taa Svtrlv vnepoxais, with which 
equcd, to one excess, laa pta vTrcpoxq, is contrasted. 

The following sentence practically states the equivalent of an 
algebraical equation; the rectangle under ZH, HA exceeds the rect- 
angle under ZE, EA by the {sum of) the rectangle contained by HA, 
EH and the rectangle under ZE, HE, wrepixu rb ujto tSv ZH, HA toC 
wo rdv ZE, EA tu t£ wrb tSv HA, EH nepuxoplxtp sal rip wo rav ZE, 
HE. Similarly twice PH together with HS is {equal to) the sum of 
SP, PH, 8i5o pw at PH pera ras IIS awap^orcpos iarir a SPH. 

3. Multiplication. 

To multiply is n-oWaTrAoena'^o); multiply one another (of numbers) 
rroKKanXaaii^uv dXkdXovs J to multiply by a number is expressed by 
the dative ; let ^ he multiplied by ® vejroXkairXaaidaOu) 6 A tu ©. 

Multiplied into is sometimes ini (with acc.); thus the rectangle 
H©, ©A into ©A (i.e. a solid figure) is to wo t<3v H©, ©A wl 
T^V ©A 

4. Division. 

To divide Siaipeiv ; let it be divided into three equal parts at the 
points K, ©, SiypyaOio els rpla laa Kara. Ta K, © aapela ; to be divisible 
by perptiaBai wro. 

Proportions. 

A ratio is Xoyoi, proportional is expressed by the phrase in 
proportion dvdXoyov, and a proportion is dvaXoytd, We find in 
Archimedes some uses of the verb Xiyto which seem to throw light 
on the definition found in Euclid of the relation or ratio between 
two magnitudes. One passage {On Conoids and Spheroids, Prop. 1) 
says if the terms similarly placed have, two and two, the same ratio 
and the frst magnitudes are taken in relation to some other mag- 
nitudes in any ratios whatever d sa Kara Svo rby avrov \6yov l^uvri 
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Ttt o/i(otu)S rtray^iva, Acyifroi SJ t« vptSra {ityiOta vvrl rtva aXXa 
/4cy/0 ta . , . ev Aoyots oTOtonroWj A, B... in TtlaXion to N, B... hut 
Z he not in relation to anyUtxn^ (Le. bas no tenn corresponding to 
it) « Ko... Ttt /i«v A, B,... XeywTOt vorl to N, S,... to Si Z ^ijSi 
voff tv XeyT^TOt. 

A mean proportionai betuxen is pt<r^ avoXoyo*' rwv..., ig a mean 
proportional between pitrov Aoyoi' T^«...Kal njs..., two mean pro- 
portionals Sw> pitrat dvaXoyov with or without xara to 
continued proportion. 

If three straight lineo he proportional iav Tp(?« ev 0 «tat dvaXoyoj' 
<3<rt, a fourth proportional Ttropra dvaXoyov, if four straight lines he 
proportional in continued proportion «’ *a riaa-apeg ypapfitxi dvdXoyov 
tioi'Tt Cl* crw«x*‘ ttvaXoyi^ at the point dividing (jJie line) in the 
said proportion Kara rav dvdXoyov ropav ra ttpijpevif. 

The rolto of one straight line to another is e.g. o' njs PA irpos AX 
Xo'yo? or d (Xdyos), Sv ij PA wpo? t^»' AX ; the ratio of the bases 6 
Twv ^aoiuiv Xdyos ; has the ratio of h to ^ Adyo* Sv irtvrt irpos 

Suo. 

For having the same ratio as we find the following constructions. 
.i?avs the same ratio to one another a$ the bases rov airov ixovn Xdyov 
iror* dXXdXovf raff ^dotoiv, as the squares on the radii Sv at U rSv 
Kfvrpiov Svvdpu ; TA has to PZ (he {linear) ratio which the square on 
TA Aas to the square on K, »v «;((t Xdyov i) TA wpds ri^v H Swd/xcH 
Tovrov «;^€t Tov Xdyov ij TA -n-pos PZ Is divided tn the same 

ratio «Is tov ovrSv Xdyov rerpiprat, or simply opoltog j will divide the 
diameter I'n the proportion of the successive odd numbers, unity 
corresponding to the {part) adjacent to the vertex of the segment rav 
Std/tcrpov rtfiovvTi c($ tov^ tuv irtptovuv dptfipuv Xdyov;, cvd; 
Xcyopcvov ^ori rq xopv^^ rov rpaparos. 

To have a less (or greater) ratio than is fx***’ Xdyov cXo^o-ova (or 
ptt^ova) with the genitive of the second ratio or a phrase introduced 
by ^ ; to have a less ratio than the greater magnitude has to the less, 
cxetv Xdyov «Xd<TiTova ^ to pit^ov piy^og wpds to tAaooov. 

For duplicate, tripliaUs etc. ratios we have the following 
expressions : has the triplicate ratio of tke same ratio rpivXaoCova 
Xdyov cx^i Tov avrov Xdyov, has the duplicate ratio of EA to AX 
StB-XaG-iova Xdyov «x«i ^v€p 7 EA vpos AK, are in the triplicate ratio 
of the diameters tn the bases fv TptirXaatovt Xdyw clot t«Sv iv tois 
j8do-*trt Stttftcrpwv, sesquialterate ratio ^pioXtog Xdyo;. With these 
expressions must he contrasted the use of double, quadruple etc. 
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ratio in the sense of a simple multiple by 2 , 4 etc., e.g. if any 
number of areas he placed in order, each being four times the next d 
Ka xo^pia TfOioiVTi e^s OTrocraow ei' tw rerpaTrXacrlovL \6yta. 

The ordinary expression for a proportion is os A is io B so is T 
to A, (OS 17 A Trpos ryv B, out(i)s y B irpds ryv A. Let AB be made so 
that AE is to BE as the stim of ©A, AE is to AE, TrcTroujcrfio), (os 
(rurajin^oTfpos 17 ©A, AE Trpos r^v AE, ovrtas tj AE rrpds BE. The 
antecedents are ra yyav/ieva, the consequents ra i.Tr6p.eva. 

For reciprocally proportional the parts of avTnriirovOa are used ; 
the bases are reciprocally proportional to the heights avTineaovBcunv 
ai ^icreie rats v^ccrtv, to be reciprocally in the same proportion 
dvrarcvovOepev Kara, rdv avrbv Xdyov. 

A ratio compounded of is Xdyos ovinqppevos (or crvyKclpcvos) re 
Tov...Kai Toi)...j the ratio of PA to AX is equal to that compovmded of 
6 rxfi PA TTpds AX AcJyos owrjTnai Ik.... Two other expressions for 
compounded ratios are 6 toC anb A® Trpds t(5 anb B© Ka\ 6 (or 
Trpocrka^mv rbv) rrjs A© Trpds ©B, the ratio of the squa/re on A© to 
the square on B© multiplied by the ratio of A® to ©B. 

The technical terms for transforming such a proportion as 
a ‘.b^c '.d are as follows : 

1 . ivaXXdi alternately (usually called permutando or alternando) 
means transforming the proportion into a •, c-b •. d. 

2 . avoLTraXiv reversely (usually invertendo), b : a = d : c. 

3. ovvBtais Xoyov is composition of a ratio by which the ratio 
a : b becomes a + b ib. The corresponding Greek term to com- 
ponendo is owBevri, which means no doubt literally “to one who 
has compounded,” i.e. “ if we compound,” the ratios. Thus ovvOevri 
denotes the inference that a + b •. b — c + d : d. Kara ovvOeoLv is also 
used in the same sense by Archimedes. 

4. Statpecrts Xciyou signifies the division of a ratio in the sense of 
separation or subtraction by which a : b becomes a — b:b. Similarly 
StcXdrTt (or Kara. Sialpeariv) denotes the inference that a — bib — 
c — d:d. The translation dividendo is therefore somewhat mis- 
leading. 

5. avaorpotjiy Xdyou conversion of a ratio and dvaorpitj/avTi 
correspond respectively to the ratio a : a — b and to the inference 
that a •. a — b = c •. c — d. 
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6. Bi MTou ex a^quali (sc. dietaalia) is applied c-g. to the 
inferonco from the proportions 

a :b :c :d etc.sjl •, B ‘.C D etc. 
that o t d=A : 2). 

When this dividingK)ut of ratios takes place between proportions 
with corresponding terms placed crosswise, it is described as t^cv 
iy Tp TtTOpay/itKjj dvoXtr/uh ex aeqtutli tn disturbed proportvm or 
dvo^totus TiSv koytav TcrayjMvwv tA« ■rotios 6ein^ disstmiforiy pfoced; 
this is the case e.g. when we have two proportions 
a -.b^BiC, 
h : c s .d : JJ, 

and we infer that a : c^A : C. 

Arithmetical terms. 

Whole nullipiei of any magnitade are generally described as tXe 
' ^bls of, the triple of etc., o &rXdtriot, t rforAdo’iar «c.r.X, following 
the gender of the particalar magnitude*, thus the (rurface xchieh t«) 
/our timet the ffreateel circle in the tphere rtrpairkatrla f ov peyirrow 
kvkXov r<uv iy rQ ; Jive timet tht rum of AB, BE together with 

ten times the turn of TB, BA, d wtvrawAacr^ owop^orlpov rat AB, BE 
ptrh rat S<KavXao«at ovyafuboripov vat TB, BA. The tame multiple 
as ‘rooavravX<uTt<^y---ora]rX<tv!uy tori, or (odxit woXXoTXacn'<wv...icat. 
The general word for a mnltlple of is ToAXavAaVtot or roAXairAaotwr, 
which may be qualified by any expression denoting the number of 
timet multiplied ; thus multiplied by the tame ntnn^ woXAairXdinat 
Tu avT^ api9fM, multiples aecordifiy to tha tueeessive numbert 
woXXa)rXa(rta Kara rottt apttfpovt. 

Another method is to use the adverbial forms (tcure BU, thrice 
Tptt, etc., which are either followed by the nominative, e.g. twice EA 
Sts i; EA, or constructed with a participle, e.g. twice taken BU Xa/t- 
^arajxcvos or 8« tipijpAot; together with tioioe the whole circumference 
of the circle dXat rds rev kvkXcv wfpt^cpcidt Sit Xap0avopiyat. 
Similarly the tame number of limes (the said circumfererwt) as is 
expressed by the number one less than (tluil of) the revolutions 
Tocavraxts Xappavopfvac, Boos hrnr b fvi IXdatrmy apidfiic rSv 
irrpt^pav. An interesting phrase is the following, at many times as 
the line FA is contained (literally added together) in AA, to many limes 
let the time ZH be contained in the time AH, 6<rdMt <rvyic«tTai a FA 
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ypa/A/iot iv AA, TOtravTOKts cniyKt!<TB<i> o xpovoz o ZH iv Tw XP®*'*? ’’’V 
AH. 

Submultiples are denoted by the ordinal number followed by 
/Acpos ; one-seventh is c/ 88 optor /tepos and so on, one-half being however 
■^fiurue. When the denominator is a large number, a circumlocutory 
phrase is used ; thus less than part of a right ample IXdrrtev rj 
8tatpEd««ras Tas 6p6ds eU p^S' rovrayv tv fiepos. 

When the numerator of a fraction is not unity, it is expressed 
by the ordinal number, and the denominator by a compound 
substantive denoting such and such a submultiple j e.g. tvxhthirde 
Svo rpvrapjopia, three-fifths rpla TrepTrrapopia, 

There are two improper fractions which have special names, 
thus one-andrOrhalf of is iJpndXtos, one-and-a-third of imlrpiro';. 
Where a number is partly integral and partly fractional, the integer 
is first stated and the fraction follows introduced by koI In or koI 
and besides. The phrases used to express the fact that the cir- 
cumference of a circle is less titan but greater titan 3^ times its 
diameter deserve special notice; (1) iran-os kvkXou iJ TrepCperpos rijs 
Stapierpov TpiTrXacrtojv ecrri, sal In uirepcx^*’ IXacro'on ph> g tjSSopia pepei 
rijs Staperpov, pei'^ovt 8 e 17 Sexa fPSoprjKoarropovois, and (2) TpMrXacrtuv 
loTi Kttl IXacro'on pcv g ly38dpo) pepet, pci'^on 8 e g i oa" pct^cov. We 
also have the phrase for the first part IXaacriDV g rpiTrXao-iW xat 
l)38dp(j) pcpci 

To measure gcrpeiv, common measure koivov pirpov, commensurable, 
incommensurable oTjpperpos, aa-vpperpos. 

Mechanical terms. 

Mechanics ra, pg)(a.viKa, weight /Scipos ; centre 0 / gravity Kivrpov 
rov pipeos with another genitive of the body or magnitude ; in the 
plural we have either ra Kevrpa airruv tou pdpeos or ra Kevrpa rtSv 
jSapetav. KevTpov is also used alone. 

A lever ^vyds or ^vytov, the horizon 6 bpl^mv in a vertical line is 
represented by perpendicularly Kara KaOerov, thus the point of 
suspension and the centre of gravity of the body suspended are in a 
vertical line Kara. KaBerov Icrn to tc aapeiov tou Kpepaarov koI to 
Kevrpov rov pdpeos rov Kpepapivov. Of suspension from or at Ik or 
Kara (with acc.) is used. Let the triangle be suspmded from tlte 
points B, r, KpepdaBbi to rpCyiovov Ik rlSv B, P aapemv, if the 
, suspension of the triangle BAP at B, P be set free, and it be suspended 
at E, the triangle remains in its position et ko too BAP rpiydvov a 
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ficv KOTO TO B, r Kpffiaai^ Xv^, Kara £c to E *cp</xatrf>p, [livti t3 
T/Jiywvoj', (u? vw 

To incline iotvarde ptvuv iiri (aec.) ; to be in equiliirium 
laoppovtiv, they will he in eptHihriufn with A held fast Katt^opivov 
Tov A laoppoT^ofi, they wiU be in equilibrium at A (i.e. will balance 
about A) Kara to A iaoppennyTaruvri i AB is too ffreat to balance T 
pti^oy tcTi TO AB q &TTt uroppoiray tu T. The adjective for in 
equilibrium is tcropponj'v; let it be in equilibrium loith the triangle 
FAH, uroppevis ccrru FAH rpiy^yio. To balance at certain 
distances (from the point of support or the centre of gravity of a 
system) is dird Ttvwv paKtuv laoppoveiy. 

Theorema, problema, etc. 

A theorem Btiiprjpa (from Bttaptlv to investigate ) ; a problem 
vpd^kqpoif with which the following expressions may be compared, 
the (questions) propounded concerning the figures to npo^t^Kqpiva 
irtpX Twv ffj^pdrw, these things are propounded for investigation 
wpopoXX^rai toS* &<upqau', also irpoKtipat takes the place of the 
passive, which it was proposed (or required) to find ontp fl-potKciTo 
tlptiv. 

Another similar word is Mraypa, direction or reg'uiVmen; ; 
thus the theorems and directions necessary for the proofs of them ra 
OtupijpaTa Kol to imrdypara to xptlav ^ovra c« riv dffoScilias abrvv, 
in order that the requirement may be fulfilled oircos yo^rat to tn-t- 
Tax^^ (or ivlraypa). To satify the requirement is TroutK to hrlraypa 
(either 6.g. of lines in a figure or of the person solving the 
problem). 

After the setting out (ck^otk) in any proposition there follows 
the short statement of what it is required to prove or to do. In 
the former case (that of a theorem) Archimedes uses one of three 
expressions Ituctiov it is required to prove, Xiyai or ^apl Sq 1 assert 
or say‘, and in the second case (that of a problem) Sel S7 it is 
required (to do so and so). 

In. a Yroblfim tha ano^^ais and «,yntS.esCs are 

distinguished, the latter being generally introduced with the words 
the synthesis of the problem wiU he as follows ovvrtBriotrai to 
rrpdphyjpa ovrw?. The parts of the verb dvoXocet' are similarly 
used ; thus th/s analysis and synthesis of each of these (problems) will 
he given at the end fKartpa SI vavra fVi riktt dvoXv^^oCTot re Kal 
uwc^ifo-erot. 



THE TERMINOLOGY OF ARCHIMEDES. 


clxxxiii 


A notable term in connexion with problems is the Siopiafios 
{determination), which means the determination of the limits within 
which a solution is possible*. If a solution is always possible, the 
problem does not involve ah Lap ia-ft.6e, ovk c^ei Siopiapov • otherwise 
it does involve it, ixet Siopiorfidt'. 

Data and hypotheses. 

Por ffiven some part of the verb BlStapi is used, generally the 
participle hoOck, but sometimes 8f8o/iAos and once or twice SiSopevo^. 
Let a circle be given 8cSocr5ci) kukXos, given two unequal magnitudes 
Svo peyeOtSv dvlawv SoOevTtov, each of the two lines TA, EZ is given 
iarlv Sodeiara tKaripa -rcSy FA, EZ, the same ratio as the given one 
Xoyos o avTos tu hoOivri. Similar expressions are the assigned ratio 
6 Ta^dcis X^os, the given area to vpareBlv (or irpoKei/icvov) xojpiov. 

Given in position Biaet simply (sc. hthop-irtf). 

Of hypotheses the parts of the verb vroriBtpai and (for the 
passive) vnoMipai are used ; with the same suppositions rwv avrlSv 
v7zoK€ipevii3v, let the said suppositions be made vroKeCaOw ra dprjpiva, 
we make these suppositions -uTroTiOepeOa rdSe. 

Where in a reductio ad absurdum the original hypothesis is 
referred to, and generally where an earlier step is quoted, the past 
tense of the verb is used ; but it was not (so) ovk 8c, for it was less 
yv yap fkda-a-tev, they were proved equal direSHxdgo-av laoi, for this has 
been proved to be possible StSeiKTai yap tovto hwarov edv. Where a 
hypothesis is thus quoted, the past tense of viroKeipai has various 
constructions after it, (1) an adjective or participle, AZ, BH were 
supposed equal laai uttckcivto ol AZ, BH, it is by hypothesis a tangent 
vffCKciTo Irrixpavovija, (2) an infinitive, for by hypothesis it does not 
cut -uTrcKciTo yap pd/ Tcyxvciv, the axis is by hypothesis not at right 
angles to the parallel planes virtKeiro b d^wv py etpev 6p6bs ttotl rd 
TrapdXXaXa cTrAcSa, (3) the plane is supposed to have been drawn 
through the centre to cttcttcSov utto/ccctoc Std too Keinrpov a^dat. 

Supposing it found cupeOivros absolutely. Suppose it done 
yeyoveToi, 

The usual idiomatic use of el 8c py after a negative statement 
may be mentioned; it will not meet the surface in another point, 
otherwise... ov yap di^crai kot’ dXXo trapeCov ras eiri^arctas* ei 8c 
py.... 

* Of. Apollonius of Perga, p. Ixx, note. 
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InferenceB, and adaptation to different cases. 

The usnal equivalent for i^urefore is a/w; ovv and roiny are 
generally used in a somewhat weaker sense to mark the starting- 
point of an argument, thus Ivtl oSv may be translated as etnee, thtn. 
Since is hetU because Sidrt. 

iroXA^ ^oXAov much more then is apparently not used in Archi- 
medes, who has TToXXu alone ; thus much less then is the ratio of the 
circumscribed figure to the inscribed than t/ioi ^ K to II voXXS 
dpa TO vtpiYpa^h> npm rb iXatraora \6yOv V 

K. ffpo? H. 

Sta with the accusative is a common way of expressing the 
reason why; because the cone is isosceles Sih to tirocrKcX^ cTrat tov 
Kway,foT the same reason Stk ravr^. 

Sid with the genitive expresses the means by which a proposition 
is proved ; by means of the construction Sia xaraincnr^c, bg the 
satne means Sta tvv afroiv, hy the same method Sta tov o'&tov rpdrrov. 

Whenever this is the case, the surface t» prater orav rovro p, 
ytvcrai p hn^dvtia..., {f this is the eass, the angle SAO is 
equal,,,, W rovro, r^a d vnb BAO yuvM..., wAteA is the same 
thing as shewing that... d rainov iTrsr^ 

Similarlg for the sector i^ow*? ttal firl tow rofiiw?, the proof 
is the same as {that used to show) that d a^d Svtp kal drt, 

the proqf that. ..is the same d a^d dvdSet^tV cm teal Store.. ■» tAc same 
argument holds for all rectilineal figures iiwcriied tn <Ae segments in 
tA« recognised manner (see p. 204) «iri ndyruv evPwypd/t^tBv tcuk 
eyypa<^o/Af cs rd rpafiaja yrtfpt/icoc d oirds Xoyos ; it will be possible, 
Aovinp proved if for o circle, to transfer the same argumml in 
the case of the sector lorai ivl kwXov Sc^avra /crroyaycTr row o^tov 
Adyow Kot evt row ro/tcuc; fAe rest will be the same, Auf it will be the 
lesser of tAe diameters which will be intercepted toifAin fAe spheroid 
{instead of the greater) rd piv SXXa rd avrd ivoflrai, rav Sc Sto^cr/Juv 
d cXdercrcuv ccrcrctrat d iyanohathOfioa iy r^ iri^ipoctSct; if will make 
no difference whether,,. or, ..biotou S« ovSew, crre,..c7T(.... 

Conclusions. 

2!Ae proposition is therefore obvious, or is proved SiJXov ovv lori 
(or SeSct'crat) to nporfSiy; similarly ^vepdv ovv cortv, o <S<t Set^ot, 
and fSfi Sc rovro Scifat. JFAicA is oAsurd, or imposstSfe ovcp drovor, 
or dSwvarov. 

A curious use of two negatives is contained in the following : 
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ovK apcL ovK ecrrt Kevrpov tov ^apeos tou AEZ rpiywvov to N o-o/ieiov. 
lariv apa, therefore it is not possible that the point N should not he the 
centre of gravity of the triangle AEZ. It must therefore be so. 

Thus a rhombus loill have been formed larai Sij yeyovm pop)3os •, 
two unequal straight lines have been found satisfying the requirement 
cvpypivai eioiv apa 8vo efiflooi ayicrot noiovaai to eiriraypa. 

Direction, concavity, convexity. 

In the same direction cwi tol avra, in the other direction iul 
TO erepa, concave in the same direction ctti to. avra KoOvrj ; in the same 
direction as firl to. avra with the dative or i(f> d, thus in the same 
direction as the vertex of the cone IttX ra. avra rq tov kwvov Kopvijiq, 
drawn in the same 'direction as (that of) the convex side of it irrl ra. 
avra iyop-evai, itft 3. cm tol Kvpra airrov. For on the same side of irrX 
TO. avra is followed by the genitive, they fall on the same side of the 
line irrX ra avra mirrovai rrjs ypapfiyg. 

On each side of c^* c/coTcpa (with gen.); on each side of the plane 
of the base i(ji tKarepa rov imueSov rgs ^dcretas. 

Miscellaneous. 

Property <rip.mwpa. Proceeding thus continually, del tovto 
rotoStres, del toutou ycvopivov, or • tovtov ywop.ivov. In the 

elements h/ ry oTOixcida’ci. 

One special difference between our terminology and the Greek is 
that whereas we speak of any circle, any straight line and the like, 
the Greeks say every circle, every straight line, etc. Thus any 
pyramid is one third part of the prism, with the same base as the 
pyramid and equal height rraea nvpa/xls rpCrov /repos co-ti tou rrpicrp.aTos 
rov rdv avrav pdmv expvros rq rrvpapCbi Kal vil/o's Icrov. I define the 
diameter of any segment as Sidp-erpov koXcu) ttovtos T/xd/raTos. To 
exceed any assigned (magnitude) of those which are comparable with 
one another {rrepe^etv rravros tou irporedivTos rwv upbs dXXrjXa 
Xtyop,ivmv. 

Another noteworthy difference is illustrated in the last sentence. 
The Greeks did not speak as we do of a given area, a given ratio 
etc., hut of the given area, the given ratio, and the like. Thus It is 
'possible... to leave certain segments less than a given area Svvarov 
effTW...AcHrciv Tim rp.yp.aTa, drrtp corai eXdaoova rov TrpoKCi/icvou 
Xfuptou; to divide a given sphere by a plane so that the segments have 
to one another an assigned ratio ray So0eiaay a^atpav imneSip repiety, 
toerre to, rpapard auras rror akXaXa tov ra)(j9ha-a Xoyov ^eiv. 
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Magnitudes in arilhmetii^ progression are said to exceed each 
other hy an equal {amount ) ; there be any number of magnitudes m 
arithmetical progression tl Jta Iwm oiroaoow 2crw dXXaXeuv 

•uTTfpixpvTa. The common difference is the excess intpoxa, and the 
terms collectively are spoken of as the magnitudes exceeding by the 
equal {difference) ra “au vrtpixpyra. The least term is to t\d;^« 7 TO>', 
the greatest term to peyitrrov. The sum of the terms is expressed by 
varra ra Ty 'troi vw€p«xwTa. 

Terms of a geometrical progression are simply in {continued) 
proportion avoAoyov, the series Is then 7 dvaXoyta, the proportion, 
and a term of the series is t«3i' iv airq dvahoylf. Numbers in 
geometrical progression beginning from unity are dpiBpoi dvdXoyov 
oTo /AovaSos. Let the term A of the progression be taken tchich 
is distant the same number of terms from 0 as A is distant from 
unity XtXd^Bo) Ik tos dvoXoyta? o A diro to?5 © toitovtovc, ooovc 

« A diro povdBoi direct. 



ON THE SPHEEE AND CYLINDEB. 

BOOK I. 


" Archimedes to Dositheus greeting. 

On a former occasion I sent you the investigations which 
I had up to that time completed, including the proofs, showing 
that any segment bounded by a straight line and a section of a 
right-angled cone [a parabola] is four-thirds of the triangle 
which has the same base with the segment and equal height. 
Since then certain theorems not hitherto demonstrated (we- 
\€<yKT(ov) have occurred to me, and I have worked out the proofs 
of them. They are these ; first, that the surface of any sphere 
is four times its greatest circle (toO //.eyla-rov kvkXov); next, 
that the surface of any segment of a sphere is equal to a circle 
whose radius (y e/c toO Kevrpov) is equal to the straight line 
drawn from the vertex {Kopv^t]) of the segment to the circum- 
ference of the circle which is the base of the segment; and, 
further, that any cylinder having its base equal to the gi-eatest 
circle of those in the sphere, and height equal to the diameter 
of the sphere, is itself [i.e. in content] half as large again as the 
sphere, and its surface also [including its bases] is half as large 
again as the surface of the sphere. Now these properties were 
all along naturally inherent in the figures referred to (avrf] t§ 
^vaei ’irpovirrip'xev irepl to. elprjpiva a-)(jqpara), but remained 
unknown to those who were before my time engaged in the 
study of geometry. Having, however, now discovered that the 
properties are true of these figures, I cannot feel any hesitation 
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in setting them side by side both with my former investiga- 
tions and wth those of the theorems of Eudoxus on solids 
which are held to be most iirefragably established, namely, 
that any pyramid is one third part of the prism which has the 
same base with the pyramid and equal height, and that any 
cone is one third part of the cylinder which has the same 
base with the cone and equal height. For, though these 
properties also were naturally inherent in the figures all along, 
yet they were in fact unknown to all the many able geometers 
who lived before Eudoxus, and had not been observed by any 
one. Now, however, it will be open to those who possess the 
requisite ability to examine these discoveries of mine. They 
ought to have been published while Conon was still alive, 
for I should conceive that he would best have been able to 
grasp them and to pronounce upon them the appropriate 
verdict; but, as I judge it well to communicate them to those 
who are conversant with mathematics, I send them to you with 
the proofs written out, which it wll be open to mathematicians 
to examine. Farewell. 

I first set out the axioms* and the assumptions which 1 
have used for the proofs of my propositions. 

Definitions. 

1. There are in a plane certain terminated bent lines 
(/fc/iwuXa* •ypannaX 7rf7rfpa<f/tei'at)t, which either lie wholly on 
the same side of the straight lines joining their extremities, or 
have no part of them on the other side. 

2. I apply the term concave Id the same direction 
to a line such that, if any two pointe on it are taken, either 
all the straight lines connecting the points fall on the same 
side of the line, or some fall on one and the same side while 
otters faW on the line itself, but none on the other side. 

* Tboagh the word ased ia the “axioma” are more of the nature 

of definitions ; and in fact Eatoeins in his notea apeaka of them aa aoeh {Spoi]. 

f Under the term bent Une Archimedea inclodes not onlj corred lines of 
continnona eurratore, hot lines made op ot any nomher of linea which may be 
either atnught or curred. 
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3. Similarly also there are certain terminated surfaces, not 
themselves being in a plane but having their extremities in a 
plane, and such that they will either he wholly on the same 
side of the plane containing their extremities, or have no part 
of them on the other side. 

4. I apply the term concave in the same direction 
to surfaces such that, if any two points on them are taken, the 
straight lines connecting the points either all fall on the same 
side of the surface, or some fall on one and the same side of 
it while some fall upon it, but none on the other side. 

5. I use the term solid sector, when a cone cuts a sphere, 
and has its apex at the centre of the sphere, to denote the 
figure comprehended by the surface of the cone and the surface 
of the sphere included within the cone. 

6. I apply the term solid rhombus, when two cones with 
the same base have their apices on opposite sides of the plane 
of the base in such a position that their axes lie in a straight 
line, to denote the solid figure made up of both the cones. 

Assumptions. 

1. Of all lines, which have the same extremities the straight 
line is the least*. 

* This ■well-known Archimedean assumption is scarcely, as it stands, a 
definition of a straight line, though Proclus says [p. 110 ed. Friedlein] “Archi- 
medes defined (wpio-aro) the straight line as the least of those [lines] which have 
the same extremities. Por because, as Euclid’s definition says, {( ftrou Kcirai toTs 
i(f ^ouT^i criiietois, it is in consequence the least of those which have the same 
extremities.” Proclus had just before [p. 109] explained Euclid’s definition, 
which, as will be seen, is diSerent from the ordinary version given in onr text- 
books; a straight line is not “that which lies evenly between its extreme points," 
but "that which itrov rois ^ain-qi <rr]P‘e(oit Ketrat.” The words of Proclus 
are, “ He [Euclid] shows by means of this that the- straight line alone [of all 
lines] occupies a distance (Kar^X*'*’ Stdtrrrjua) equal to that between the points 
on it. Eor, as far as one of its points is removed from another, so great is the 
length {ulyeBo!) of the straight line of which the points are the extremities ; 
and this is the meaning of rh (crou Kei<rBai rots (4> iavr^s cij/iefois. But, if you 
take two points on a circumference or any other line, the distance cut off 
between them along the line is greater than the interval separating them ; and 
this is the case with every line except the straight line.” It appears then from 
this that Euclid’s definition should be understood in a sense very like that of 
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2. Of other lines in a plane and having the same extremi- 
ties, [any two] such are unequal whenever both are concave in 
the same direction and one of them is either wholly included 
between the other and the straight line which has the same 
extremities with it, or m partly included by, and is partly 
common with, the other; and that [line] which is included is 
the lesser [of the two]. 

3. Similarly, of surfaces which have the same extremities, 
if those extremities are in a plane, the plane is the least [in 
area]. 

4. Of other surfaces with the same extremities, the ex- 
tremities being in a plane, [any two] such are unequal when- 
ever both are concave in the same direction and one surface 
is either wholly included between the other and the plane which 
has the same extremities with it, or is partly included by, and 
partly common with, the other; and that [surfece] which is 
included is the lesser [of the two in area]. 

6. Further, of unequal lines, unequal surfaces, and unequal 
solids, the greater exceeds the less by such a magnitude as, 
when added to itself, can be made to exceed any assigned 
magnitude among those which are comparable with [it and 
wth] one another*. 

These things being premised, if a polygon be inscribed in a 
circle, it is plain that the perimeter of the inscribed polygon is 
less tRan the circivtrference of the circle; for each of the sides 
of the polygon is less than that part of the circumference of the 
circle which is cut off by it” 

Archimedes’ assamption, and we might perhaps traoslate aa followg, “ A straight 
line is that which extends equally (^f &rav wrreO with the points on it.” or, to 
follow Procins’ interpretation more doealy, “A straight bne is that which 
represents equal extension with {the distauces separating] the points on it” 

'RWn regaiitoVnis assumpluoD compare t'helutrodoction.diapter in.|3. 
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Proposition 1. 


If a polygon he circumscribed about a circle, the penmeter 
of the circumscribed polygon is greater a 


than the perimeter of the circle. 

Let any two adjacent sides, meet- 
ing in A, touch the cii-cle at P, Q 
respectively. 

Then {^Assumptions, 2] 

PA ■\-AQ> (arc PQ). 

A similar inequality holds for each 
angle of the polygon; and, by ad- 
dition, the required result follows. 



Proposition 2. 

Given two unequal magnitudes, it is possible to find two un- 
equal straight lines such that the greater straight line has to the 
less a ratio less than the greater magnitude has to the less. 

Let AB, D represent the two unequal magnitudes, AB being 
the greater. 

Suppose BO measured along BA equal to P, and let GJI be 
any straight line. ^ 

Then, if OA be added to itself a sufficient ^ 

number of times, the sum will exceed D. Let h - 
AF be this sum, and take E on GS produced 
such that GH is the same multiple of HE that ° 

AF is of AG. 

Thus EH:HG = AC:AF. 

But, since AF > D (or OB), 

AG •.AF<AG -.OB. b 

Therefore, componendo, o f 

EG:GH<AB:D. 

Hence EG, GH are two lines satisfying the given condition. 
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Proposition 8. 

Given two unequal magnUudea and a circle, xt is possible to 
inscribe a polygon in the cirtde and to describe another about it 
so that the side of the circumscrihed polygon may have to the side 
of the inscribed polygon a ratio less than that of the greater 
magnitude to the less. 

Let A, B represent the given magnitudes, A being the 
greater. 

Find [Prop. 2] two straight lines F, KL, of which F is the 
greater, such that 

F:KL<A:B (1). 



Draw LM perpendicular to LK and of such length that 
KM^F. 

In the given circle let QE, DG be two diameters at right 
angles. Then, bisecting the angle DOG, bisecting the half 
again, and so on, we shall arrive ultimately at an angle (as 
NOG) less than twice the angle LKM. 

Join NG, which (by the construction) will be the side of a 
regular polygon inscribed in the circle. Let OP be the radius 
of the circle bisecting the angle NOG (and therefore bisecting 
NC at right angles, in E, say), and let the tangent at P meet 
OG, ON produced in S, T respectively. 

Now, since A CON < 2 ^ LKM, 
aEOG<aLKU, 
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and the angles at R, L are right ; 

therefore MR : LR >00 : OR 
> OP : OR. 

Hence ST ON < MR LR 

<F:LR-, 

therefore, a fortiori, by (1), 

ST‘.GN<A -.B. 

Thus two polygons are found satisfying the given condition. 


Proposition 4. 


Again, given two uneqitxil magnitudes and a sector, it is 
possible to describe a polygon about the sector and to imcribe 
another in it so that the side of the circumscribed polygon may 
have to the side of the inscribed polygon a ratio less than the 
greater magnitude has to the less. 

[The “ inscribed polygon ” found in this proposition is one 
which has for two sides the two radii bounding the sector, while 
the remaining sides (the number of which is, by construction, 
some power of 2) subtend equal parts of the arc of the sector ; 
the “circumscribed polygon” is formed by the tangents parallel 
to the sides of the inscribed polygon and by the two bounding 
radii produced.] 


T 



In this case we make the same construction as in the last 
proposition except that we bisect the angle COD of the sector, 
instead of the right angle between two diameters, then bisect 
the half again, and so on. The proof is exactly similar to the 
preceding one. 
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Proposition 5. 

Given a cii-cle and two unequal magnitudes, to describe a 
jiolggon about the circle and inscribe another in it, so that the 
circiimscribed polygon may have to the inscribed a ratio less than 
the greater magnitude has to the less. 

Let A be the given circle and B, G the given magnitudes, B 
being the gi-eater. 



Take two unequal striught lines D, JB, of which D is the 
greater, such that D E <B xG [Prop. 2], and let .F be a mean 
proportional between D, E, so that J) is ^so greater than F. 

Describe (in the manner of Prop. 3) one polygon about the 
circle, and inscribe another in it, so that the side of the former 
has to the side of the latter a ratio less than the ratio D : F. 

Thus the duplicate ratio of the side of the former polygon 
to the side of the latter is less than the ratio D* : F*. 

But the said duplicate ratio of the sides is equal to the 
ratio of the areas of the polygons, since they are similar; 

therefore the area of the circumscribed polygon has to the 
area of the inscribed polygon a ratio less than the ratio D* : F‘, 
or D : E, and a fortiori less than the ratio B : G. 
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Proposition 6. 

“ Similarly we can show that, given two unequal magnitudes 
and a sector, it is possible to circumscribe a polygon about the 
sector and inscribe in it another similar one so that the circum- 
scribed may have to the inscribed a ratio less than the greater 
magnitude has to the less. 

And it is likeTOse clear that, if a circle or a sector, as tuell 
as a certain area, be given, it is possible, by inscribing regular 
polygons in the circle or .sector, and by continually inscnbing 
such in the remaining segments, to leave segments of the circle or 
sector which are [together] less than the given area. For this is 
proved in the Elements [Eucl. xii. 2]. 

But it is yet to be proved that, given a circle or sector and 
an area, it is possible to describe a polygon about the circle or 
sector, such that the area remaining between the circumference 
and the circumscribed figure is less than the given area." 



The proof for the circle (which, as Ai-chimedes says, can be 
equally applied to a sector) is as follows. 

Let A be the given circle and B the given area. 

Now, there being two unequal magnitudes A+B and A, let 
^ piilygon (0) be circumscribed about the circle and a polygon 
(T) inscribed in it [as in Prop. 5], so that 

C:I<A-hB:A (1). 

The circumscribed polygon (G) shall be that required. 
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For the circle (^) is greater than the inscribed polygon (/). 
Therefore, from (1), a fortiori, 

GiA<A+B-.A. 
whence G <A + B, 

or C — A < B. 


Proposition 7. 

If in an isosceles cone [i.e. a right circular cone] a pyramid 
be inscribed having an equilateral base, the surface of the 
pyramid excluding the base is equal to a triangle having its 
base equal to the perimeter of the base of the pyramid and its 
height equal to the perpendicular draum from the apex o?i one 
side of the base. 

Since the sides, of the base of the pyramid are equal, it 
follows that tho perpendiculars from the apex to all the sides 
of the base arc equal; and the proof of the proposition is 
obvious. 


Proposition 8. 

If a pyramid be circumscribed about nn tsoscefas cone, the 
surface of the pyramid excluding its base is equal to a triangle 
having its base equal to the perimeter of the base of the pyramid 
onrf its height equal fo the side [ie. a ^«!nerafor] of the cone. 

The base of the pyramid is a polygon circumscribed about 
the circular base of the cone, and the line joining the apex of 
the cone or p3Tamid to the pewt of contact of any side of the 
polygon is perpendicular to that side. Also all these perpen- 
diculars, being generators of the cone, are equal ; whence the 
proposition follows immediately. 
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Proposition 9. 

If in the circular hose of an isosceles cone a chord he placed, 
and from its extremities straight lines he drawn to the ajiex of 
the cone, the triangle so formed will he less than the portion of 
the surface of the cone intercepted hetrveen the lines dratvn to the 
apex. 

Let ABC be the circular base of the cone, and 0 its apex. 

Draw a chord AB in the circle, and join OA, OB. Bisect 
the arc AGB in G, and join AG, BC, OG. 

Then AOAG-\-A OBG > A GAB. 


o 



Let the excess of the sum of the first two triangles over the 
third be equal to the area B. 

Then D is either less than the sum of the segments AEG, 
CFB, or not less. 

I. Let jD be not less than the sum of the segments referred 
to. 

We have now two surfaces 

(1) that consisting of the portion OAEG of the surface 
of the cone together with the segment AEG, and 

(2) the triangle OAG ; 

and, since the two surfaces have the same extremities (the 
perimeter of the triangle OAG), the former surface is greater 
than the latter, which is included by it 3 or 4]. 
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Hence (surface OAEC)’\r(fiG^mea.t AEO)> t:^OAG. 

Similarly (surface 00fB)+ (segment GFB)> h.OBG. 

Therefore, since D is not leM than the sum of the segments, 
we have, by addition, 

(surface OAEGFB) + i) > A OAG+ A OBG 

> A OAB + D, by hypothesis. 

Taking away the common part D, we have the required 
result. 

II. Let D be less than the sum of the segments AEG, 
GFB. 

If now we bisect the arcs AC^ GB, then bisect the halves, 
and so on, we shall ultimately leave segments which are 
together less than D. [Prop. 6] 

Let AOE, EHC, GKF, FLB be those segments, and join 
OE, OF. 

Then, as before, 

(surface Oilff£) + (segment AQE)>A OAE 
and (surface OESC) + (segment EHG) > A OEG. 
Therefore (surface OA (segments ilGjS, 

>AOAE-¥AOEG 
>AOAG, a fortiori. 

Similarly for the part of the surface of the cone bounded by 
00, OB and the arc GFB. 

Hence, by addition, 

(surface OAGEHCKFLB)+{BGgfnents AOE. E3G, GKF, FLB) 
>AOAC+aOBG 
> AQAB-hJ}, by hypothesis. 

But the sum of the segments is less than J), and the re- 
quired result follows. 
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Proposition lO. 

If in the plane of the circular base of an isosceles cone two 
tangents he drawn to the circle meeting in a point, and the points 
of contact and the point of concourse of the tangents he respectively 
joined to the apex of the cone, the sum of the two triangles 
formed hy the joining lines and the two tangents are together 
greater than the included portion of the surface of the cone. 

Let ABC be the circular base of the cone, 0 its apex, AD, 
BD the two tangents to the circle meeting in D. Join OA, 
OB, OD. 

Let EOF be drawn touching the circle at 0, the middle 
point of the arc AGB, and therefore parallel to AB. Join 
OB, OF. 

Then ED + DF > BF, 

and, adding AB + FB to each side, 

AD + DB > AE + EF + FB. 

Now OA, 00, OB, being generators of the cone, are equal, 
and they are respectively perpendicular to the tangents at A, 
0,B. 


o 
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It follows that 

A OAD + A ODB > A OAE+d. OEF-\- A OFB. 

Let the area G he equal to the excess of the first sum over 
the second. 

G is then either less, or not less, than the sum of the spacra 
EAHC, FGKB remaining between the circle and the tangents, 
which sum we will call £. 

I. Let G he not less than L. 

We have now two surfaces 

(1) that of the p3rramid with apex 0 and base AEFB, 
excluding the face OAB, 

(2) that consisting of the part OACB of the surface of the 
cone together with the segment ACB. 

These two surfaces have the same extremities, viz. the 
perimeter of the triangle OAB, and, since the former tnelvdes 
the latter, the former is the greater [udssumjDft'ow, 4]. 

That is, the surface of the pyramid exclusive of the face 
OAB is greater than the sum of the surface OACB and the 
segment ACB. 

Taking away the segment from each sum, we havd 

a 0AE+A0EF+ £i,OFB+ L> the surface OAHCKB. 

And Q is not less than L. 

It follows that 

A OAE-^A OEF-ir A OFB-\-G, 
which is by hypothesis equal to A OAD + A ODB, is greater 
than the same surface. 

II. Let G be less than L. 

If we bisect the arcs AC, GB and draw tangents at their 
middle points, then bisect the halves and draw tangents, and 
so on, we shall lastly arrive at a polygon such that the sum 
of the parts remaining between the sides of the polygon and 
the circumference of the segment is less than G. 



15 


ON THE SPHERE AND CYLINDER I. 

Let the remainders be those between the segment and the 
polygon APQJRSB, and let their sum be M. Join OP, OQ, 
etc. 

Then, as before, 

A OAE + A OEF+A OFB >AOAP + AOPQ + ... + A OSB. 
Also, as before, 

(surface of pyramid 0APQR8B excluding the face OAB) 
> the part OAGB of the surface of the 
cone together with the segment AGB. 
Taking away the segment from each sum, 

A OAP + A OPQ + ...+M> the part OAGB of the 

surface of the cone. 

Hence, a fortiori, 

A OAF + A OEF+ A OFB + G, 
which is by hypothesis equal to 

AOAE + AODB, 

is greater than the part OAGB of the surface of the cone. 


Proposition 11. 

If a plane parallel to the cans of a right cylinder cut the 
cylinder, the part of the surface of the cylinder cut off by the 
plane is greater than the area of the parallelogram in which the 
plane cuts it. 


Proposition 12. 

If at the extremities of two generators of any right cylinder 
tangents be drawn to the circular bases in the planes of those 
bases respectively, and if the pairs of tangents meet, the 
parallelograms formed by each generator and the tivo corre- 
sponding tangents respectively are together greater than the 
included portion of the surface of the cylinder between the two 
generators. 

[The proofs of these two propositions follow exactly the 
methods of Props. 9, 10 respectively, and it is therefore un- 
necessary to reproduce them.] 
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1C . 

“ From the properties thus proved it is clear (1) that, if a 
pyramid le inscribed t» an isosceles cone, the surface of (he 
pyramid excluding the iase is less than the surface of the cone 
[excluding the iase], and (2) that, if a pyramid he circumscribed 
about an isosceles cone, the surface of the pyramid excluding the 
base is greater than the surface of the cone excluding the base. 

" It is also clear from what has been proved both (1) that, 
if a prism be inscribed in a right cylinder, the surface of the 
prism made up of its parallelograms [i.e. excluding its bases'] is 
less than the surface of the cylinder excluding its bases, and 
(2) that, if a prism be circumscribed about a right cylinder, the 
surface of the prism made up of its parallelograms is greater 
than the surface of the cylinder excluding its bases.” 

Proposition 13. 

The surface of any right cylinder excluding the bases is equal 
to a circle whose radius is a mean proportional between the tide 
[i.e. a generator] of the cylinder and the diameter of its base. 

Let the base of the cylinder be the circle A, and make CL 
equal to the diameter of this circle, and EF equal to the height 
of the cylinder. 
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Let fl" be a mean proportional between CD, EF, and B 
a circle with radius equal to H. 

Then the circle B shall he equal to the surface of the 
cylinder (excluding the bases), which we will call S. 

For, if not, B must he either greater or less than S. 

I. Suppose B< S. 

Then it is possible to circumscribe a regular polygon about 
B, and to inscribe another in it, such that the ratio of the 
former to the latter is less than the ratio S : B. 

Suppose this done, and circumscribe about A a polygon 
similar to that described about B ; then erect on the polygon 
about A a prism of the same height as the cylinder. The 
prism will therefore be circumscribed to the cylinder. 

Let KB, perpendicular to CD, and FL, perpendicular to 
EF, be each equal to the perimeter of the polygon about A. 
Bisect CD in M, and join MK. 

Then A RDM = the polygon about A. 

.A.lso O EL — surface of prism (excluding bases). 

Produce FE to N so that FE = EN, and join NL. 

Now the polygons about A, B, being similar, are in the 
duplicate ratio of the radii of A, B. 

Thus 

A KDM ; (polygon about B) = ifD’ : H* 

==MD'^:CD.EF 
=^MD-.NF 
= AKDM : ALFN 

(since DK=FL). 

Therefore (polygon about B) — A LFN 

= [D EL 

= (.surface of prism about A), 
from above. 

But (polygon about B) ; (polygon in B)<S:B. 
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Therefore 

(surface of prism about A ) : (polygon in B)<S :B, 
and, alternately, 

(surface of prism about A)-.S< (polygon in B) : 5 ; 
which is impossible, since the surface of the prism is greater 
than S, while the polygon inscribed in 5 is less than B. 

Therefore B & 

II. Suppose B>S. 

Let a regular polygon be circumscribed about B and another 
inscribed in it bo that 

(polygon about B ) : (polygon in J5) < B : & 

Inscribe in ^ a polygon similar to that inscribed in B, and 
erect a prism on the polygon inscribed in A of the same height 
as the cylinder. 

Again, let BE, FL, drawn as before, be each equal to the 
perimeter of the polygon inscribed in A. 

Then, in this case, 

A EDM > (polygon inscribed in A) 

(since the perpendicular from the centre on a side of the 
polygon is less than the radius of A). 

Also A LFN — d EL = sur&ce of prism (excluding bases). 

Now 

(polygon in A) : (polygon in B)=MD* : H*, 

= AtKDM : LLFN, as before. 

And AEDM > (polygon in A). 

Therefore 

A LFE, or (surface of prism) > (polygon in B). 

But this is impossible, because 

(polygon about S) : (polygon in B)< B : S, 

< (polygon about B): 8, a foriiori, 
so that (polygon in B) > B, 

>(8urface of prism), afe/rtiori. 

Hence B is neither greater nor less than S, and therefore 
B=S. 
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Proposition 14. 

The surface of any isosceles cone excluding the hose is equal 
to a circle whose radius is a mean proportional between the side 
of the cone [a generator] and the radius of the circle which is the 
base of the cone. 

Let the circle A be the base of the cone ; draw C equal to 
the radius of the circle, and D equal to the side of the cone, and 
let ^ be a mean proportional between G, D. 



Draw a circle B with radius equal to E. 

Then shall B be equal to the surface of the cone (excluding 
the base), which we will call S. 

If not, B must be either greater or less than 8. 

I. Suppose B< 8. 

Let a regular polygon be described about B and a similnr 
one inscribed in it such that the former has to the latter a ratio 
less than the ratio 8 : B. 

Describe about A another similar polygon, and on it set up 
a pyramid with apex the same as that of the cone. 

Then (polygon about A) : (polygon about B) 

= G^:E^ 

= G:D 

= (polygon about J.) : (surface of pyramid excluding base). 
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Therefore 

(surface of pyramid) = (polygon about B). 

Now (polygon about B) : (polygon in B) < S : B. 

Therefore 

(surface of pyramid) : (polygon in B)<S : B, 
which is impossible, (because the surface of the pyramid is 
greater than S, while the polygon in 5 is less than B). 

Hence B-^S. 

II. Suppose B> S. 

Take regular polygons circumscribed and inscribed to B such 
that the ratio of the former to the latter is less than the ratio 
B:S. 

Inscribe in a similar polygon to that inscribed in B, and 
erect a pyramid on the polygon inscribed in A with apex the 
same as that of the cone. 

In this case 

(polygon in A) : (polygon in J5) (7* ; £* 

= C:D 

> (polygon in .d) : (surface of pyramid excluding base). 

This is clear because the ratio of C to J> is greater than the 
ratio of the perpendicular from the centre of il on a side of the 
polygon to the perpendicular from the apex of the cone on the 
same side*. 

Therefore 

(surface of pyramid) > (polygon in B). 

But (polygon about B) ; (polygon in B)<B : S. 

Therefore, a/ortion, 

(polygon obont B) : (sva&co of pyramid) < B •. S •, 
which is impossible. 

Since therefore B is neither greater nor less than S, 

B^S. 

* This is of course the geometrical eqairalent of sajing that, if a, ^ be two 
angles each less than a right angle, and iiiSQ sin a>Bin p. 
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Proposition 15. 

The surface of any isosceles cone has the same ratio to its 
base as the side of the cone has to the raduis of the base. 

By Prop. 14, the surface of the cone is equal to a circle 
whose radius is a mean proportional between the side of the 
cone and the radius of the base. 

Hence, since circles are to one another as the squares of 
their radii, the proposition follows. 


Proposition 16. 

If an isosceles cone be cut by a plane parallel to the base, the 
portion of the surface of the cone between the parallel planes is 
equal to a circle whose radius is a mean proportional between (1) 
the portion of the side of the cone intercepted by the parallel 
planes and (2) the line which is equal to the sum of the radii of 
the circles in the parallel planes. 

Let OAB be a triangle through the axis of a cone, DE its 
intersection with the plane cutting off the 
frustum, and OFG the axis of the cone. 

Then the surface of the cone OAB is 
equal to a circle whose radius is equal to 
fOTTAG. [Prop. 14.] 

Similarly the surface of the cone ODE 
is equal to a circle whose radius is equal 
to V OD . DF. 

And the surface of the frustum is 
equal to the difference between the two circles. 

How 

OA.AG- OD.DF^DA .AG +OD.AG- OD.DF. 

But OD.AG=OA.DF, 

OA : AG = OD : DF. 



smce 
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Hence OA.AC-OD.DF^DA.AG + DA.DF 

And, since circles are to one another as the squares of their 
radii, it follows that the difference between the circles whose 
radii are VOA .AC, •/QDZDF respectirely is equal to a circle 
whose radius is •JDA.{AG-\-DF). 

Therefore the surface of the frustum is equal to this circle. 


Lemmas. 

" 1. Cones Aflw'n^ equal height have the same ratio as their 
bases; and those having equal bases have the same ratio as their 
keighis*. 

2. If a cyfvTider he cut a plane parallel to the hose, tkea, 
as the cylinder is to the cylin^, so is the oris to the axisf. 

3. The cones which have the same bases as ths cylinders [and 
equal height] are in the same ratio as the cylinders. 

4. Also the bases of equal cones are reciprocally proportional 
to their heights; and those cone* whose bases are reciprocally 
proportional to their heights are equalX- 

5. Also the cones, the diameters of whose bases have the same 
ratio as their axes, are to one another in the triplicate ratio of the 
diameters of the bases §. 

And all these propositions have heen proved by earlier 
geometers.” 

* Euclid zn. 11. " Cones and ^linden of equal heiglit are to one another 
as their bases.” 

Euclid xn. 14. ” Cones and cylinders on equal bases are to one another as 
their heights.” 

'f Euclid zii. 13. ” If a cjlinder be eat br e ^lana parallel to the o^^sitc 
planes [the bases], then, as the criinder is to the cylinder, so will the axis be 
to the axis.” 

t Euclid XU. 15. ” The bases of equal cones and cylinders sre reciprocally 
proportional to their heights ; and those cones and cylinders whose bases, are 
reciprocally proportional to their heights are equal.” 

g Euclid xit. 12. '‘Similar cones and cylinders are to one another in the 
triplicate ratio of the diameters of their bases.” 
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Proposition 17. 

If there be two isosceles cones, and the surface of one cone he 
equal to the base of the other, while the perpendicular from the 
centre of the base \pf the first cone] on the side of that cone is 
equal to the height {of the second\ the cones will be equal. 

Let OAB, DEF be triangles through the axes of two cones 
respectively, G, G the centres of the respective bases, GH the 



perpendicular from G on FD ; and suppose that the base of the 
cone OAB is equal to the surface of the cone DEF, and 
that OG=GE. 

Then, since the base of OAB is equal to the surface of 
DEF, 

(base of cone OAB) : (base of cone DEF) 

= (surface of DEF) : (base of DEF) 

= DF:FG [Prop. 15] 

= DG : GH, by similar triangles, 

= DG:OG. 

Therefore the bases of the cones are reciprocally propor- 
tional to their heights ; whence the cones are equal. [Lemma 
4] 
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Proposition 18. 

Aivy solid rhombus consisting of isosceles cones ts e^uo^ io 
the cone which has its base equal io the surface of one of ike 
cones coTOjjosrn^ the rhorr^us and Us height equal to the perpen- 
dicular dravm from the apex of the second cone to OTte side of 
the first cone. 

Let the rhombus be OABB consisting of two cones with 
apices 0, D and with a comioon base (the circle about AB as 
diameter). 



H 


Let FHK be another cone with base equal to the surface of 
the cone OAB and height FG equal to BE, the perpendicular 
from B on OB. 

Then shall the cone FHK be equal to the rhombus. 

Construct a third cone LMN with base (the circle about 
MN) equal to the base of OAB and height LP equal to OB. 

Then, since LP = OB, 

LPiCB^OBiCB. 

But \Lerrvma 1] OB : (7D& (rhombus OABB) : (cone BAB), 
and LP : GB = (cone LM2T) : (cone BAB). 

It follows that 

(rhombus OADB)^0saa& LMN) (1). 
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Again, since AB = MN, and 

(surface of OAB) = (base of FHK), 

(base of FHK ) : (base of LMN) 

= (surface of OAB ) : (base of OAB) 
= OB :BC [Prop. 15] 

= OD : BE, by similar triangles, 

= LP : FG, by hypothesis. 

Thus, in the cones FHK, LMN, the bases are reciprocally 
proportional to the heights. 

Therefore the cones FHK, LMN are equal, 
and hence, by (1), the cone FHK is equal to the given 
solid rhombus. 


Proposition 19. 

If an isosceles cone be cut by a plane parallel to the base, 
and on the resulting circular section a cone be described having 
as its apex the centre of the base \pf the first cone], and if the 
rhombus so formed be taken away from the whole cone, the part 
remaining will be equal to the cone with base equal to the surface 
of the portion of the first cone between the parallel planes and 
with height equal to the perpendicular drawn from the centre of 
the base of the first cone on one side of that cone. 

Let the cone OAB be cut by a plane parallel to the base in 
the circle on BE as diameter. Let G be the centre of the base 
of the cone, and with G as apex and the circle about BE as base 
describe a cone, making with the cone OBE the rhombus 
OBGE. 

Take a cone FGH with base equal to the surface of the 
frustum BABE and height equal to the perpendicular {GK) 
from G on AO. 

Then shall the cone FGH be equal to the difference between 
the cone OAB and the rhombus OBGE. 

Take (1) a cone LMN with base equal to the surface of the. 
cone OAB, and height equal to GK, 
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(2) a cone PQi? "with base equal to the surface of the cone 
ODE and height equal to CK. 



Now. since the surface of the cone OAB is equal to the 
surface of the cone ODE together \vitb that of the frustum 
DABE, we have, by the construction, 

(base of ZAfJV)=(base of P<?^r) + (base ofPQP) 
and, since the heights of the three cones are equal, 

(cone i.A/J'r)=(cone Pff J?) 4 (cone PQR). 

But the cone LMN is equal to the cone OAB [Prop. 17], 
and the cone PQR is equal to the rhombus ODGE [Prop. 18]. 

Therefore (cone (?AP)s=(cone PGP”) + (rhombus ODGE), 
and the proposition is proved. 

FroposlUon 20. 

Jf one of the two isosceles cones forming a rhomhits he cut 
hy a plane parallel to the base and on the resulting circular 
section a cone he desCTnbed having the same apex as the second 
cone, and if the resulting rhombus be taken from the whole 
rhombus, the remainder will be equal to the cone with base equal 
to the surface of the portion of the cone between the parallel 
planes and with height equal to the perpendicular drawn from 
the apex of the second* cone to the side of the first cone. 

* There is a slight error in neiberg’a translatioo “ prioris coni ” and in the 
corresponding note, p. 93. The perpendiealar is not drawn from the apex of 
the cone which is ent bj the plane bnt from the apex of the other. 
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Let the rhombus he OAGB, and let the cone OAB be cut 
by a plane parallel to its base in the circle about DE as diameter. 
With this circle as base and G as apex describe a cone, -which 
therefore -^vith QBE forms the rhombus ODGE. 



Take a cone FQH -with base equal to the surface of the 
frustum BABE and height equal to the perpendicular {GK) 
from G on OA. 

The cone FGH shall be equal to the difference between the 
rhomhi OAGB, OBGE. 

For take (1) a cone LMN with base equal to the surface of 
OAB and height equal to OK, 

(2) a cone PQK, with base equal to the surface of OBE, 
and height equal to GK. 

Then, since the surface of OAB is equal to the surface of 
OBE together with that of the finistum BABE, we have, by 
construction, 

(base of LMN) = (base of PQR) + (base of FQH), 
and the three cones are of equal height ; 
therefore (cone LMN) = (cone PQR) + (cone FQH). 

But the cone LMN is equal to the rhombus OAGB, and the 
cone PQR is equal to the rhombus OBGE [Prop. 18]. 

Hence the cone FQH is equal to the difference between the 
two rhombi OAGB, OBGE. 
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Proposition 21. 

A regular polygon of an even number of sides being inscribed 
in a circle, as A£G...A'...C'B’A,so that AA' is a diameter, 
if two angular points next but one to each other, as B, B", be 
joined, and the other lines parallel to BB' and joining pairs 
of angular points he drawn, as CG', BD'..., then 
(BB- + CG’ + ...) : AA’ = A'B : BA. 

Let BB’, CC', BB',.., meet AA’ in F, G, and let 

CB’, BG',... be joined meeting A A’ in K, L,... respectively. 



Then clearly CB', BO’,... are parallel to one another and to 
AB. 

Hence, by similar triangles, 

BF : FA=B’F : FK 
= CG:GK 
=G’G : GL 


^E’liIA'; 
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and, summing the antecedents and consequents respectively, we 
have 


{MB' + GG’ + ...): A A' = BF:FA 


= A'B:BA. 


Proposition 22. 

1/ a polygm he inscribed in a segment of a circle LAL' so 
that all its sides excluding the base are equal and their number 
even, as LK. ..A.. .K'L', A being the middle point of the segment, 
and if the lines BB', GG',... parallel to the baseLL' and joining 
pairs of angular points be drawn, then 

{BB’ + GG' + ...+LM) : AM = A'B : BA, 

where M is the middle point of LL' and AA! is the diameter 
through M. 



Joining GB' , I>G',...LK', as in the last proposition, and 
supposing that they meet AM in P, Q,...E, while BB', GG',..., 
KK' meet AM in F, G,... H, we have, by similar triangles, 

BF -.FA^B'F -.FP 
= GG:PG 
= G'G : GQ 


= LM:RMi 
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and, samming the antecedents and consequents, we obtain 
(BB' + CO' + ... + ilf) t AM ‘-BF: FA 
^A'B : BA. 


Proposition 23. 

Take a great circle ABC... of a sphere, and inscribe in it 
a regular polygon whose sides are a multiple of four in number. 
Let AA', MM' be diameters at right angles and joining 
opposite angular points of the poly^n. 



Then, if the polygon and great circle revolve together about 
the diameter AA', the angular points of the polygon, except A, 
A', will describe circles on the surface of the sphere at right 
angles to the diameter A A'. Also the sides of the polygon 
will describe portions of conical surfaces, e.g. BC will describe 
a surface forming part of a cone whoso base is a circle about 
CG' as diameter and whose apex is the point in which CB, 
C'B' produced meet each other and the diameter A A'. 

Comparing the hemisphere MAM' and that half of the 
figure descried by the revolution of the polygon which is 
included in the hemisphere, we see that the surface of the 
hemisphere and the surface of the inscribed figure have the 
same boundaries in one plane (viz. the circle on MM' as 
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diameter), the former surface entirely includes the latter, and 
they are both concave in the same direction. 

Therefore {Assumptions, 4] the surface of the hemisphere 
is greater than that of the inscribed figure ; and the same is 
true of the other halves of the figures. 

Hence the surface of the sphere is greater than the surface 
described by the revolution of the polygon inscribed in the great 
circle about the diameter of the great circle. 


Proposition 24. 

If a regidar polygon AB...A\..B'A, the number of whose 
sides is a multiple of four, be inscribed in a great circle of a 
sphere, and if BB' subtending two sides be joined, and all the 
other lines parallel to BB' and joining pairs of angular points 
be drawn, then the surface of the figure inscribed in the sphere 
by the revolution of the polygon about the diarneter A A' is equal 
to a circle the square of whose radius is equal to the rectangle 
BA{BB'+GO'+...). 

The surface of the figure is made up of the surfaces of parts 
of different cones. 


M 



M' 


Now the surface of the cone ABB' is equal to a circle whose 
radius is >fBA . \BB'. [Prop. 14] , 
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The surface of the frustum BB'C'C is equal to a circle of 
radius *^BC. HBB' + CG'j, [Prop. 16] 

and so on. 

It follows, since SA=BO=..., that the whole surface is 
equal to a circle whose radius is equal to 

•/BA (BB ' + + YY'). 


Proposition 25. 

The sur/ace of the figure inscribed in a sphere as in the last 
propositions, consisting of portions of conical surfaces, is less than 
four times the greatest circle in the sphere. 

Let AB...A'...B'A be a regular polygon inscribed in a 
great circle, the number of its aides being a multiple of four. 



As before, let BB' be drawn subtending two sides, and 
CC',...YT' parallel to BB'. 

Let .H be a circle such that the square of its radius is equal 
to 


AB {BB' + Ca '+ ... + IT'), 

so that the surface of the figure iMcribed in the sphere is equal 
to R. [Prop. 24] 
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Now 

(BB'+CO'+ ... + Yr):AA' = A'B:AB, [Prop. 21] 
whence AB (BB' + CG' + ...+ YY') = AA ' . A’B. 

Hence (radius of Rf = AA' . A'B 

<AA'^. 

Therefore the surface of the inscribed figure, or the circle i2, 
is less than four times the circle AMA'M'. 


Proposition 26. 

The figure inscribed as above in a sphere is equal [m volume] 
to a cone whose base is a circle equal to the surface of the figure 
inscribed in the sphere and whose height is equal to the 
perpendicular drawn from the centre of the sphere to one side of 
the polygon. 

Suppose, as before, that AB...A' ...B'A is the regular 
polygon inscribed in a great circle, and let BB', CO', ... be 
joined. 


M 



With apex 0 construct cones whose bases are the circles 
on BB', GG ', ... as diameters in planes perpendicular to AA'. 
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Then OBAB' is a solid rhombus, and its volume is equal to 
a cone ■whose base is equal to the surface of the cone ABB' and 
whose height is equal to the perpendicular from 0 on AB 
[Prop. 18]. Ijet the length of the perpendicular he p. 

Again, if CB, C'B' produced meet in T, the portion of the 
solid figure which is described by the revolution of the triangle 
BOG about AA' is equal to the difference between the rhombi 
QGTC and OBTB\ i.e. to a cone whose base is equal to the 
surface of the frustum BB'C'C and whose height is p [Prop. 20]. 

Proceeding in this manner, and adding, we prove that, since 
cones of equal height are to one another as their bases, the 
volume of the solid of revolution is equal to a cone with height 
P and base equal to the sutn of the surfaces of the cone BAB', 
the frustum BB'G’C, eta, ie. a cone with height p and base 
equal to the sutfare of the solid. 


Proposition 27. 

The figure inscribed in the sphere as before is less than 
four times the cone whose base is equal to a great circle of 
the sphere and whose height is equal to the radius of the 
sphere. 

By Prop, 26 the volume of the solid figure is equal to a cone 
whose base is equal to the surface of the solid and whose height 
isp, the perpendicular from 0 on any side of the polygon. liet 
R be such a cone. 

Tate also a cone 8 with base equal to the great circle, and 
height equal to the radius, of the sphere. 

Kow, since the surface of the inscribed solid is less than four 
times the great circle [Prop. 2oJ, the base of the cone R is less 
than four times the base of the cone S. 

Also the height (p) of .R fa less than the height of S. 

Therefore the volume of R fa less than four times that of S; 
and the proposition is proved. 
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Proposition 28. 

Let a regular polygon, whose sides are a multiple of four in 
number, be circumscribed about a great circle of a given 
sphere, as and about the polygon describe 

another circle, which will therefore have the same centre as the 
great circle of the sphere. Let A. A' bisect the polygon and 
cut the sphere in a, a!. 



M' 


If the great circle and the circumscribed polygon revolve 
together about AA', the great circle Avill describe the surface 
of a sphere, the angular points of the polygon except A, A' will 
move round the surface of a larger sphere, the points of contact 
of the sides of the polygon with the great circle of the inner 
sphere will describe circles on that sphere in planes perpen- 
dicular to AA', and the sides of the polygon themselves will 
describe portions of conical surfaces. The cirGumsci'ibed figure 
will thus he greater than the sphere itself. 

Let any side, as BM, touch the inner circle in K, and let K' 
be the point of contact of the circle with B'M'. 

Then the circle described by the revolution of KK' about 
AA' is the boundary in one plane of two surfaces 

(1) the surface formed by the revolution of the circular 
segment KaK', and 
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(2) the surface formed bj the revolution of the part 
of the polygon. 

Now the second surface entirely includes the first, and they 
are both concave in the same direction ; 

therefore [Assumptions, 4] the second surface is greater 
than the first. 

The same is true of the portion of the surface on the opposite 
side of the circle on KK' as diameter. 

Hence, adding, we see that the surface of ike figure 
circumscrtbed to the given sphere is greater than that of the 
sphere itself. 


Propositloii 29. 

In a figure circumscribed to a sphere tn the manner shown 
in the previous proposition the surface w equal to a circle the 
square on whose radius is equal to AB (BB' + CC +...). 

For the figure ciicumscribed to the sphere is inscribed in a 
larger sphere, and the proof of Prop. 24 applies. 

FroposlUos 30. 

The surface of a figure circumscr^ed as before about a sphere 
is greater than four times the great circle of the sphere. 

w 
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Let be the regular polygon of sides 

which by its revolution about AA' describes the figure circum- 
scribing the sphere of which amamf is a great circle. Suppose 
aa', AA' to be in one straight line. 

Let be a circle equal to the surface of the circumscribed 
solid. 

Now (BB' + GO' +...): AA' = A'B : BA, [as in Prop. 21] 
so that AB(BB' + GO' + ...) = AA'.A'B. 

Hence (radius of B) = 's/AA' .A'B [Prop. 29] 

>A'B. 

But A'B = 20P, where P is the point in which AB touches 
the circle ama'mf. 

Therefore (radius of R) > (diameter of circle ama'm ') ; 
whence R, and therefore the surface of the circumscribed soUd, 
is greater than four times the great circle of the given sphere. 

Proposition 31. 

The solid of revolution circumscribed as before about a sphere 
is equal to a cone whose base is equal to the surface of the solid 
and whose height is equal to the radius of the sphere. 

The solid is, as before, a solid inscribed in a larger sphere ; 
and, since the perpendicular on any side of the revolving polygon 
is equal to the radius of the inner sphere, the proposition is 
identical with Prop. 26. 

Cor. The solid circumscribed about the smaller sphere is 
greater than four times the cone whose base is a great circle 
of the sphere and whose height is equal to the radius of the 
sphere. 

For, since the surface of the solid is greater than four times 
the great circle of the inner sphere [Prop. 30], the cone whose 
base is equal to the surface of the solid and whose height is the 
radius of the sphere is greater than four times the cone of 
the same height which has the great circle for base. [Lemma 1.] 

Hence, by the proposition, the volume of the solid is greater 
than four times the latter cone. 
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Proposition 3S. 

If a regular polygon with 4n sides he inscribed in a great 
circle of a sphere, as dh...a\..h'<i, and a simiiar polygon 
AB...A',..B'A be described about the great circle, and if the 
polygons revolve with the great circle about the diameters aa\ 
AA' respectively, so that they describe the surfaces of solid 
figures inscribed tn and circumscribed to the sphere respectively, 
then 

(1) the surfaces of ike circumscribed and inscribed figures 
are to one another tn the duplicate ratto of their sides, and 

(2) the figures themselves [t.e. their volumes] are in the 
triplicate ratio of their sides. 

(1) liOt AA\ aa' be io tbe same straight line, and let 
MmOm'M' be a diameter at right angles to them. 



3tnii BB', CC', ... and hV, cc, ... ■which will ah he parahe\ 
to one another and MM'. 

Suppose i?, to be circles such that 

= (surface of drcumscrihed solid), 

S = (surface of inscribed solid). 
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Then (radius of J2)® = + 0(7'+ ...) [Prop. 29] 

(radius ot Sf = ah (bV + cc' + . . .)• [Prop- 24] 

And, since the polygons are similar, the rectangles in these 
two equations are similar, and are therefore in the ratio of 

AB ^ : ab\ 

Hence 

(surface of circumscribed solid) : (surface of inscribed solid) 

= A3^:ab\ 

(2) Take a cone V whose base is the circle B and whose 
height is equal to Oa, and a cone W whose base is the circle S 
and whose height is equal to the perpendicular from 0 on ab, 
which we will call p. 

Then V, W are respectively equal to the volumes of the 
circumscribed and inscribed figures. [Props. 31, 26] 

Now, since the polygons are similar, 

AB : ah = Oa : p 

= (height of cone Y) : (height of cone W ) ; 

and, as shown above, the bases of the cones (the circles R, S) 
are in the ratio of AB^ to 

Therefore V : W =AB ^ : ab^. 


Proposition 33. 

The surface of any sphere is equal to four times the greatest 
circle in it. 

Let (7 be a circle equal to four times the great circle. 

Then, if G is not equal to the surface of the sphere, it must 
either be less or greater. 

I. Suppose C less than the surface of the sphere. 

It is then possible to find two lines jQ. 7. of which B is the 
greater, such that 

B : 7 < (surface of sphere) : C. [Prop. 2] 

Take such lines, and let S be a mean proportional between 
them. 
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Suppose similar regular polygons with 4» sides circum- 
Bcribed about and inscribed in a great circle such that the ratio 
of their sides is less than the ratio /S ; S. [Prop. 3] 


M 



Let the polygons with the circle revolve together about 
a diameter common to all, describing solids of revolotion as 
before. 

Then (surface of outer solid) ; (surface of inner solid) 

* (side of outer)* ; (side of inner)* [Prop. 32] 

< /S* ; S*, or /5 *. 7 

< (surface of sphere) ; C, a fortiori 

But thw is impoKible, since the surface of tbe circum- 
scribed solid is greater than that of the sphere [Prop. 28], while 
the surface of the inscribed solid is less than G [Prop. 25]. 

Therefore 0 is not less than tbe surface of the sphere. 

IL Suppose G greater than the surface of the sphere. 

Take lines 7 , of which 0 is the greater, such that 
0 iy<Gi (surface of sphere). 

Circumscribe and inscribe to the great circle similar regular 
polygons, as before, such that their sides are in a ratio less than 
that of 0 to S, and suppose solids of revolution generated in the 
usual manner. 
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Then, in this case, 

(surface of circumscribed solid) : (surface of inscribed solid) 

< G : (surface of sphere). 

But this is impossible, because the surface of the circum- 
scribed solid is greater than 0 [Prop. 30], while the surface of 
the inscribed solid is less than that of the sphere [Prop. 23]. 

Thus G is not greater than the surface of the sphere. 

Therefore, since it is neither greater nor less, G is equal to 
the surface of the sphere. 


Proposition 34. 

Any sphere is equal to four times the cone which has its base 
equal to the greatest circle in the sphere and its height equal 
to the radius of the sphere. 

Let the sphere be that of which amva'wl is a great circle. 

If now the sphere is not equal to four times the cone 
described, it is either greater or less. 

I. If possible, let the sphere be greater than four times the 
cone. 

Suppose T to be a cone whose base is equal to four times 
the great circle and whose height is equal to the radius of the 
sphere. 

Then, by hypothesis, the sphere is greater than V ; and two 
lines yQ, y can be found (of which /S is the greater) such that 

/9 : 7 < (volume of sphere) : V. 

BetAveen /S and y place two arithmetic means S, e. 

As before, let similar regular polygons with sides 4m in 
number be circumscribed about and inscribed in the great 
circle, such that their sides are in a ratio less than /3 : S. 

Imagine the diameter aa' of the circle to be in the same 
straight line Avith a diameter of both polygons, and imagine 
the latter to revolve Avith the circle about aa', describing the 
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surfaces of two solids of revolution. The volumes of these solids 
are therefore in the triplicate ratio of their sides. [Prop. 32} 
Thus (vol. of outer solid) : (vol. of inscribed solid) 

< by hypothesis, 

< /9 : y, a fortiori (since /9 : 7 > /S’ ; S’)*, 

. < (volume of sphere) : r, o/ortioK. 

But this is impossible, since the volume of the circumscribed 


M 



* That is assamed bj Archimedes. Eatocini proves the 

property in his eommentarj at follows. 

Take X saeh that p : SsJ : x. 

Thos p-9:p=9-xiS 

and, since ^>9, p-Sp-9-x. 

Bat, by hypothesis, p-9=9~*. 

Therelore 

or T>«. 


Again, aoppose 
and, at before, we have 
so that, a fortiori. 

Therefore 
and, since s>r, 

Kow, by hypothesis, p, 9, s, y are in continoed proportion ; 
therefore fP : P=p t y 


i } *=i ; y. 




<?5 7* 
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solid is greater than that of the sphere [Prop. 28], while the 
volume of the inscribed solid is less than V [Prop. 27]. 

Hence the sphere is not greater than V, or four times the 
cone described in the enunciation. 

n. If possible, let the sphere be less than V. 

In this case we take /3, 7 (/3 being the greater) such that 
jS :'y<V: (volume of sphere). 

The rest of the construction and proof proceeding as before, 
we have finally 

(volume of outer solid) ; (volume of inscribed solid) 

< V : (volume of sphere). 

But this is impossible, because the vdlume of the outer 
solid is greater than V [Prop. 31, Cor.], and the volume of the 
inscribed solid is less than the volume of the sphere. 

Hence the sphere is not less than V. 

Since then the sphere is neither less nor greater than V, it 
is equal to V, or to four times the cone described in the enun- 
ciation. 

Coe. From what has been proved it follows that every 
cylinder whose hose is the greatest circle in a sphere and whose 
height is equal to the diameter of the sphere is ^ of the sphere, 
and its surface together with its bases is of the surface of the 
sphere. 

For the cylinder is three times the cone with the same 
base and height [EucL xii. 10], i.e. six times the cone with 
the same base and with height equal to the radius of the 
sphere. 

But the sphere is four times the latter cone [Prop. 34]. 
Therefore the cylinder is f of the sphere. 

Again, the surface of a cylinder (excluding the bases) is 
equal to a circle whose radius is a mean proportional between 
the height of the cylinder and the diameter of its base 
[Prop. 13]. 
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In this case the height is eqoal to the diameter of the base 
and therefore the circle is that whose radius is the diameter of 
the sphere, or a circle equal to four times the great circle of 
the sphere. 

Therefore the surface of the cylinder with the bases is equal 
to six times the great circle. 

And the surface of the sphere is four times the great circle 
[Prop. 33] ; whence 

(surface of cylinder with bases) = | . (surface of sphere). 


Proposition 35. 

If tn a segment of a circle LAL' (where A is the middle 
point of the arc) a polygon LK...A...K'L' he inscribed of which 
LL' w one side, while the other sides are 2n m numher end all 
equal, and if the polygon revolve with the segment about the 
diameter AM, geneiating a solid figure inscribed in a segment of 
a sphei's, then the surface of the inscribed solid is equal to a 
circle the square on whose radius is equal to the rectangle 

AB{bB' + CC' -y ... + KK' 



The surface of the inscribed figure is made up of portions of 
surfaces of cones. 
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If we take these successively, the surface of the cone BAB' 
is equal to a circle whose radius is 

•JABT^BB'. [Prop. 14] 

The surface of the frustum of a cone BGG'B' is equal to 
a circle whose radius is 

BB' + GG' rp 

sjAB. 2 ; [Prop. 1 6] 

and so on. 

Proceeding in this way and adding, we find, since circles 
are to one another as the squares of their radii, that the 
surface of the insciibed figure is equal to a circle whose radius 
is 

/J AB (bB' + ca' + ... + KK' + . 


Proposition 36. 

The surface of the figure inscribed as before in the segment 
of a sphere is less than that of the segment of the sphere. 

This is clear, because the circular base of the segment is a 
common boundary of each of two surfaces, of which one, the 
segment, includes the other, the solid, while both are concave 
in the same direction [Assttwi^ttows, 4], 


Proposition 37. 

The surface of the solid figure inscribed' in the segment of the 
sphere by the revolution of LK...A...K'L' about AM is less than 
a circle with radius equal to AL. 

Let the diameter AM meet the circle of which LAL' is a 
segment again in A'. Join A'B. 

As in Prop. 35, the surface of the inscribed solid is equal to 
a circle the square on .whose radius is 

AB{BB' + CG' + KK' + LM). 
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But this rectangle « A'B . AM [Prop. 22] 

kA'A.AM 
<AL\ 



Hence the surface of the inscribed solid is less than the 
circle ^hose radius is AL. 

Proposition 38. 

The eUid figure described at before in a segment of a sphere 
less than a hemisphere, together vntk the cone whose base is Vte 
base of the segment and whose apex is ilte centre of the sphere, 
is equal to a cone whose base is equal to the surface of the 
ijiscribed solid and whose height is equal to the perpendicular 
from the centre of (he sphere on any side of (he polygon. 

Let 0 be the centre of the sphere, and p the length of the 
perpendicular from 0 on AB. 

Suppose conea described with 0 as apex, and with the 
circles on BB', CO’,... os diameters as bases. 

Then the rhombus OBAB' is equal to a cone whose base is 
equal to the surface of the cone BAB', and whose height isp. 

[Prop. 18] 

Again, if OB, C'B' meet in T, the solid described by the 
triangle J50C? as the polygon revolves about .40 is the difference 
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between the rhombi OCTO' and OBTB', and is therefore equal 
to a cone whose base is equal to the surface of the frustum 
BGG'B' and whose height is p. [Prop. 20] 

Similarly for the part of the solid described by the triangle 
GOD as the polygon revolves ; and so on. 


T 



Hence, by addition, the solid figure inscribed in the segment 
together with the cone OLL' is equal to a cone whose base is 
the surface of the inscribed solid and whose height is p. 


Cor. The cone whose base is a circle with radius equal to 
AL and whose height is equal to the radius of the sphere is 
greater than the sum of the inscribed solid and the cone OLL\ 

For, by the proposition, the inscribed solid together with 
the cone OLL' is equal to a cone with base equal to the surface 
of the solid and with height p. 

This latter cone is less than a cone with height equal to OA 
and with base equal to the circle whose radius is AL, because 
the height p is less than OA, while the surface of the solid is 
less than a circle Avith radius AL. [Prop. 37] 


Proposition 39. 

Let hi' be a segment of a great circle of a sphere, being less 
than a semicircle. Let 0 be the centre of the sphere, and join 
01, OV. Suppose a polygon circumscribed about the sector OlaV 
such that its sides, excluding the two rad'ii, are 2n in number 
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and all equal, ns LK . ... BA, AB ', ... K'L ' ; and let OA be that 
radius of the great circle which bisects the segtnent laV. 

The circle circumscribing the polygon will then have the 
same centre 0 as the given great circle. 

Now suppose the polygon and the two circles to revolve 
together about QA. The two circles will describe spheres, the 



angular points except A will describe circles on the outer 
sphere, with diameters BB' etc., the points of contact of the 
sides with the inner segment will describe circles on the inner 
sphere, the sides themselves will describe the surfaces of cones 
or frusta of cones, and the whole figure circumscribed to the 
segment of the inner sphere by the revolution of the equal 
sides of the polygon will have for its base the circle on LL' 
os diameter. 

The surface of the solid figure so circumscribed about the 
sector of the sphere [excluding its hase\ will be greater than that 
of the segment of the sphere whose base is the circle on IV as 
diameter. 

For draw the tangents IT, VT' to the inner segment at I, V. 
These with the sides of the polygon will describe by their 
revolution a solid whose surface is greater than that of the 
segment [Assumptions, 4). 

But the surface described by the revolution of IT is less 
than that described by the revolution of LT, since the angle TIL 
is a right angle, and therefore LT>IT. 

Hence, a fortiori^ the surface described hy LK...A...K'L' 
is greater than that of the segment. 
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Cor. The surface of the figure so described about the sector 
of the sphere is equal to a circle the square on whose radius 
is equal to the rectangle 

AB {BB' + CG' + ...+ KK' + \LL'). 

For the circumscribed figure is inscribed in the outer sphere, 
and the proof of Prop. 35 therefore applies. 


Proposition 40. 

The surfajce of the figure circumscribed to the sector as before 
is greater than a circle whose radius is equal to al. 

Let the diameter AaO meet the great circle and the circle 
circumscribing the revolving polygon again in a', A'. Join 
A'B, and let ON be drawn to N, the point of contact of AB 
with the inner circle. 


A 



Now, by Prop. 39, Cor., the surface of the solid figure 
circumscribed to the sector OlAV. is equal to a circle the square 
on whose radius is equal to the rectangle 

(PP' + CC' + . . . + iTZ' + . 

But this rectangle is equal to A!B .AM [as in Prop. 22]. 
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Next, since AU, aV are parallel, the triangles AML', amV 
are similar. And AL' > aV ; therefore AM > am. 

Also A'B^WN^aa'. 

Therefore A'B.AM>am.aa' 

> at'*. 

Hence the surface of the solid figure circumscribed to the 
sector is greater than a circle whose radius is equal to aV, or al. 

Cor. 1. The volume of the fpure circumscribed about the 
sector together with the tone whose apex is 0 and base the circle 
on LB as diameter, is equal to the volume of a cone whose base 
is equal to the surface of the circumscribed figure and whose 
height is ON. 

For the figure a inscribed in the onter sphere which has the 
same centre as the inner. Hence the proof of Prop. 38 applies. 

Cor. 2. The volume of the circumscribed figure with the cone 
OLB is greater than the cone whose base is a circle with radius 
equal to al and whose height is equal to the radius (Oa) of Ae 
inner sphere. 

For the Totume of the figure with the cone OLB is equal to 
a cone whose base is equal to the surface of the figure and 
whose height is equal to ON. 

And the surface of the figure is greater than a circle with 
radius equal to al [Prop. 40], while the heights Oa, ON are 
equal. 


IProposition 41. 

Let laV be a segment of a great circle of a sphere which is 
less than a semicircle. 

Suppose a polygon inscribed in the sector OlaV such that 
the sides Ik, ...ha, aV, ...HV are in number and ail equal. 
Let a similar polygon he rarcamscribed about the sector so that 
its sides are parallel to those of the first polygon ; and draw 
the circle circumscribing the outer polygon. 

Now let the polygons and circles revolve together about 
OaA, the radius bisecting the a^ment lal'. 
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Then (1) the surfaces of the outer and inner solids of revolution 
so described are in the ratio of AB^ to ab^, and (2) their volumes 
together with the corresponding cones with the same base and 
with apex 0 in each case are as AB^ to ab^. 


A 



(1) For the surfaces are equal to circles the squares on 
whose radii are equal respectively to 

AB(BB' + CG' + ...+KK' + ~y 

[Prop. 39, Cor.] 

and a6 ^b' + cc' + . . . + . [Prop. 35] 

But these rectangles are in the ratio of AB* to ab\ Therefore 
so are the surfaces. 

(2) Let Onifbe drawn perpendicular to ab and AB] and 
suppose the circles which are equal to the surfaces of the outer 
and inner solids of revolution to be denoted by S, s respectively. 

Now the volume of the circumscribed solid together with 
the cone OLL' is equal to a cone whose base is 8 and whose 
height is ON [Prop, 40, Cor. 1]. 

And the volume of the inscribed figure with the cone Oil' is 
equal to a cone with base s and height On [Prop. 88]. 

But S:s^AB*:ab\ 

and ON : On = AB : ab. 

Therefore the volume of the circumscribed solid together with 
the cone OLL’ is to the volume of the inscribed solid together 
with the cone OlV as AB'' is to oN {Lemma 5]. 
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ProposltiOD 42. 

If laV he a segment of a sjihere less than a hemisphere and 
Oa the radius perpendicular to the hose of the segment, the 
surface of the segment is equal to a circle whose radiits is equal 
to ttl. 

Let Rhe a circle whoso radius is equal to al. Then the 
surface of the segment, which we will call S, must, if it be not 
equal to JI, be either greater or less than Ji. 



1. Suppose, if possible, 

Let lat be a segment of a great circle which is less than a 
semicircle. Join 01, 01', and let similar polygons with 2n equal 
sides be circumscribed and inscribed to the sector, as in the 
previous propositions, but such that 

(circumscribed polygon) ; (inscribed polygon ) <S iJL 

[Prop. 6] 

Let the polygons now revolve with the segment about OaA, 
generating solids of revolution circumscribed and inscribed to 
the segment of the sphere. 

Then 

(surface oF outer solid) : (surface of inner solid) 

» AB * : ah* [Prop. 41] 

■= (circumscribed polygon) : (inscribed polygon) 

< S ; i2, by hypothesis. 

But the surface of the outer solid is greater than S [Prop. 39]. 
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Therefore the surface of the inner solid is greater than R ; 
which is impossible, by Prop. 37. 

11. Suppose, if possible, (S < jB, 

In this case we circumscribe and inscribe polygons such that 
their ratio is less than R : S; and we arrive at the result that 

(surface of outer solid) : (surface of inner solid) 

<R:S. 

But the surface of the outer solid is greater than R [Prop. 40]. 
Therefore the surface of the inner solid is greater than S : which 
is impossible [Prop. 36]. 

Hence, since S is neither greater nor less than R, 

S=R. 

Proposition 43. 

Even if the segment of the sphere is greater than a hemisphere, 
its surface is still equal to a circle whose radius is equal to al. 

For let lal'a' be a great circle of the sphere, aa being the 
diameter perpendicular to ll ' ; and let 
la'l' be a segment less than a semi- 
circle. 

Then, by Prop. 42, the surface of 
the segment laT of the sphere is 
equal to a circle with radius equal to 
a'l. 

Also the surface of the whole 
sphere is equal to a circle with radius 
equal to aa' [Prop. 33]. 

But aa'“ — a'Z* = ai*, and circles are to one another as the 
squares on their radii. 

Therefore the surface of the segment laV, being the difference 
between the surfaces of the sphere and of la'l', is equal to a 
circle with radius equal to al. 


a* 
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Froposltion 44. 

The volume of any sector of a sphere is equal to a cone whose 
base is equal to the surface of the segment of the sphere included 
in the sector, and whose height is equal to the radius of the 
sphere. 

Let B be a cone •whose base is eq-ual to the surface of the 
segment laV of a sphere and whose height is equal to the radius 
of the sphere i and let S be the volume of the sector OlaV. 



s. 


t 

Then, if is not equal to Jt, it must be either greater or 
less. 

I. Suppose, if possible, that 8 >Ji. 

Find two straight lines /3, 7 , of which j3 is the greater, such 
that 

/8 : y<8: Jt; 

and let 5, e be two arithmetic means between /3, 7 . 

Let lal' be a segment of a great circle of the sphere. 
Join 01, 01', and let similar polygons with 2n equal sides he 
circumscribed and inscribed to the sector of the circle as before, 
but such that their sides are in a ratio less than /S : 3. 
[Prop. 4]. 
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Then let the two polygons revolve with the segment about 
OaA, generating two solids of revolution. 

Denoting the volumes of these solids by V, v respectively, 
we have 

(V + cone OLL') : (v + cone 01V) = AB^ : ah* [Prop. 41] 

< /9 : y, a fortiori*, 

<S : R,\>y hypothesis. 
Now (V+cone OLL') >8. 

Therefore also (y + cone Oil') > R. 

But this is impossible, by Prop. 38, Cor. combined with Props. 
42, 43. 

Hence 8 :!^R. 

II. Suppose, if possible, that 8< R. 

In this case we take yS, <y such that 

R ’.y<R : 8, 

and the rest of the construction proceeds as before. 

We thus obtain the relation 

(F+ cone OLL') : {v + cone Oil') < R : 8. 

Now (v + cone Oil') < 8. 

Therefore (^+ cone OLL') < R;. 

which is impossible, by Prop. 40, Cor. 2 combined with Props. 
42, 43. 

Since then 8 is neither greater nor less than R, 

8 = R. 


* Of. note on Prop. 34, p. 42.. 
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“ Abchimedes to Dositheus greeting. 

On a former occasion jou asked me to write out the proofs of 
the problems the enunciations of which I had mjself sent to 
Conon. In point of fact they depend for the most part on the 
theorems of which I have already sent you the demonstrations, 
namely (1) that the surface of any sphere is four times the 
greatest circle in the sphere, (2) that the surface of any 
segment of a sphere is equal to a ciicle whose radius is equal 
to the straight line drawn from the vertex of the segment to 
the circumference of its base, (3) that the cylinder whose base 
is the greatest circle in any sphere and whose height is equal 
to the diameter of the sphere is itself in magnitude half as 
large again as the sphere, while its surface [including the two 
bases] is half as large again as the surface of the sphere, and 
(4) that any solid sector is equal to a cone whose base is the 
circle which is equal to the surface of the segment of the sphere 
included in the sector, and whose height is equal to the radius 
of the sphere. Such then of the theorems and prohleros as 
depend on these theorems I have written out in the book 
which I send herewith ; those which are discovered by means 
of a different sort of investi^tion, those namely which relate 
to spirals and the conoids, I will endeavour to send you soon. 
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The first of the problems was as follows : Qiven a sphere, to 
find a plane area equal to the surface of the sphere. 

The solution of this is obvious from the theorems aforesaid. 
For four times the greatest circle in the sphere is both a plane 
area and equal to the surface of the sphere. 

The second problem was the following.” 

Proposition 1. (Problem.) 

Qiven a cone or a cylinder, to find a sphere equal to the cone 
or to the cylinder. 

If Y be the given cone or cylinder, we can make a cylinder 
equal to fF. Let this cylinder be the cylinder whose base 
is the circle on AB as diameter and whose height is OD. 

Now, if we could make another cylinder, equal to the 
cylinder (OD) but such that its height is equal to the diameter 
of its base, the problem would be solved, because this latter 
cylinder would be equal to |F, and the sphere whose diameter 
is equal to the height (or to the diameter of the base) of the 
same cylinder would then be the sphere required [I. 34, Cor.]. 



Suppose the problem solved, and let the cylinder (GQ) be 
equal to the cylinder (OD), while EF, the diameter of the base, 
is equal to the height GQ. 
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Then, since in eqaal cylinders the heights and bases are 
reciprocally proportional, 

AB'-.EF'^CQ.OB 

= EFi OB (1). 

Suppose MN to be such a line that 

EF*=AB.MN (2). 

Hence AB I EFc^EF-. MN. 

and, combining (1) and (2), we have 

AB'.MN=EF:OB, 
or AS ; EF= ME ; OB. 

Therefore AB BF ^ EF x MN ^ MN : OB, 

and EF, MN are two mean proportionals between AB, OB. 

The synthesis of the problem is therefore as follows. Tate 
two mean proportionals EF, MN between AB and OB, and 
describe a cylinder whose base is a circle on EF as diameter 
and whose height CO is equal to EF. 

Then, since 

AB : EF=>EF t MN=^ MN : OB. 
EF*=AB.MN, 

and therefore AB * : EF* «= AB : MN 

= EFi OB 
= CQiOB', 

whence the bases of the two cylinders (OB), (GO) are recipro- 
cally proportional to their heighta 

Therefore the cylinders are equal, and it follows that 
cylinder (CG)= JF. 

The sphere on EF as diameter is therefore the sphere 
required, being equal to F. 
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Proposition 2. 

If BAB' he a segment of a sphet'e, BB' a diameter of the 
hose of the segment, and 0 the centre of the sphere, and if AA' 
be the diameter of the sphere bisecting BB' in M, then the volume 
of the segment is equal to that of a cone whose base is the same 
as that of the segment and whose height is h, where 

h-.AM=OA' + A'M:A'M. 

Measure MH along MA equal to h, and MS' along MA' 
equal to h', where 

h! ; A'M= OA+AM-. AM. 

Suppose the three cones constructed which have 0, H 
R' for their apices and the base {BB') of the segment for their 
common base. Join AB, A'B. 



Let (7 be a cone whose base is equal to the surface of the 
segment BAB' of the sphere, i.e. to a circle with radius equal 
to AB [I. 42], and whose height is equal to OA. 

Then the cone (7 is equal to the solid sector OBAB' [I. 44], 
Now, since RM : MA = OA' + A'M : A'M, 
dividendo, RA : AM = OA : A'M, 
and, alternately, RA : AO = AM : MA', 
so that 

RO : OA = AA' : A'M 
= AB^:BM' 

= (base of cone G) : (circle on BB' as diameter). 
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But Oji is equal to the height of the cone 0; therefore, since 
cones are equal if their bases and heights are reciprocally 
proportional, it follows that the cone 0 (or the solid sector 
OBAB^ is equal to a cone whose base is the circle on BB' as 
diameter and whose height is equal to Off. 

And this latter cone is equal to the sum of two others 
having the same hase and with heights Oif, M3, i.e. to the 
solid rhombus OBBff. 

Hence the sector OBAff is equal to the rhombus OBffff. 

Ihking aAvay the common part, the cone OBff, 
the segment BAff = the cone EBR. 

Similarly, hy the same method, we can prove that 
the segment BA'R = the cone E'BR. 

Alternative proof of the latter properly. 

Suppose i? to be a cone whose base is equal to the surface 
of the whole sphere and whose height is equal to OA. 

Thus D is equal to the volume of the sphere. [L S3, 84] 

Now, since OA'-i-A'M-.A'M^EMtMA, 
dividendo and altemando, as before, 

OA-.AH^A'M.MA. 

Again, since ff'M : i!A' ** OA + AM : AM, 

S' A ' : OA = A’M : MA 

= OA : Aff, from above. 


Componendo, II’O : OA = Off : SA (1). 

Alternately, E'O lOff—QA’. AH (2), 

and, componendo, HE ' : HO » Off ; SA, 

^ff'O : OA, from (1), 

whence EH ' . OA = H'O . OS (3). 

Next, since H'O : OH e= OA : AS, by (2), 

^A'M'.MA. 


(H'O + Off )* : H'0.0ff^(A'M+ MA )* : A'M.MA, 
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whence, by means of (3), 

EE ''‘ : EE' . OA = AA '^ : A'M. MA, 
or EE ' : OA = AA ’* : 

Now the cone B, which is equal to the sphere, has for ifs base 
a circle whose radius is equal to AA', and for its height a line 
equal to OA. 

Hence this cone B is equal to a cone whose base is the circle 
on BB' as diameter and whose height is equal to EE ' ; 

therefore the cone B = the rhombus EBE'B', 
or the rhombus EBE'B' = the sphere. 

But the segment BAB' = the cone EBB ' ; 

therefore the remaining segment = the cone E'BB'. 

Cor. The segment BAB' is to a cone with the same base and 
equal height in the ratio of OA' + A'M to A'M. 

Proposition 3. (Problem.) 

To cut' a given sphere by a plane so that the surfaces of the 
segments may have to one another a given ratio. 

Suppose the problem solved. Let AA' be a diameter of a 
great circle of the sphere, and suppose that a plane perpendicular 
to AA' cuts the plane of the great circle in the straight 



line BB', and AA' in M, and that it divides the sphere so that 
the surface of the segment BAB' has to the surface of the 
segment BA'B' the given ratio. 


62 


ARCHDIECES 


Now these surfaces are respectively equal to circles with 
radii equal to AB, A'B [I. 42, 43J. 

Hence the ratio AB * : A'B* is equal to the given ratio, i.e. 
am is to MA' in the ^ven ratio. 

Accordingly the synthesis proceeds as follows. 

If JT : .2" be the given ratio, divide AA' in so that 
AUxMA' = H-.K. 

Then AM : MA‘=AB* : A’B* 

= (circle with radius AB ) : (circle with radius A'B) 

=» (surfece of segment BAB ') : (surface of segment BA'B'). 
Thus the ratio of the surfaces of the segments is equal to 
the ratio H : K. 


Proposition 4. (Problem.) 

To cut a given sphere hy a plane so that the volumes of the 
segments are to one another in a given ratio. 

Suppose the problem solved, and let the required plane cut 
the great circle ABA' at right angles in the line BB'. Iiet 
AA' be that diameter of the great circle which bisects BB' at 
right angles (in .21), and let 0 be the centre of the sphere. 



o 


Take S on OA produced, and S' on OA' produced, such 
that 

OA' + A'M : A'M « SM : MA, (1), 

and OA-\-AM:AM^H'M\MA' .(2). 

Join BE, B'E, BE', B'S'. 
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Then the cones HBB\ EBB' are respectively equal to the 
segments BAB', BA'B' of the sphere [Prop. 2]. 

Hence the ratio of the cones, and therefore of their altitudes, 
is given, i.e. 

HM : H'M = the given ratio (3). 

We have now three equations (1), (2), (3), in which there 
appear three as yet undetermined points ilf, H, H ' ; and it is 
first necessary to find, by means of them, another equation in 
which only one of these points (M) appears, i,e. we have, so to 
speak, to eliminate H, S'. 

How, from (3), it is clear that HE ' : H'M is also a given 
ratio ; and Archimedes’ method of elimination is, first, to find 
values for each of the ratios A'E ' ; E'M and HE ' : H'A' which 
are alike independent of E, E', and then, secondly, to equate 
the ratio compounded of these- two ratios to the known value 
of the ratio EE ' ; E'M. 

(a) To find such a value for A'E ' : E'M. 

It is at once clear from equation (2) above that 


A'E ' : E'M =^OA'.OA + AM (4). 

(6) To find such a value for EE ' : A'E'. 

From (1) we derive 

A'M : MA = OA' + A'M : EM 

= OA':AE (5); 

and, from (2), A'M : MA = E'M : OA -f AM 

= A'E': OA (6). 


Thus EA-.AO = OA ' : A'E', 

whence OE : OA' = OE' : A'E', 

or OE : OE' = OA' : A'E'. 

It follows that 

EE': OE'=OE' :A'E', 
or EE'.E'A'^OE-^. 

Therefore EE' : E'A' = OE '^ : E'A'^ 

= AA ''‘ : A'M^, by means of (6) 
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(c) To express the ratios A'B* : B'M and BB' : B'M more 
simply we make the following construction. Produce OA to D 
so that OA =AJ). (D will lie beyond B, for A'M >MA, and 
therefore, by (5), OA >AB.) 

Then A'B * : B'M ^OAzOA+AM 


^ADiDM (7). 

Now divide AD at E so that 

BB ’ ; B'M =AD.DE. (8). 


Thus, using equations (8). (7) and the value of BB ' : B'A' 
above found, we have 

ADxDE^BB'iB'M 

« {BB ' : B'A') . {A'B ' : B'M) 

= {A A '* : A'M^.{AD : DM). 

But AD'.DE^{DM-.DE).{A^‘^^‘ 

Therefore MDxDE^ A A '* : A'M* .(9V 

And D is given, since OA. Also AD ; DE (being equal 
to BB ' : B'M) is a given ratio. Therefore DE is given. 

Bence the problem reduces itadf to the problem of dividing 
A'D into tv:o parte at M so that 

MD : (a given length) « (a given area) : A'M*. 

Archimedes adds: "If the problem is propounded in this 
general form, it requires a hiopwfto^ [i.e. it is necessary to 
investigate the limits of possibility], but, if there be added the 
conditions subsisting in the present case, it does not require a 

tlOpKTflQ^!’ 

In the present case the problem is: 

Given a straight line A' A produced to D so that A' A = 2AD, 
and given a point E on AD, to cut AA' in a point M so that 
AA'*iA'M*=MD:DE. 

“And the analysis and synthesis of both problems will be 
given at the end*." 

The synthesis of the main problem will be as follows. Let 
.R : fif be the ^ven ratio, R being less than S. AA' being a 
* Bee the note foUornsg thia proportion. 
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diameter of a great circle, and 0 the centre, produce OA to D 
so that OA—AD, and divide J.D in so that 
AE: ED = R:S. 

Then cut .4, A' in ilf so that 

MD : BE = AA '^ ; A'M\ 

Through M erect a plane perpendicular to A A'; this plane 
will then divide the sphere into segments which will be to one 
another as R to S. 

Take H on A' A produced, and H' on AA' produced, so that 


OA' + A'M : A'M = HM : MA, (1), 

OA + AM-.AM= H'M : MA' (2). 

We have then to show that 


HM : ME' = R : S, or AE : ED. 

(o) We first find the value of HH ' : H'A' as follows. 
As was shown in the analysis (6), 

HH'.E'A'^OE'^, 

or EE' : E'A' = OE'^ : E'A'^ 

^AA'^-.A'M^ 

= MD : DE, by construction. 

(/9) Next we have 

E'A ' : H'M =OA:OA + A3I 
= AD : DM. 

Therefore EH ' : E'M = {EE ' : E'A') . {E'A' : E'M) 

= {MD:DE).{AD:DM) 

= AD:DE, 

whence EM : ME' = AE : ED 

= R: S. Q. E. D. 


Eote. The solution of the subsidiary problem to which the 
original problem of Prop. 4 is reduced, and of which Archimedes 
promises a discussion, is given in a highly interesting and 
important note by Eutocius, who introduces the subject with 
the followng explanation. 
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“He [Archimedes^ promised to give a solution of this 
problem at the end, but we do not find the promise kept in any 
of the copies. Hence we find that Dionysodorus too failed to 
light upon the promised discussion and, being unable to grapple 
with the omitted lemma, approached the original problem in a 
difi'erent way, which I sh^I describe later. Idiocies also ex- 
pressed in his work wept Trupmv the opinion that Archimedes 
made the promise but did not perform it, and tried to supply 
the omission himself. His attempt I shall also give in its 
order. It will however be seen to have no relation to the 
omitted discussion but to give, like Dionysodorus, a construction 
arrived at by a different method of proof On the other hand, 
as the result of unremitting and extensive research, I fonnd in 
a certain old book some theorems discussed which, although the 
reverse of clear owing to errors and in many ways faulty as 
regards the figures, nevertheless gave the substance of what I 
sought, and moreover to some extent kept to the Doric dialect 
affected by Archimedes, while they retained the names familiar in 
old usage, the parabola being called a section of a right-angled 
cone, and the hyperbola a section of an obtuse-angled cone; 
whence I was ted to consider whether these theorems might 
not in fact be what he promised he would give at the end. For 
this reason I paid them the closer attention, and, after finding 
great difficulty with the actual text owing to the multitude of 
the mistakes above referred to, I made out the sense gradually 
and now proceed to set it out, as well as I can, in more familiar 
and clearer language- And first the theorem will be treated 
generally, in order that what Archimedes says about the limits 
of possibility may be made clear; after which there will follow 
the special application to tbe conditions stated in his analysis 
of the problem.” 

The investigation which follows may be thus reproduced. 
The general problem is: 

Given two straight lines AB^ AO and an area D, to divide 
AB at -Jf so that 


AMiAC^BiMBK 
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Analysis. 


Suppose M found, and suppose AG placed at right angles to 
AB. Join GM and produce it. Draw EBN through B parallel 
to AG meeting GM in N, and through G draw GHE parallel to 
AB meeting EBN in E. Complete the parallelogram GENE, 
and through M draw PMH parallel to AG meeting EN in P. 


Measure EL along EN so that 
GE.EL{prAB.EL) = D. 
Then, by hypothesis, 
AM:AG=GE.EL:MB\ 
And 

AM : AG GE : EN, 

by similar triangles, 

= GE.EL:EL.EN. 



It follows that PN^ = MB'* = EL . EN. 

Hence, if a parabola be described with vertex E, axis EN, and 
parameter equal to EL, it will pass through P\ and it will be 
given in position, since EL is given. 

Therefore P lies on a given parabola. 

Next, since the rectangles EE, AE are equal, 

EP .PE=AB.BE. 

Hence, if a rectangular hyperbola be described with GE, GE 
as asymptotes and passing through B, it will pass through P. 
And the hyperbola is given in position. 

Therefore P lies on a given hyperbola. 

Thus P is determined as the intersection of the parabola 
and hyperbola. And since P is thus given, M is also given. 

Now, since . AM :AG = D:MB\ 

AM.MB'‘ = AG.E. 

But AG. D is given, and it luill he proved later that the maonmum 
value of AM. MB* is that which it assumes when BM= 2AM. 
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Hence it is a necessary condition of the possibility of a 
solution that AC.D must not he greater than w 

^AB\ 


Synthesis. 

If 0 be such a point on AB that BO « 2AO, tve have seen 
that, in order that the solution may be possible, 

AC.D1^AO.OB\ 

Thus AC.D ia either equal to, or less than, AO. 0B\ 

(1) KAC.Ds^AO. OB', then the point Oitself solves the 
problem. 

(2) Let AC.D be less than AO. OB\ 

Place AC at right angles to AB. Join GO, and produce it 
to Jt. Draw EBR through B parallel to AC meeting CO in J?, 
and through C draw CE parallel 
to meeting in £1. Com* 
plete the parallelogram GBRF, 
and through 0 draw QOK parallel 
to AC meeting FR in Q and CE 
inK. 

Then, since 

AO.D<AO.OB\ 
measure RQ' along RQ so that 


P Q Q' R 


\ 


O / 





AG.D^AO.Q'R', 

or AOiAC^D:Q'R\ 

Measure EL along ER so that 

D^CE.EL (or AB , EL). 

Now, since AO ; AG^D: Q'R\hy h^'pothesia, 

= GE.EL:Q’R\ 

and ilO : ^<7 ; iSJJ, by similar triangles, 

^GE.ELiEL.ER, 


it follows that 


Q'R'^EL.ER, 
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Describe a parabola with vertex E, axis ER, and parameter 
equal to EL. This parabola will then pass through Q'. . 

Again, rect. FK = rect. AE, 

or FQ.qK = AB.BE\ 

and, if we describe a rectangular hyperbola with asymptotes 
GE, GF and passing through B, it will also pass through Q. 

Let the parabola and hyperbola intersect at P, and through 
P draw PMH parallel to AG meeting AB in M and GE 
in H, and GPN pai-allel to AB meeting GF in G and ER 
inN. 

Then shall M be the required point of division. 

Since PG .PH AB .BE, 

rect. GM — rect. ME, 
and therefore GMN is a straight line. 

Thus AB.BE = PG.PH = AM.EN (1). 

Again, by the property of the parabola, 

PN^==EL.EN, 

or MB^=^EL.EN (2). 

From (1) and (2) 

AM:EL = AB.BE -.MB^ 
or AM.AB'.AB.EL = AB.AG-.MB\ 

Alternately, 

AM. AB : AB.AG = AB.EL-. MB\ 
or AM -. AG = D '. MB\ 

Proof of Stopta'fji.6^. 

It remains to be proved that, if AB be divided at 0 so that 
BO = 2 AO, then AO. OB^ is the maximum value of AM . MB\ 

or AO.OB^>AM.MB\ 

where M is any point on AB other than 0. 
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Suppose that AO : AC ** CE. EL ' : OE*, 
so that AO . OB* GE.BL' . AG. 

Join CO, and produce it to J\r; 
draw EBN through B parallel 
to AC, and complete the paral- 
lelogram OBNF. 

Through 0 draw POH 
parallel to AC meeting FN 
in P and OE in H. 

With vertex E, axis EN, 
and parameter EL\ describe 
a parabola. This will pass 
through P, as shown in the 
analysis above, and beyond P 
will meet the diameter CP of 
the parabola in some point. 

Next draw a rectangular 
hyperbola with asymptotes CB, 

OF and passing through B. 

I This hyperbola will also pass 
through P, as shown in the 
analysis. 

Produce NE to T so that 
TE s= EE. Join TP meeting 
CE in Y, and produce it to 
meet OF in W. Thus TP will 
touch the parabola at P. 

Then, since BO = 2AO, 

TP = 2PW. 

And TP=2PY. 

Therefore P'Vr»=PY’. 

Since, then, TTP between the asymptotes is bisected at P, the 
point where it meets the hyperlwla, 

WY is a tangent to the hyperbola. 

Hence the hyperbola and parabola, having a common tangent 
at P, touch one another at P. 
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Now take any point M on AB, and through M draw QMK 
parallel to J.C? meeting the hyperbola in Q and CE in K, 
Lastly, draw GqQR through Q parallel to AB meeting GF in G, 
the parabola in q, and EE in B. 

Then, since, by the property of the h3^erbola, the rectangles 
GE, AE are equal, GMR is a straight line. 

By the property of the parabola, 

qR^^^EL'.ER, 

QR^kEL'.ER. 

QR'‘ = EL.ER, 

AM:AC=GE:ER 

= GE.EL:EL.ER 
= GE.EL:QR^ 

= GE.EL ‘.MB\ 
AM.MB^=^GE.EL.AO. 
AM.MB^kGE.EL'.AG 
<AO.OB\ 

If AG.D< AO . OB^, there are two solutions because there 
will be two points of intersection between the parabola and the 
hyperbola. 

For, if we draw wth vertex E and axis EE a parabola 
whose parameter is equal to EL, the parabola will pass through 
the point Q (see the last figure) ; and, since the parabola meets 
the diameter GF beyond Q, it must meet the hyperbola again 
(which has GF for its asymptote). 

[If we put AB = a, BM—x, AG = g, and B = F, the pro- 
portion 

AMxAG^D-.ME^ 

is seen to be equivalent to the equation 

iF {a — x)~ Fc, 

being a cubic equation with the term containing x omitted. 

Now suppose EE, EG to be axes of coordinates, EE being 
the axis of y. 


so that 
Suppose 
and we have 


or 

Therefore 
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Then the parabola used in the above solution is the 
parabola 



and the rectangular hyperbola is 

y{a — «) = £K5, 

Thus the solution of the cubic equation and the conditions 
under which there are no positive solutions, or one, or two 
positive solutions are obtained by the use of tbe two conics.] 

[For the sake of completeness, and for their intrinsic interest, 
the solutions of the original problem in Prop. 4 given by 
Dionysodorus and Biocles are here appended. 

Dionysodorus’ solution. 

Let AA' be a diameter of tbe given sphere. It is required 
to find a plane cutting AA' at right angles (in a point M, 
suppose) so that the segments into which the sphere is divided 
are in a given ratio, as CD : DB. 

Produce A'A to F so that AF’^ OA, where 0 is the centre 
of the sphere. 



Draw AS perpendicular to AA* and of such length that 
FA:AB^CE-.ED. 
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and produce AH to K so that 

AK^ = FA.AH (a). 


With vertex F, axis FA, and parameter equal to AH 
describe a parabola. This will pass through K, by the equa- 
tion (a). 

Draw A'K' parallel to AK and meeting the parabola in K' ; 
and with A'F, A'K' as asymptotes describe a rectangular 
hyperbola passing through H. This hyperbola will meet the 
parabola at some point, as P, between K and K'. 

Draw PM perpendicular to AA' meeting the great circle in 
B, B', and from H, P draw HL, PR both parallel to AA' and 
meeting A'K' m L, R respectively. 

Then, by the property of the hyperbola, 

PR.PM = AH.HL, 
i.e. PM.MA' = EA.AA', 

or PM\AH = AA' xA'M, 

and PM^ : AH^ = AA'^ : A'M\ 

Also, by the property of the parabola, 

PM^^FM.AH, 
i.e. FM : PM = PM AH, 

or FM AH ^ PM* : AH^ 

= AA '* : A'J^P, from above. 

Thus, since circles are to one another as the squares of their 
radii, the cone whose base is the circle with A'M as radius and 
whose height is equal to FM, and the cone whose base is the 
circle with AA' as radius and whose height is equal to AH, 
have their bases and heights reciprocally proportional. 

Hence the cones are equal ; i.e., if we denote the first cone 
by the symbol c {A'M), FM, and so on, 

c{A'M), FM=c{AA'), AH 

Now c {AA'), FA : c {AA'), AH= FA : AH 

= GE : ED, by construction. 
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Therefore 

c(AA'). FA ; FM^ CE : EE {&). 

But (1) c sphere. [I. 34] 

(2) c{A'M), FM can be proved equal to the segment of 
the sphere whose vertex is A' and height A'M. 

For take G on AA' produced such that 
GM : MA' = FM:MA 

= OA+ A^f : AM. 

Then the cone GBB' is equal to the segment A'BB [Prop, 2]. 
And F3/ : Jl/Gf = A3/ : 3/A', by hypothesis, 

= B3/* : A'il/*. 

Therefore 

(circle with rad. BM ) : (circle with rad. A'M) 

» FM : MO, 

so that c (A '3/). FM « c (BM), MG 

=» the segment A'BB'. 

We have therefore, from the equation (^) above, 

(the sphere) : (segmt. A'BB') « CE : ED, 
whence (segmt. ABB') : (segmt. A'BB') » CD *. DE. 

Diodes* solatlon. 

Diodes starts, like Archimedes, from the property, proved in 
Prop. 2, that, if the plane of section cut a diameter AA' of the 
sphere at right angles in M, and if /f, H' be taken on OA, OA' 
produced respectively so that 

OA' + A'M : AM - HM : MA, 

OA-i-AM: AMr^ HM : MA', 

then the cones HBB', IFBB' arc respectively equal to the 
segments ABB', A'BB*. 
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Then, drawing the inference that 

EA : AM= OA ' : A'M, 
S' A' : A'M^ OA : AM, 



he proceeds to state the problem in the following form, slightly 
generalising it by the substitution of any given straight line for 
OA or OA'-. 

Given a straight line AA', its extremities A, A', a ratio G : D, 
and another straight line as AK, to divide AA! at M and to find 
two points H, S' on A' A and A A' produced respectively so that 
the foUovnng relations may hold simultaneously, 


G-.JD^HM :MH'\ (a), 

HA -.AM^AK-.A'M ■ (/3), 

H'A ' ; ^'ilf = AK ; ( 7 ). 

Analysis. 


Suppose the problem solved and the points M, H, H' all 
found. 

Place AK at right angles to AA', and draw A'K' parallel 
and equal to AK. Join KM, K'M, and produce them to meet 
K'A', KA respectively in E, F. Join KK', draw EG through 
E parallel to A' A meeting KF in G, and through M draw QMN 
parallel to AK meeting EG in Q and KK' in N. 

Now HA : AM = A'K' : A'M, by {fi), 

= FA : AM, by similar triangles, 
whence HA = FA. 

Similarly H'A' = A'E. 

Next, 

FA+AM-.A'K' + A'M = AM:A'M 

— + AM : EA' + A'M, by similar triangles. ’ 
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Therefore 

(/M + ^ J/) . {EA' + A'M ) « (KA + AM ) . {1CA*+A'M). 
Take iiJl along AH and A*R‘ along A'H' such that 
AR^A'R'^^AK. 


Then, since FA + AM «= HM, EA' + A'M = MU', we hare 

HM.MH‘==RM.MR' (5). 

(Thus, if jR falls between A and U, R' falls on the side of W 
remote from A', and vice versa.) 



^’ow C D = HM : MW, by hypothesis, 

= HM.MH' .MW* 

^RM.MR‘iMW*.hy{h). 

Measure MV along MU so that MV^f^A'M. Join A'V and 
pnxhicc it both ways. Dni%7 RP, R'P' perpendicular to RR' 
meeting A'V produceil in P, P* respectively. Then, the angle 
MA' V being half a right angle, PP' is given in position, ond, 
since R, R' are given, so arc 2\ P\ 

And, by parallels, 

P'V:PV--R'3r:MR. 
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Therefore PF.P'F: PF* = Pif . ilfP' : RM\ 

But PV^ = 2RM\ 

Therefore PF. P'V = 2RM . MR', 

And it was shown that 

RM.MR' ■.MH'^ = G:D. 

Hence PF. P'F : MH'^ = 2G:D. 

But ME' = A'M+ A’E= VM + MQ=^ QV. 

Therefore QF* ; PV.P'V = P : 2(7, a given ratio. 

Thus, if we take a line p such that 

P;2(7=p:PP'*, 

and if we describe an ellipse with PP' as a diameter and p as 
the corresponding parameter [= DD'^/PP' in the ordinary 
notation of geometrical conics], and such that the ordinates to 
PP' are inclined to it at an angle equal to half a right angle, 
i.e. are parallel to QV or AK, then the ellipse will pass 
through Q. 

Hence Q lies on an ellipse given in position. 

Again, since EE is a diagonal of the paralleloginm GE', 
GQ.QE^AA'.A'E'. 

If therefore a rectangular hyperbola be described with EG, 
EE' as asymptotes and passing through A', it -will also pass 
through Q. 

Hence Q lies on a given rectangular hyperbola. 

Thus Q is determined as the intersection of a given ellipse 

* There is a mistake in the Greek text here which seems to have escaped the 
notice of all the editors up to the present. The words are apa ■n-ofqtrta/icv, ur 
riiv A irpjs Ttv SivKaalav rnjt T, oOrus Tijv TT irpij oXXtjv rivd us Tijv 4", i.e. (with 
the lettering above) “ If we take a length p such that B •.20 = PP ' : p.” This 
cannot be right, because we should then have 

QY*;PF.P'r=PP':p, 

whereas the two latter terms should be reversed, the correct property of the 
ellipse being 

QP* ; PF. P'F =p : PP'. [Apollonius I. 21] 

The mistake would appear to have originated as far back as Entooius, but I 
think that Entooius is more likely to have made the slip than Diodes himself, 
because any intelligent mathematician would be more likdy to make such a slip 
in writing out another man’s work than to overlook it if made by another. 



78 


ARCHIUED^ 


and a given hyperbola, and is therefore given. Thus M is 
given, and H, H' can at once he found. 

S3nithesis. 

Place AA\ AK at right angles, draw A'K' parallel and 
equal to AK, and join KK'. 

Make AR (measured along A'A produced) and A'R' 
(measured along AA' produced) each equal to AK, anti 
through R, R' draw perpendiculars to RR'. 

Then through A' draw PP' making an angle (AA'P) with 
AA' equal to half a right angle and meeting the perpendiculars 
just drawn in P, P' respectively. 

Take a length p such that 

D-.^C=pxPF'>, 

and with PP' as diameter and p as the corresponding parameter 
describe an ellipse such that the ordinates to PP' are inclined 
to it at an angle equal to AA'P, i.e. are parallel to AK, 

With asymptotes KA, KK' draw a rectangular hyperbola 
passing through A'. 

Let the hyperbola and ellipse meet in Q, and from Q draw 
QMVK perpendicular to AA' meeting AA' in M, PP' in V 
and KK' in K. Also draw GQE parallel to AA' meeting AK, 
A'K' respectively in G, E. 

Produce KA, K'M to meet in F. 

Then, from the property of the hyperbola, 
6Q.QK=^AA'.A'K\ 

and, since these rectangles ore equal, KME is a straight line. 

Measure AS along AR equal to AF, and A'H' along A'R' 
equal to A'E. 

From the property of the ellipse, 

QViFV.F'V^p-.PP' 

= 2 ) : 2 ( 7 . 


Here too ibe Greek text repeats the eame error as that noted on p. 77. 
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And, by parallels, 

PV -.P'V^^RM -.R'M, 

or PV.P'V-.P’V^^^RM.MR' -.R'M^ 

while P'T^ = 2R'M\ since the angle RA'P is half a right 

angle. 

Therefore PV.P'V= 2RM . MR', 

whence Q F“ : 2RM. MR' = D:2G. 

But QV= EA' + A'M= MH'. 

Therefore RM.MR': ME''^ = C-.D. 

Again, by similar triangles, 

FA+AM-. K'A' + A'M= AM : A'M 

^KA + AM-.EA' + A'M. 

Therefore 

{FA + AM). {E A' + A'M) = {KA +AM). {K'A' + A'ilf) 
or EM. ME' = RM.MR'. 

It follows that 

EM.ME':ME'^ = G:D, 

or EM'.ME' = G:D (a). 

Also EA : AM = FA : AM, 

= A'K' : A'M, by similar 

triangles... (B), 


and 


E'A'-.A'M=^EA' :A'M 
= AK:AM . 


ij)- 


Hence the points M, E, E' satisfy the three given 
relations.] 


Proposition 5. (Problem.) 

To construct a segment of a sphere similar to one segment 
and equal in volume to another. 

Let ABB' be one segment whose vertex is A and whose 
base is the circle on BB' as diameter; and let DEF be another 
segment whose vertex is D and whose base is the circle on. EF 
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as diameter. Let AA', DD' be diameters of the great circles 
passing through BB\ BF respectively, and let 0, G be the 
respective centres of the spheres. 

Suppose it required to draw a segment similar to DBF and 
equal in volume to ABB'. 

Analysis. Suppose the problem solved, and let defhe the 
required segment, d being the vertex and ef the diameter of 
the base. I^et dd' be the diameter of the sphere which bisects 
ef at right angles, c the centre of the sphere. 




Let Jlf, Q, g be the points where BB\ EF, ef are bisected 
at right angles by AA', i)D', dd' respectively, and produce OA, 
CD, cd respectively to R, K, k, so that 

0A'->rA'M : A'Jf = HM : MA 
GD'-\-I>'GiD'O=K0iQI} , 
cd' +d'g id'g^ kg : gd 

and suppose cones formed with vertices M, K, k and with the 
same bases as the respective segments. The cones will then be 
equal to the segments lApectively [Prop. 2], 

Therefore, by hypothesis, 

the cone RBB' = the cone kef. 
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Hence 

(circle on diameter BB') : (circle on diameter ef) = hg : HM, 
so that SB '" : ef^ = kg: MM (1). 


But, since the segments DEF, def are similar, so are the" 
cones KEF, kef. 

Therefore KG : EF=kg : ef. 

And the ratio KG : EF is given. Therefore the ratio kg : ef 
is given. 

Suppose a length B taken such that 

kg : ef^ MM : B (2). 

Thus B is given. 

Again, since kg : MM = BB'* : ef' — ef : B, by (1) and (2), 
suppose a length S taken such that 

ef'==BB'.S, 

or BB'*:e/* = BB':B. 

Thus BB' : ef= ef:S=8:R, 

and ef, S are two mean proportionals in continued proportion 
between BB', B. 

Ssrnthesls. Let ABB', DEF be great circles, AA', DD' 
the diameters bisecting BB', EF at right angles m M, G 
respectively, and 0, G the centres. 

Take M,K m the same way as before, and construct the 
cones MBB', KEF, which are therefore equal to the respective 
segments ABB', DEF. 

Let B be a straight line such that 

KG:EF^MM:R, 

and between BB', B take two mean proportionals ef, S. 

On ef as base describe a segment of a circle with vertex d 
and similar to the segment of a circle DEF. Complete the 
circle, and let dd' be the diameter through d, and c the centre. 
Conceive a sphere constructed of which def is a great circle, 
and through ef draw a plane at right angles to dd'. 
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Then shall defhQ the required segment of a sphere. 

For the segments DBF, def of the spheres are similar, like 
the circular segments DEF, def. 

Produce cd to k so that 

cd' + d'g : d'g ^ kg : gd. 

The cones KEF, kef are then similar. 

Therefore kg:ef^ KQ : EF^ HM : R, 
whence kg-.HM~ef:R. 

But, since BB', ef, S, R ore in continued proportion, 
BB''xe/*=‘BB'‘.S 
=^e/:R 
^ kg iff if. 

Thus the bases of the cones ffBB', kef are reciprocally 
proportional to their heights. The cones are therefore equal, 
and def is the segment required, being equal in volume to the 
cone kef. [Prop. 2] 


Proposition 6. (Problem.) 

Given two segments of spheres, to find a third segment of a 
sphere similar to one of ike given segments and having its 
surface equal to that of ike other. 

Bet ABB' he the segment to whose surface the surface of 
the required segment is to be equal, ABA'B' the great circle 
whose plane cuts the plane of the base of the segment ABB’ at 
right angles in BB'. Let AAi be the diameter which bisects 
BB' at right angles. 

Let DEF be the segment to which the required segment 
is to be similar, DffD'F the great circle cutting the base of the 
segment at right angles in EF. Let DD' be the diameter 
bisecting EF at right angles in G. 

Suppose the problem solved, def being a segment similar 
to DEF and having its surface equal to that of ABB’', and 
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complete the figure for def as for DEF, corresponding points 
being denoted by small and capital letters respectively. 



Join AB, DF, df. 

Now, since the surfaces of the segments def, ABB' are equal, 
so are the circles on df, AB as diameters ; [L 42, 43] 

that is, df= AB. 

From the similarity of the segments DEF, def we obtain 
d'd : dg = D'D DQ, 
and dg : df= DG : DF-, 

whence d'd : df= D'D : DF, 

or d'd : AB = D'D : DF. 

But AB, D'D, DF are all given ; 

therefore d'd is given. 

Accordingly the synthesis is as follows. 

Take d'd such that 

d'd:AB = D'D:DF. (1). 

Describe a circle on d'd as diameter, and conceive a sphere 
constructed of which this circle is a great circle. 
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Divide d'd at g so that 

d*g : gd = D'O : OD, 

and draw through g a plane perpendicular to d'd cutting o£f 
the segment de/o! the sphere and intersecting the plane of the 
great circle in e/. The s^mcnts de/, DEF are thus similar, 
and dg-.d/=DO:DF. 

But from above, comp&nendo, 

d'd idg^ D'D : DG. 

Therefore, ex oeguaZi, d’d : df *= D'D ; DF, 
whence, by (1), df= AD. 

Therefore the segment d^ has its surface equal to the 
surface of the segment ADD [I. 42, 43], while it is also similar 
to the segment DEF. 

ProposlUoti 7. (Problem.) 

From a given sphere to cutoff a segment hy a plane so that 
the segment may have a givenratio to the cone which has the same 
base as the segment and equal height 

Let AA' be the diameter of a great circle of the sphere. 
It is required to draw a plane at right angles to AA' cutting 
off a segment, as ABB', such that the segment ABB' has to 
the cone ABB' a given ratio. 

Analysis. 

Suppose the problem solved, and let the plane of section 
cut the plane of the great circle in BB', and the diameter 
AA' in M. Let 0 be the centre of the sphere. 

D 


.( 1 ). 



OA' + ^'Jlf : .d'ilf =HMiMA. 
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Thus the cone EBB' is equal to the segment ABB'. [Prop. 2] 

Therefore the given ratio must be equal to the ratio of the 
cbne EBB' to the cone ABB', i.e. to the ratio EM : MA. 

Hence the ratio OA' + A'M : A'M is given ; and therefore 
A'M is given. 

h bo p i<7 (LO';. 

Now OA' ■.A'M>OA' -.A'A, 

so that OA' + A'M ; A'M > OA' + A'A : A'A 

>3 : 2. 

Thus, in order that a solution may he possible, it is a 
necessary condition that the given ratio must be greater than 
3 : 2. 

The s3^thesis proceeds thus. 

Let AA' be a diameter of a great circle of the sphere, 0 the 
centre. 

Take a line DE, and a point F on it, such that EE : EF is 
equal to the given ratio, being greater than 3 : 2. 

Now, since OA' + ^A : A'A = 3:2, 

DE-.EF> OA! + A'A : A'A, 
so that EF:FE> OA ' : A'A. 

Hence a point M can be found on AA' such that 

DF:FE^OA' :A'M. (2). 

Through M draw a plane at right angles to AA' intersecting 
the plane of the great circle in BB', and cutting off from the 
sphere the segment ABB'. 

As before, take E on OA produced such that 
OA' + A'M : A'M = EM -. MA. 

Therefore EM : MA = DE : EF, by means of (2). 

It follows that the cone EBB', or the segment ABB', is to 
the cone ABB' in the given ratio DE : EF. 
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Proposition 8. 

If a sphere be cut by a plane not passing through the centre 
into two segments A'BB', ABB', of which A'BB' is the greater, 
then the ratio 

(segmt. A'BB') : (segmi. ABB') 

< {surface of A'BB "^ : {surface of ABB'y 
but > {surface of A'BB''f : {surface of AB'S'^*. 
Let the plane of section cut a great circle A'BAB' at right 
angles in BB', and let AA' be the diameter bisecting BS at 
right angles in Jf. 


Let 0 be the centre of tbe sphere. 
Join A'B, AB. 



so that 

OA' + A'M : A'M = SM:MA (1), 

OA+AM-.AM= H'M-.MA' (2), 


and conceive cones drawn each with the same base as the two 
segments and with apices H, S' respectively. The cones are 
then respectively equal to the segments [Prop. 2], and. they 
are in the ratio of their heights JBjlf, H'M. 

Also 

(surface of : (surface of ABB')^ A'S : AB* [I. 42, 43] 

^A'MxAM. 

* Tbis is expressed in Archimedes' pbrsse by saying that the greater seg* 
roent has to the lesser a ratio “less than the dsplicate (dirX^iiu') of that which 
tbe surface of the greater segment baa to the aurface of the lesser, bat greater 
than the sesqoialterate (^/uoXiev) [of that ratio]." 
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We have therefore to prove 
(o) that E'M : MS < A'M ^ : MA\ 

(b) that E'M : ME > A'Mi : MAi. 

(а) From (2) above, 

A'M : AM= E'M : OA + AM 

= E'A ' ; OA', since OA = OA'. 

Since A'M > AM, E'A' > OA ' ; therefore, if we take K on 
E'A' so that OA' = A'K, K will fall between E' and A'. 

And, by (1), A'M : AM= KM : ME. 

Thus KM : ME = E'A' : A'K, since A'K = OA', 

> E'M : MK. 

Therefore E'M. ME < KM^. 

It follows that 

E'M. ME : ME^ < KM ^ : ME\ 
or E'M : ME < KM ^ : ME^ 

< A'M^ : AM\ by (1). 

(б) Since OA' = OA, 

A'M.MA<A'O.OA, 
or A'M ’. OA' < OA -. AM 

<E'A ' : A'M, by means of (2). 
Therefore A'M^<.E'A' . OA' 

< E'A' . A'K. 

Take a point N on A' A such that 

A' E'A'. A'K. 

Thus E'A ' : A'K = A'N^ : A'K^ (3). 

Also E'A ' : A'N = A'N : A'K, 

and, componendo, 

E'E:A'E=EK:A'K, 

A'E * : A'AT* = E'lT : EK\ 


whence 
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Therefore, bj (3), 

E'A'iA'K^S'irzirir. 

Now S‘M:iIK>H'NiNK. 

Therefore H'M* : MK*> S' A ' : A'K 
>H'A' : OA' 

> A'M : SA, by (2), as above, 

> OA' + A'il : MB, by (1), 
>KM:MS. 

Hence B'M* : ifH* : MJT) . (JOf* : MB*) 
>(KM: MS).{KM*:MB^. 

It follows that 

B’M:MS>KMi:MBi 

>A'M^:AM*,hj(l). 

[The text of Archimedes adds an altercstive proof of this 
proposition, which is here omitted because it is in fact neither 
clearer not shorter than the above.] 


Proposition 9. 

0/ all ae/jTnmts of spheres vshich. have equal surfaces the 
hemisphere is the greatest in volume. 

Let ABA'B' be a great circle of a sphere, AA' being 
a diameter, and 0 the centre. Let the sphere be cut by 
a plane, not passing through 0, perpendicular to AA' (at 3/), 
and intersecting the plane of the great circle in BB'. The 
segment ABB' may then be either less than a hemisphere as 
in Fig. 1, or greater than a hemisphere as in Fig. 2. 

Let BED’E’ be a great circle of auotber sphere, BB' 
being a diameter and C the centre. Let the sphere be cut by 
a plane through 0 perpendicular to BB' and intersecting the 
plane of the great circle in the diameter EE', 
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Suppose the surfaces of the Segment ABB and of the 
hemisphere BEE' to he equal. 



P ^ AM M BO 

V ^ 





Since the surfaces are equal, AB = BE, [I. 42, 43] 

Now, in Fig. 1, AB^ > 2AM^ and < 2A0^, 
and, in Fig. 2, AB* < 2AM* and > 2.40*. 

Hence, if R he taken on AA' such that 
AM*=^iAB*, 

R will fall between 0 and M. 

Also, since AB* = BE*, AR = GB. 

Produce OA' to K so that OA' = A'K, and produce A' A to 
H so that 

A'K:A'M = HA:AM, 

or, componendo, A'K -i-A'M: A'M = SM : MA (1); 

Thus the cone SBB' is equal to the segment ABB'. 

[Prop. 2] 

Again, produce OB to F so that 0B = BF, and the cone 
FEE' will be equal to the hemisphere BEE'. ■ [Prop. 2] 

Now AR.RA'>AM.MA', 

and AR* = ^AB* = ^AM. A A' = AM . A'K. 
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Hence 

AB . BA' + BA*>Ai[. If A' + AM. A'K, 
or AA',AR>AM.MK 

>EM.A’M, by (1). 

Therefore AA' A'M > HM‘. AR, 
or AB'iBM'>nMiAR, 

ie. AB* BM* > HM.: iAR, iincQ AB* >^%AR}, 

>SM:GF. 

Thus, since AR = GD, or GE^ 

(circle on diam. EE‘) : (circle on diam. BB') > HM : CF. 

It follows that 

(the cone FES') > (the cone EBB'), 
and therefore the hemisphere DEE' is greater in Tolume than 
the segment ABB'. 



MEASUREMENT OF A CIRCLE. 


Propositiou 1. 

The area of any circle is equal to a right-angled triangle in 
which one of the sides about the right angle is equal to the radius, 
and the other to the circumference, of the circle. 

Let ABGD be the given circle, K the triangle described. 



Then, if the circle is not equal to K, it must he either 
greater or less. 

L If possible, let the circle be greater than K. 

Inscribe a square ABGD, bisect the arcs AB, BG, GD, DA, 
then bisect (if necessary) the halves, and so on, until the sides 
of the inscribed polygon whose angular points are the points of 
division subtend segments whose sum is less than the excess of 
the area of the circle over K. 
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Thus the area of the polygon is greater than K. 

Let AE be any side of it, and ON the perpendicular on AE 
from the centre 0. 

Then ON is less than the radius of the circle and therefore 
less than one of the sides ahont the right angle in K. Also the 
perimeter of the polygon is less than the circumference of the 
circle, i.e. less than the other side about the right angle in K. 

Therefore the area of the polygon m less than K \ which is 
inconsistent with the hypothesis. 

Thus the area of the circle is not greater than K. 

H. If possible, let the circle he less than K. 

Circumscribe a square, and let two adjacent sides, touching 
the circle in E, E, meet in T. Bisect the arcs between adjacent 
points of contact and draw the tangents at the points of 
bisection. Let A be the middle point of the arc EH, and FAQ 
the tangent at A. 

Then the angle TAG is a right angle. 

Therefore TO > OA 

>GH. 

It follows that the triangle FTO U greater than half the area 
TEAS. 

Similarly, if the arc AS he bisected and the tangent at the 
point of bisection be dra^vn, it will ent off from the area GAH 
more than one-half. 

Thus, by continuing the process, we shall ultimately arrive 
at a circumscribed polygon such that the spaces intercepted 
between it and the circle ate together less than, the exce^ of 
K over the area of the circle. 

Thus the area of the polygon will be less than K. 

I^ow, since the perpendicular from 0 on any side of the 
polygon is equal to the radius of the circle, while the perimeter 
of the polygon is greater than the circumference of the circle, 
it follows that the area of the polygon is greater than the 
triangle K ; which is imposrible. 
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Therefore the area of the circle is not less than K. 

Since then the area of the circle is neither greater nor less 
than K, it is equal to it. 

Proposition 2. 

The area of a circle is to the square on its diameter as 11 
to 14. 

[The text of this proposition is not satisfactoiy, and Archi- 
medes cannot have placed it before Proposition 3, as the 
approximation depends upon the result of that proposition.] 


Proposition 3. 

The ratio of the circumference of any circle to its diameter 
is less than 3f hut greater than 

[In view of the interesting questions arising out of the 
arithmetical content of this proposition of Archimedes, it is 
necessary, in reproducing it, to distinguish carefully the actual 
steps set out in the text as we have it from the intermediate 
steps (mostly supplied by Eutocius) which it is convenient to 
put in for the purpose of making the proof easier to follow. 
Accordingly all the steps not actually appearing in the text 
have been enclosed in square brackets, in order that it may be 
clearly seen how far Archimedes omits actual calculations and 
only gives results. It will be observed that he gives two 
fractional approximatio'ns to V3 (one being less and the other 
greater than the real value) Avithout any explanation as to how 
he arrived at them ; and in like manner approximations to the 
square roots of several large numbers which are not complete 
squares are merely stated. These various approximations and 
the machinery of Greek arithmetic in general will be found 
discussed in the Introduction, Chapter IV.] 

I. Let AB be the diameter of any circle, 0 its centre, AG 
the tangent at A ; and let the angle A OG be one-third of a 
right angle. 
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Then OA : AGl ^ 265 : 153 (1), 

and 0(7: 04 [=2:1] = 306 : 163 (2). 

First, draw OB bisecting the angle AOG and meeting AC 
in D. 

Now COiOA = CBiDA, [Eucl. VI. 3] 

so that [CO + OA : OA = OA ; BA, or] 

CO^OAiCA=OA‘.AB. 

Therefore [by (1) and (2)] 

04 :4D>571 : 153 (3). 

Hence OH*: 4i)*[=(04’+4i)*) : 4H* 

>(571*+ 163*): 163*] 

> 349450 : 23409, 

so that 0DxDA> 59IJ : 153 (4). 



Secondly, let OE bisect the angle 4 OH, meeting 4I> in E. 
[Then BO : OA^BE : EA, 
so that BO+OA : BA = 04 : AE.] 

Therefore 04 ; AE[> (591^ + 671) : 163, by (3) and (4)] 
>1162^:153 (5). 



MEASUREMENT OF A CIRCLE. 


95 


[It follows that 

OE ^ : EA^ > {(1162|)' + 153*} : 153* 

> (135053411 + 23409) : 23409 

> 1373943f| : 23409.] 

Thus OE :EA> 1112^: 153 (6). 

Thirdly, let OF bisect the angle A OE and meet AE in F. 

We thus obtain the result [corresponding to (3) and (5) 
above] that 

** 4-nr* •* m 


OA : (1162^ +1172^) : 153] 

>2334J: 153 (7). 

[Therefore OF ^ : FA^ > {(2334^)* + 153*} : 153* 

> 54721323 !^ : 23409.] 

Thus OF : FA > 2339^ : 153 (8). 


Fourthly, let 00 bisect the angle AOF, meeting in G. 

We have then 

OA : dL(? [> (2334 J + 2339 J) : 153, by means of (7) and (8)] 
>4673^ : 153. 

^ Now the angle 0(7, which is one-third of a right angle, 
has been bisected four times, and it follows that 

J-OO = ^ (a right angle). 

Make the angle AOH on the other side of 0.4 equal to the 
angle AOQ, and let OA produced meet OH in H. 

Then Z OOH = ^ (a right angle). 

Thus OH is one side of a regular polygon of 96 sides cir- 
cumscribed to the given circle. 

And, since 04 : AG > 4673J : 153, 
while AB = 204, OH = 24 0, 

it follows that 

AB : (perimeter of polygon of 96 sides) [> 4673J : 153 x 96] 

>46731 : 14688. , 
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1468S 

4673i“ 


3+ 


667 ^ 

4673i 




< 8 }. 

Therefore the circumference of the drcle (being lesa than 
the perimeter of the polygon) is a fortiori less than 3f times 
the diameter AB. 


II. Next let AB be the diameter of a circle, aad let AC, 
meeting the circle in G, make the angle CAB equal to one-third 
of a right angle. Join BC. 

Then : C5[=V3 1]<I35I : 780. 

First, let AL bisect the angle BAG and meet BG in d and 
the circle in D. Join BD. 


Then ^BAD^^AdAC 

=>AdBD. 

and the angles at i), ^ &re both right angles, 

It follows that the triangles ADB, [ACd\, BDd are similar. 



= ABiBd [EucLTI.3J 

“ AB + AG : Bd + Cd 
>=AB-\-AG:BC 
BA-^AG’.BG^ABiBB. 
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[But AG : CB< 1351 : 780, from above, 
while BA : BO =2:1 

= 1660 : 780.] 

Therefore AB :DB< 2911 : 780 (1). 

[Hence AB ^ : BD^ < (2911" + 780") : 780* 

< 9082321 ; 608400.] 

Thus AB:BD< 3013^ : 780 (2). 


Secondly, let AE bisect the angle BAD, meeting the circle 
in E ; and let BE be joined. 

Then we prove, in the same way as before, that 
AE : EB [= BA + AD : BD 

< (30131 + 2911) : 780, by (1) and (2)] 

< 59241 : 780 

< 59244 X : 780 x 

< 1823 : 240 (3). 

[Hence AB ’‘ : BE^ < (1823* + 240") : 240* 

< 3380929 : 57600.] 

Therefore AB : BE < 1838^ : 240 (4). 

Thirdly, let AF bisect the angle BAE, meeting the circle 
in F. 

’ Thus AF : FB [= BA + AE ; BE 

< 3661^ : 240, by (3) and (4)] 

< 3661tBj- X : 240 X ^ 


< 1007 : 66 (5). 

[It follows that 

AB^ : BF^ < (1007" + 66") : 66" 

< 1018405 : 4356.] 

Therefore AB : BF< 1009^ : 66 (6). 


Fourthly, let the angle BAF be bisected by meeting the 
circle in G. 

Then AG : GB [= BA+AF: BF] 

< 2016^ : 66, by (5) and (6). 
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[And A£^ : BG* < [(2016^)* + 66*} : 66* 

< 4069284^ ; 4356.] 

Therefore AB : BG < 2017^ : 66, 

whence BG : AB > 66 : 2017^ (7). 

[Now the angle BAG which is the result of the fourth bisection 
of the angle BAG, or of one-third of a right angle, is equal to 
one-fortyeighth of a right angle. 

Thus the angle subtended by BG at the centre is 
A (a right angle).] 

Therefore BG is a aide of a regular inscribed polygon of 96 
sides. 


It follows from (7) that 


(perimeter of polygon) : AB [> 96 x 66 : 2017^] 


And 


> 6336 : 2017J. 


6336 

2017 ^^ 


>m- 


Much more then is the circumference of the circle greater than 
times the diameter. 

llius the ratio of the circumference to the diameter 


< 3f but > 3}^. 
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Introduction*. 

“Archimedes to Dositheus greeting. 

In this book I have set forth and send you the proofs of the 
remaining .theorems not included in what I sent you before, and 
also of some others discovered later which, though I had often 
tried to investigate them previously, I had failed to anive at 
because I found their discovery attended with some difficulty. 
And this is why even the propositions themselves were not 
published with the rest. But afterwards, when I had studied 
them with greater care, I discovered what I had failed in 
before. 

Now the remainder of the earlier theorems were propositions 
concerning the right-angled conoid [paraboloid of revolution] ; 
but the discoveries which I have now added relate to an obtuse- 
angled conoid [hyperboloid of revolution] and to spheroidal 
figures, some of which, I call oblong (jirapafiaKea) and others flat 
{eTTiTTKaTea). 

I. Concerning the right-angled conoid it was laid down 
that, if a section of a right-angled cone [a parabola] be made to 
revolve ■ about the diameter [axis] which remains fixed and 

* The whole of this introductory matter, including the definitions, is trans- 
lated literally from the Greek text in order that the terminology of Archimedes, 
may be faithfully represented. When this has once been set out, nothing will 
be lost by returning to modern phraseology and notation. These will accordingly 
be employed, as usual, when we come to the actual propositions of the treatise. 



100 


ARCHIMEDES 


retam to the position from which it started, the figure compre- 
hended hy the section of the right-angled cone is called a right- 
angled conoid, and the diameter which has remained fixed 
is called ita azis, while its vertex is the point in which the 
axis meets (Sirrrrot) the svurface of tive conoid. And if .a plane 
touch the right-angled conoid, and another plane drawn parallel 
to the tangent plane cat off a segment of the conoid, the base 
of the segment cat off is defined as tbs portion intercepted by 
the section of the conoid on the cutting plane, the vertex 
[of the segment] as the point in which the first plane tonches 
the conoid, and the axis [of the segment] as the portion cut 
off within the segment from the line drawn through the vertex 
of the segment parallel to the axis of the conoid. 

The questions propounded for consideration were 

(1) why, if a segment of the right-angled conoid be cat off 
by a plane at right angles to the axis, will the segment so cut 
off be half as large again as the cone which has the same base 
as the segment and the same axis, and 

(2) why, if two segments be cut off from the right-angled 
conoid by planes drawn in any manner, will tbe segments so cut 
off have to one another the duplicate ratio of their axes. 

II. Bespecting the cemotd we lay down the 

following premisses. If there be in a plane a section of an 
obtuse-angled cone [a hyperbola], its diameter [axis], and the 
nearest lines to the section of the obtuse-angled cone [«.e. the 
asymptotes of the hyperbola], and if, tbe diameter [axis] 
remaining fixed, tbe plane containing the aforesaid lines be 
mode to revolve about it and return to the position from which 
it started, the nearest lines to the section of the obtuse-angled 
cone [the asymptotes] will clearly comprehend an isosceles cone 
whose vertex will be the point of concourse of the nearest lines 
and whose axis will be the diameter [axis] which has remained 
fixed. The figure wmprehended. by the section of the obtiwe- 
angled cone is called an obtnse-aogled conoid [hyperboloid of 
revolution], its axis is the diameter which has remained fixed, 
and its vertex the point in which the axis meets tbe surface 
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of the conoid. The cone comprehended by the nearest lines to 
the section of the obtuse-angled cone is called [the cone] 
enveloping the conoid (Trepiex^^v to KavoeiBi';}, and the 
straight line between the vertex of the conoid and the vertex 
of the cone enveloping the conoid is called [the line] acOacent 
to the axis (iroTeoOo-a tw a^ovi). And if a plane touch the 
obtuse-angled conoid, and another plane drawn parallel to the 
tangent plane cut ofif -a segment of the conoid, the base of 
the segment so cut oflF is defined as the portion intercepted by 
the section of the conoid on the cutting plane, the vertex [of 
the segment] as the point of contact of the plane which touches 
the conoid, the axis [of the segment] as the portion cut off 
TOthin the segment from the line drawn through the vertex of 
the segment and the vertex of the cone enveloping the conoid ; 
and the straight line between the said vertices is called 
adjacent to the axis. 

Right-angled conoids are all similar; but of obtuse-angled 
conoids let those be called similar in which the cones enveloping 
the conoids are similar. 

The following questions are propounded for consideration, 

(1) why, if a segment be cut off from the obtuse-angled 
conoid by a plane at right angles to the axis, the segment so 
cut off has to the cone which has the same base as the segment 
and the same axis the ratio which the line equal to the sum 
of the axis of the segment and three times the line adjacent 
to the axis bears to the line equal to the sum of the axis of 
the segment and twice the line adjacent to the axis, and 

(2) why, if a segment of the obtuse-angled conoid be cut 
off by a plane not at right angles to the axis, the segment so 
cut off will bear to the figure which has the same base as 
the segment and the same axis, being a segment of a cone* 
(airoT/iafia Kmvov), the ratio which the line equal to the sum 
of the axis of the segment and three times the line adjacent 
to the axis bears to the line equal to the sum of the axis of the 
segment and twice the line adjacent to the axis. 

* A. tegtnetU of a cone is defined later (p. 104). 
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III. Conceming spheroidal figures we lay down the follow- 
ing premisses. If a section of an acute-angled cone [ellipse] be 
made to revolve about the greater diameter [major axis] which 
remains fixed and return to the position from which it started, 
the figure comprehended by the section, of the acute-angled 
cone is called an oblong spheroid (^apa/ta/ce^ <r^atpoeiSh) 
But if the section of the acute-angled cone revolve about the 
lesser diameter [minor axis] which remains fixed and return 
to the position from which it started, the figure comprehended 
by the section of the acute-angled cone is called a flat spheroid 
In either of the spheroids the axis 
is defined as the diameter [axis] which has remained fixed, the 
vertex as the point in which the axis meets the surface of the 
spheroid, the centre as the middle point of the axis, and the 
diameter as the line drawn through the centre at right angles 
to the axis. And, if parallel planes touch, without cutting, 
either of the spheroidal figures, and if another plane be drawn 
parallel to the tangent planes and cutting the spheroid, the 
base of the resulting segments is defined as the portion inter- 
cepted by the section of the spheroid on the cutting plane, their 
vertices as the points in which the parallel planes touch the 
spheroid, and their axes as the portions cut off within the 
segments from the straight line joining their vertices, And 
that the planes touching tbe spheroid meet its surface at one 
point only, and that the straight line joining the points of 
contact passes through the centre of the spheroid, we shall 
prove. Those spheroidal figures are called similar in which 
the axes have the same ratio to tbe ‘diameters.’ And let 
segments of spheroidal figures and conoids be called similar if 
they are cut off from similar figures and have their bases 
similar, while their a.xes, being either at right angles to the 
planes of the bases or making equal angles with the corre- 
sponding diameters [axes] of the bases, have the same ratio 
to one another as the corresponding diameters [axes] of the 
bases. 

The followng questions about spheroids are propounded for 
consideration, 

fl) why, if one of the spheroidal figures be cut by a plane 
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through the centre at right angles to the axis, each of the 
resulting segments will he double of the cone having the same 
base as the segment and the same axis ; while, if the plane of 
section be at right angles to the axis without passing through 
the centre, (a) the greater of the resulting segments will hear 
to the cone which has the same base as the segment and the 
same axis the ratio which the line equal to the sum of half the 
straight line which is the axis of the spheroid and the axis of 
the lesser segment bears to the axis of the lesser segment, and 
(b) the lesser segment bears to the cone which has the same 
base as the segment and the same axis the ratio which the line 
equal to the sum of half the straight line which is the axis 
of the spheroid and the axis of the greater segment bears to the 
axis of the greater segment ; 

(2) why, if one of the spheroids be cut by a plane passing 
through the centre but not at right angles to the axis, each of 
the resulting segments will be double of the figure having the 
same base as the segment and the same axis and consisting of a 
segment of a cone*. 

(3) But, if the plane cutting the spheroid be neither 
through the centre nor at right angles to the axis, (a) the 
greater of the resulting segments will have to the figure 
which has the same base as the segment and the same axis 
the ratio which the line equal to the sum of half the line 
joining the vertices of the segments and the axis of the lesser 
segment bears to the axis of the lesser segment, and (6) the 
lesser segment will have to the figure with the same base 
as the segment and the same axis the ratio which the line 
equal to the sum of half the line joining the vertices of the 
segments and the axis of the greater segment bears to the axis 
of the greater segment. And the figure referred to is in these 
cases also a segment of a cone*. 

When the aforesaid theorems are proved, there are dis- 
covered by means of them many theorems and problems. 

Such, for example, are the theorems 

(1) that similar spheroids and similar segments both of 


See the definition of a segment of a cow (diroTfiafta Kdvov) on p. 104. 
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spheroidal figures and conoids have to one another the triplicate 
ratio of their axes, and 

(2) that in equal spheroidal figures the squares on the 
' diameters ' are reciprocally proportional to the axes, and, if in 
spheroidal figures the squares on the ‘ diameters’ are reciprocally 
proportional to the axes, the spheroids are equal. 

Such also is the problem, From a given spheroidal figure 
or conoid to cut off a segment by a plane drawn parallel to a 
given plane so that the segment cut off is »^ual to a given cone 
or cylinder or to a given sphere. 

After prefixing therefore the theorems and directions (eTrt- 
T^ftara) which are necessary for the proof of them, I will 
then proceed to expound the propositions themselves to you. 
Farewell 

DEFIKmONS. 

If a cone be cut by a plane meeting all the aides [generators] 
of the cone, the section will be either a ciicle or a section of an 
acute'angled cone [an ellipse}. If then the section be a ciiele, 
it is clear that the segment cut off from the cone towards the 
same parts as the vertex of the cone will be a cone. But, if 
the section be a section of an acute-angled cone [an ellipse], let 
the figure cut off from the cone towards the same parts as the 
vertex of the cone be called a segment of a cone. Let the 
base of the segment be defined as the plane comprehended by 
the section of the acute-angled cone, its vertex as the point 
which is also the vertex of the cone, and its axis as the straight 
line joining the vertex of the cone to the centre of the section 
of the acute-angled cone. 

And if a cylinder be cut by two parallel planes meeting all 
the sides [generators] of the cylinder, the sections will be either 
circles or sections of acute-angled cones [ellipses] equal and 
similar to one another. If then the sections be circles, it is 
clear that the figure cut off from the cylinder between the 
parallel planes will be a cylinder. But, if the sections be 
sections of acute-angled cones [ellipses], let the figure cut off 
from the cylinder between the parallel planes be called a 
fimstum (rdftov) of a cylinder. And let the bases of the 
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frustum be defined as the planes comprehended by the sections 
of the acute-angled cones [ellipses], and the axis as the straight 
line joining the centres of the sections of the acute-angled 
cones, so that the axis will be in the same straight line with 
the axis of the cylinder.” 


Lemma. 


If in an ascending arithmetical 'progression consisting of the 
magnitudes Ai, A^, ...An the common difference he eqtial to the 
least term Ai, then 

n . An < 2 (.4i -b Ai 

and >2{Ai + Ai-\-...+An~.^. 

[The proof of this is given incidentally in the treatise On 
Spirals, Prop. 11. By placing lines side by side to represent 
the terms of the progression and then producing each so as to 
make it equal to the greatest term, Archimedes gives the 
equivalent of the following proof. 

If = Ai -f- Aj -h ••• -h A,n_j -f- Art, 

we have also = A„-|-Art-i + A„_ 3 -J-Aj. 

And A,-j-Art_, = As + A „_2 = ... = A„. 

Therefore 2Sn = (n -i- 1) A„ , 

whence n.A„<2jS„, 

and 7i.An>2S„_,. 

Thus, if the progression is a, 2a, ... na, 

*n = 2 — ■ 


and 

but 


n^a < 2Sn, 

>2S^,.] 


Proposition 1. 

If Ai, Bi, Gi, ...Ki and Aj, B^, O 2 , ...Kt he two series of 
magnitudes s'uch that 


Ai : = Aj : B^, 

Bi : Cl = Bi : G^, and so on 


(a). 
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and if Ai, Bf, C>, ...Kt and At, Bt, Ct, ...Kt he two other series 
such that 


A^:At = A^iAt, 

Bi : B, =s B, : B4 , and so on 



then ^Ai + Bj + Cl + • . • + ^i) t (_At + B* 4- Cj + . . . 4* Bj) 


= (JL* 4- B, 4- C. 4- ... + BO : (^4 + Bi 4- . . . 4- B 4 ). 


The proof is as follows. 

Since At:At=At:A,, 

and .di : Bi = : Bi, 

while Bi : B, =s B» : B4. 

we have, ex aequalt, At:Bt=At‘. B4. 

Similarly B, : C, = Bi : C«, and so on 

Again, it follows from equations (a) that 

^:A=B,:B,-C,:C,«..,. 

Therefore 


(y)- 


Ai ! ^1 = (jIj 4* Bi 4- Cj + ... 4* Bi) :(^» + Bj 4- ... + B*), 
or (4, 4- Bi 4- (7i 4- . . . 4- B.) : .4, = (^ 4- B, 4- C, 4- . . . 4- B.) : ^ ; 
and A,:A,tsA,; A4, 

while from equations (y) it fbllo^vs in like manner that 

At ; 4" Bj 4' Cj 4" . . . 4" B*) = At : iAt 4" B 4 4* Ci + . . . + Ai). 

By the last three equations, ex oequali, 

(.Aj 4-Bi 4" Cj 4" ... 4" B]) ; (^At'i'Bt 4" C, 4" 4- B|) 

= (A.4-B. + C,4- ... + B^ : (4*4- B* 4- C* 4- ... 4-B*). 


Cob. If any terms in the third and fourth series corre- 
sponding to terms in the first and second be left out, the 
vesvdt is the same. For if the lest terms K„ Kt are 

absent, 

(4 1 4- B: 4- C, 4- - . . 4- B.) : (4, 4- B. 4 - C, 4 - . . . 4 - /,) 

= (4.4- B, 4- C, 4- ... 4- B.) : (4* -i-B*4- C* 4- ... 4- /*>. 
where I immediately precedes B in each series. 
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Lemma to Proposition 2. 

[On Spirals, Prop. 10.] 

If Au Ai, As, ...An he n lines forming an ascending 
arithmetical progression in which the common difference is equal 
to the least term A^, then 

(n + l).4n° + AfAi + As + As + ... + Af) 

= 3 (.Aj" + A^ + A^ + . . . + An^). 


Ai Aa 


Ajt 


An„8 An-a An-l 


Ap As Ai 


Let the lines An, ...Ai be placed in a row 

from left to right. Produce An-u An-s, ...Ai until they are 
each equal to An, so that the paits produced are respectively 
equal to A^, As, ...A„_^. 

Taking each line successively, we have 
2A„^ = 2An\ 

(.d.1 + An—^‘ — As + A'^n—i + ^Ai . An-s , 

(As + An^y = Ai + A\_s + 2As.Ans, 

[An—\ + .^i)* = 1 + As + 2An-s • As. 
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And, bj addition, 

(n + 1) A„' = 2 {A ’ + A,* + . . . + Ah’) 

+ 2A, . AH-t4- 2A, . An-a + . . . + 2A„_i . A,. 
Therefore, in order to obtain the required result, we have to 
prove that 

2(A,.Ah„,+A,.A„-,+...+Ah-,.A,)+A,(A,+A,+A,+...+A„) 

= A,’ + A,’ + . . . + Ah* (a). 

Now 2 As.Ah-*= Ai.4An--*,becauBe A*— 2Ai, 

2Aj . Ah_i Ai . 6A»_„ because A, = 3A, , 

2A„_i.A,*=A,.2(n-l)A,. 

It follows that 

2CA,.A„_,+A,.Ah-«+...+Ah-..A,)+A,(A,+A,+ ..,+A„) 

* All An *1* ^An_i + oAn-t 4* ••• + (2n 1)A)I. 
And this last expression can be proved to be equal to 
Ai* + A,*+..,+A„\ 

For An=Ai(n,An) 

= A,(An + (n-l)A„} 

= A. (An + 2(An-. + Ah_. + ... + Ai)l, 
because (n — 1) A„ = An-i + Ai 

+ Ah_ + A, 


+ Ai + An-i. 

Similarly .A*„_, = A, (An-i + 2(An_ + A^ + ... + A,)}, 

A*«Ai(A,+2A,). 

A* = A}. Ai^ 

whence, by addition, 

A}* + Aj*+ Aj*+ ... + An* 

= Ai{An + 3An_ii+ oA»-. 4 + ... +(2tt“ l)Ai}. 
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Thus the equation marked (a) above is true ; and it follows 
that 

Cor. 1. From, this it is evident that 

n . + . . . + ) (!)• 

Also {An + 2 (A„_i + + . . . + A^)}, as above, 

so that A„*>Ai(A„ + An_i+ ... + Ai), 
and therefore 

An + Ai(Ai + A j + . . . + An) < 2A„®. 

It follows from the proposition that 

71 . An* > 3 (Ai* + Aj* + . . . + A*n— j) (2). 


Cor. 2 . All these results will hold if we substitute similar 
figures for squares on all the lines ; for similar figures are in the 
duplicate ratio of their sides. 


[In the above proposition the symbols Aj, A,, ...A„ have 
been used instead of a, 2a, 3a, ...Tia in order to exhibit the 
geometrical character of the proof; but, if we now substitute 
the latter terms in the various results, we have (1) 

(n+ 1) n*a® + a (a + 2a + ... +77a) 

= 3 {a* + (2a)* + (3a)* + . . . + ( 71 a)*}. 

Therefore a® + (2a)® + (3a)* + . . . + {nafi 

_ , 71 (71 + 1) (271 + 1) 

O' • • 


Also (2) 
and (3) 


7i®<3(l* + 2*+3* + ...+7i*). 

71* > 3 (1* + 2*+ 3*-f ... + ii^*).] 


no 
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Proposition 2. 

If Au A^... An be any number of areas such that* 

Ai = oaf+a?, 

4, = a.2x+(2xy, 

A-^a.3x + (3a:)’, 

« a . w* + (nx)’, 

then n.An- (-Ai + ^,+ ... + + nx) ; , 

and n.A^:{Ai + At + — -i-A^t)>(a-\-nx) : + 

For, the Lemma immediately preceding Prop. 1, 
n,a7ix< 2(ar+a.2x+ ... +o.7ir), 
and > 2(cx + a.2x+ ... + a.n — lx). 

Also, by the Lemma preceding this proposition, 
n.(nx)’<3 {x*4-(2a?)*+(3x)*+ ... + (nx)*| 
and > 3 {** + (2®)* + ... +(n— 1 x)*). 

Hence 

onx ^ n(^ ^ + x*)+{a.2x+ (2r>*} + . . . + [o . nx +(»m!)*}], 

and 

> [(ox + a?) + (a . 2a: 4- (2x)*} + ... + {a.» — l*4-(n~l «)*)], 

an*x n (nxV , , . 

or ~^+ < A,+ A,+ ... + An, 

and > A, + A»4-... + Ab_x* 

It follows that 

n.An: (Ai + A,+ ... + A„)<n {o.n® +(nx)*| ; 

OT n. An : (A, + A,4- ... + A*) < (a + tm;) : + y) ; 

also n.A„:(Ai4-At+... + A,^,^>(o + 7u:): + 

* The phraseology of Archimedes here is that associated with the traditional 
method of applicatioa of areas; ef Ka...T«^' fcderav <iCTai' TspaTfsj ti yiepls,' 
rf$(t Tfrpaytirti,, " if to each of the lines there be applied a space 
[rectangle] exceeding by a sqnaie Sgnxe." Thne Aj ia a rectangle of height z ap- 
plied to a line a bat overlapping it BO that the base extends a distance x beyond a. 
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Proposition 3. 

(1) If TP, TP' he two tangents to any conic meeting in T , 
and if Qg, Q'q' he any two chords parallel respectively to TP, 
TP' and meeting in 0, then 

QO.Oqi Q'O . Oq' = TP“ : TP'\ 

“And this is proved in the elements of conics*.” 

(2) If QQ' he a chord of a parabola bisected in V by the 
diameter PV, and if PV he of constant length, then the areas of 
the triangle PQQ' and of the segment PQQ' are both constant 
whatever he the direction of QQ'. 

Let APB' be the particular segment of the parabola whose 
vertex is A, so that BB' is bisected perpendicularly by the axis 
at the point S, where A£[=PV. 

Draw QD perpendicular to PV. 



Let Pa be the parameter of the principal ordinates, and let 
p be another line of such length that 

QV-.QB^^p-.pa-, 

it will then follow that p is equal to the parameter of the ordi- 
nates to the diameter PV, i.e. those which are parallel to QV. 

* i.e, in tlie treatiseB on conics by Aiistaens and EncUd. 
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” For this is proved in llie conics*.” 

Thna QV*=p.FV. 

And SS'=pa.AS, wliile AS=PV. 

Therefore QV* : BH* —p:pa- 

But QF*: QD*«p: jpaj 

hence Bff ^ QD, 

Thus Bff.AB=QD.BV, 

and therefore AABB'>» ABQQ'; 

that is, the area of the triangle PQQ' is constant bo long as PF 
is of constant length. 

Hence also the area of the segment PQQ' is constant under 
the same conditious; for the segment is equal to |APQQ'. 
[Qtiodrafure of {he Parabola, Prop. 17 or 24.] 

* l^e ih<orem wUch u lier« aMomed bj Arobixaedes as knovii can bs 
proved in VBiioas vays. 

(1) It ia eaidj dedoted from ApoDooioa L 49 (ef. ApoUmiut of Ptrga, 
pp. Uii, 88). If io tba dgare the taagente at A aad P be draws, the former 
neetiag f 7 la E, aad the tatter meetlag the axii in 7. and U AE, PT meet 
at 0 , the proposltloa of ApoUonioa is to the effaet that 

CPiPB^p:iPT, 
when p ia the parameter of the ordinates to PP. 

(2) It maj be proved indepeodentlx as follows. 

liet QQ' meet the axia in 0, ai>d let Qdf, Q'd!', PN bo ordioatea to the axis. 

Then AM : AM'^ QU * : Q'Jf'** OM * ; OM’*. 

whence Alfj JlfJ/'=Oaf*: OJf*-Oaf'» 

eothat OM*=AU.IOM-OU’), 

That is to aa;, (AM-A0]*=Aai.{AU+AM’-2A0), 
or AO*=AM.AiI'. 

And, since <}M*=Pf,.AM, and Q'JU'*=p«.AiI', 
it follows that QM .Q'M'=p,.AO (a). 

How 

= QV * : ^ g y-<? H. y + QM.Q'M' 

^Qr*ilPN*+QM.<fM') 

-p.PViPa .{AM+AO), by (a). 

Bat PyssXOzsJW+AO. 

Therefore <2F*: «3I)*ssp:p». 
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Proposition 4. 

The area of any ellipse is to that of the auxiliary circle as 
the minor axis to the major. 

Let AA' be the major and BB' the minor axis of the 
ellipse, and let BB' meet the auxiliary circle in h, h'. 

Suppose 0 to be such a circle that 

(circle AhA'b') ‘.0 = 0A:GB. 

Then shall 0 be equal to the area of the ellipse. 

For, if not, 0 must be either greater or less than the 
ellipse. 

I. If possible, let 0 be greater than the ellipse. 

We can then inscribe in the circle 0 an equilateral polygon 
of 4n sides such that its area is greater than that of the ellipse, 
[cf. On the Sphere and Cylinder, I. 6.] 




Let this be done, and inscribe in the auxiliary circle of the 
ellipse the polygon AefbghA'... similar to that inscribed in 0. 
Let the perpendiculars eM, fN,.,.-on A A' meet the ellipse in 
E, F,... respectively. Join AE, EF, FB,.... 

Suppose that P' denotes the area of the polygon inscribed 
in the auxiliary circle, and P that of the polygon inscribed in 
the ellipse. 
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Then, since all the lines eJlT, fN,— are cat in the same 
proportions at E, 

le. eM ; EM=^ fNi FN= ... = hG : BG, 

the pairs of triangles, as eAM,EAM,tLXiA the pairs of trapeziums, 
as eMNf, EMNF, are all in the same ratio to one another 
as hG to BC, or as CA to GB. 

Therefore, by addition, 

P‘:P=CAiCB. 

Now P ' : (polygon inscrihed in 0) 

={circle AhA'l ") : 0 
= OA : CB, by hypothesis. 

Therefore P is equal to the polygon inscribed in 0. 

But this is impossible, because the latter polygon is by 
hypothesis greater than the elKpse, and a fc/rtiori greater 
than P. 

Hence 0 is not greater than the ellipse. 

II. If possible, let 0 be less than the ellipse. 

In this case we inscribe in the ellipse a polygon P with 4n 
equal sides such that P > 0. 

Let the perpendiculars from the angular points on the 
axis AA' be produced to meet the auxiliary circle, and let the 
corresponding polygon (P') in the circle be formed. 

Inscribe in 0 a polygon similar to P'. 

Then P':P = CAiCS 

= (circle AbA'b ') ; 0, by hypothesis, 
=P': (polygon inscribed in 0). 

Therefore the polygon inscrihed in 0 is equal to the 
polygon P; which is impossible, because P>0. 

Hence 0, being neither greater nor less than the ellipse, is 
equal to it ; and the required result follows. 
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Proposition 5. 

If AA! , BB' he the major and minor axis of an ellipse 
respectively, and if d be the diameter of any circle, then 
(area of ellipse) : (area of circle) = j1.i1' . BB' : d\ 

For 

(area of ellipse) : (area of auxiliary circle) = BB' : AA' [Prop. 4] 

= AA'.BB'-. AA'^. 

And 

(area of aux. circle) : (area of circle with diam. d) = AA '^ : d^. 
Therefore the required result follows ex aequali. 


Proposition 6. 

The areas of ellipses are as the rectangles under their axes. 
This follows at once from Props. 4, 5, 

Cob. The areas of similar ellipses are as the squares of 
corresponding axes. 


Proposition 7. 

Given an ellipse udth centre G, and a line CO drawn per- 
pendicular to its plane, it is’ possible to find a circular cone 
with vertex 0 and such that the given ellipse is a section of it 
[or, in other words, to find the circular sections of the cone with 
vertex 0 passing through the circumference of the ellipse). 

Conceive an ellipse with BB' as its minor axis and Ijdng in 
a plane perpendicular to that of the paper. Let GO be drawn 
perpendicular to the plane of the ellipse, and let 0 he the 
vertex of the required cone. Produce OB, OG, OB', and in the 
same plane with them draw BEB meeting OG, OB' produced 
in E, D respectively and in such a direction that 

BE.ED-. E0^= CA* : G0\ 
where OA is half the major axis of the ellipse. 
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“ And this is possible, since 

BE, ED ; EO*>BO.CB ' : C0\" 

[Both the construction and this proposition are assumed as 
known.] 



Now conceive a circle with BD as diameter lying in a plane 
at right angles to that of the paper, and describe a cone with 
thU circle for its base and with vertex 0. 

We hare therefore to prove that the given ellipse is a 
section of the cone, or, if P be any point on the ellipse, that P 
lies on the surface of the cone. 

Draw PN perpendicular to BB'. Join ON and produce it 
to meet BD in M, and let MQ be drawn in the plane of the 
circle on BD as diameter perpendicular to BD and meeting the 
circle in Q. Also let FO, HK be draivn through E, M- respec- 
tively parallel to BB'. 

We have then 

QiP : BM.ilK^BM.MD : HM,MK 
= BE,ED',FE.EQ 
= {BE. ED : EO') . {EO ' : FE. EO^ 
= (GA* : CO*) . (CO* ; BC . OB') 


^PFP’.BE .NB'. 
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Therefore QM^ : PIP = HM.MK:BN. NB' 

= 0M^: ON^-, 

whence, since PN, QM are parallel, OPQ is a straight line. 

But Q is on the circumference of the circle on BD as 
diameter ; therefore OQ is a generator of the cone, and hence 
P lies on the cone. 

Thus the cone passes through all points on the ellipse. 


Proposition 8. 

Given an ellipse, a plane through one of its axes AA' and 
perpendicular to the plane of the ellipse, and a line GO drawn 
from G, the centre, in the given plane through AA' but not 
perpendicular to AA', it is possible to find a cone with vertex 0 
such that the given ellipse is a section of it [or, in other words, 
to find the circular sections of the cone with vertex 0 whose 
surface passes through the circumference of the ellipse]. 

By hypothesis, OA, OA' are unequal. Produce OA' to D so 
that OA = OD. Join AD, and draw FG through G parallel to it. 

The given ellipse is to be supposed to lie in a plane per- 
pendicular to the plane of the paper. Let BB' be the other 
axis of the ellipse. 

Conceive a plane through AD perpendicular to the plane 
of the paper, and in it describe either (a), if GB^ = FG . GG, a 
circle with diameter AD, or (b), if not, an ellipse on AD as 
axis such that, if d be the other axis, 

: AD^ = GB^ : FG . GG. 

Take a cone with vertex 0 whose surface passes through 
the circle or ellipse just drawn. This is possible even when the 
curve is an ellipse, because the line from 0 to the middle point 
of AD is perpendicular to the plane of the ellipse, and the 
construction is effected by means of Prop. 7. 

Let P be any point on the given ellipse, and we have only 
to prove that P lies on the surface of the cone so described. , 
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Draw PN perpendicular to AA'. Join ON, and produce it 
to meet AD in M. Through if draw EK parallel to A' A. 



(and therefore perpendicular to both HK and AD) meeting the 
ellipse or circle about AD (and therefore the surface of the cone) 
in Q. 

Then 

QiP : mi.MK= {QM * : DM.MA).{DM.MA : HM.MK) 
= {d* : AD*).{FG. GG : A'G.GA) 

= iGB'-FG.CG),{FC.GG : A^G.GA) 

= (75* ; CA” 

= FN'iA'N.NA. 

Therefore, alternately, 

QM' : PN' = EM. MK : AN . NA 

Thus, since PN, Q,M are parallel, OPQ is a straight line ; 
and, Q being on the surface of the cone, it follows that P is also 
on the surface of the cone. 

Similarly all points on the ellipse are also on the cone, and 
the ellipse is therefore a section of the cone. 
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Proposition 9. 

Qivetx an ellipse, a plane through one of its axes and perpen- 
dicular to that of the ellipse, and a straight line CO drawn from 
the centre G of the ellipse in the given plane through the axis hut 
not perpendicular to that axis, it is possible to find a cylinder 
luith axis 00 such that the ellipse is a section of it \or, in other 
words, to find the circular sections of the cylinder with axis 00 
whose surface passes through the circumference of the given 
ellipse']. 

Let AA^e an axis of the ellipse, and suppose the plane 
of the ellipse to be perpendicular to that of the paper, so that 
0 0 lies in the plane of the paper. 



Draw AD, A'E parallel to GO, and let DE be the line 
through 0 perpendicular to both AD and A'E. 

We have now three different cases according as the other 
axis BB' of the ellipse is (1) equal to, (2) greater than, or 
(3) less than, DE. 

(1) Suppose BB' = DE. 

Draw a plane through DE at right angles to 00, and in 
this plane describe a circle on DE as diameter. Through this 
circle describe a cylinder with axis 00. 

This cylinder shall be the cylinder required, or its surface 
shall pass through every point P of the ellipse. 

For, if P be any point on the ellipse, draw PN perpendicular 
to AA ' ; through N draw NM parallel to 00 meeting DE in 
M, and through M, in the plane of the circle on DE as diameter, 
draw MQ perpendicular to DE, meeting the circle in Q. 
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Then, since DE = BB\ 

P2P : AN.NA' ^ DO * ; AG. GA\ 

And DM. ME-. AN.NA’ = DO*:AC*, 
since AD, NM, CO, A’E are parallel. 

Therefore PIP = DM. ME 

= QM*, 

by the property of the circle. 

Hence, since PIf, QM are equal as well as parallel, PQ is 
parallel to MN and therefore to CO. It follows that PQ is a 
generator of the cylinder, whose surface accordingly passes 
through P. 

(2) If BB'> DE, we take E’ on A'E such that DE' — BB' 
and describe a circle on DE as diameter in a plane perpen- 
dicular to that of the paper ; and the rest of the construction 
and proof is exactly simil^ to those given for case (1). 

(3) Suppose BB’ < DE. 

Take a point K on CO produced such that 

HO* - OB* = OK*. 

From K draw KR perpendicular to the plane of the paper 
and equal to OB. 

Thus OB*=OK*+CB*^OD*. 



In the plane containing DE, OR describe a circle on DE as 
diameter. Through this circle (which must pass through B) 
draw a cylinder with axis OG. 
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We have then to prove that, if P be any point on the given 
ellipse, P lies on the cylinder so described. 

Draw PN perpendicular to AA\ and through W draw iOf 
parallel to GO meeting PE in ‘M. In the plane of the circle on 
BE as diameter draw MQ, perpendicular to BE and meeting 
the circle in Q. 

Lastly, draw QH peipendicular to JOf produced. QH vull 
then be perpendicular to the plane containing AG, BE, i.e. the 
plane of the paper. 

Now QH‘ : QM^ = KR^ : OR^, by similar triangles. 

And QM^ : AN. NA' = BM. ME : AN. NA' 

=.OB^-.GA\ 

Hence, ex aequali, since OR = OB, 

QE'‘ : AN.NA'==KR’‘ : GA^ 

= GB^ ; GA'^ 
=^PN*:AN.NA\ 

Thus QH = PN. And QH, PN are also parallel. Accordingly 
PQ is parallel to MN, and therefore to GO, so that PQ is a 
generator, and the cylinder passes through P. 

Proposition lO. 

It was proved by the earlier geometers that any two cories 
have to one another the ratio compounded of the ratios of their 
hoses and of their heights*. The same method of proof will 
show that any segments of cones have to one another the ratio 
compounded of the ratios of their bases and of their heights. 

The proposition, that any 'frustum' of a cylinder is triple 
of the conical segment which has the same base as the frustum 
and equal height is also proved in the same manner as the 
proposition that the cylinder is triple of the cone which has 
the same base as the cylinder and equal height'^. 

* This foUowB from Euol. xii. 11 and 14 taken together. Cf. On the Sphere 
and Cylinder i, Iiemma 1. 

+ This proposition was proved by Endosns, as stated in the preface to On 
the Sphere and Cylinder x. Cl. Euol. xn. 10. 
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PropositioD 11. 

(1) If a paraboloid ofrevolviion he cut bp a plane through, 
or parallel to, the axis, the section mil be a parabola equal to the 
original parabola which by its revolution generates the paraboloid. 
And the axis of the section will be the intersection between the 
cutting plane and the plane through the cuns of the paraboloid 
at right angles to the cviiing plane. 

If the paraboloid be cut by a plane at right angles fo its 
axis, the section will be a circle whose centre is on the axis. 

(2) If a hyperboloid of revciutim be cut by a plane through 
the axis, parallel to the axis, or through the centre, the section 
mil be a hyperbola, (a) if the section he through the axis, equal, 
(6) if parallel to the axis, similar, (c) if through the centre, 
not similar, to the original hyperbola which by its revolution 
generates the hyperboloid. And the cads of ike section will he 
the intersection of the cutting plane and the plane through the 
axis of the hyperboloid at right angles to the cutting plane. 

Any section of the hyperboloid by a plane at right angles fo 
the axis will be a circle whose centre is on the axis. 

(3) If any of the spheroidal figures be cut by a plane through 
the axis or parallel to the axis, the section tin'll be an ellipse, 
(a) if the section be through the axis, equal, (b) if parallel to the 
axis, similar, to the ellipse which by its revolutitm generates the 
figure. And the axis of the section will he the intersection of the 
catting plane and the plane through the axis of the spheroid 
at right angles to the cutting plane. 

If the section fee by a plane at right angles to the axis of the 
spheroid, it will be a circle whose centre is on the axis. 

(4) If any of the said figures be cut by a plane through the 
axis, and if a perpendicular be drawn to the plane of section 
from any point on the surface of figure but not on the section, 
that perpendicidar mil fall lott&m the section. 

“ And the proofs of all these propositions ate evident.”* 

* Cf. the Zatrodaetioo, chapter iii. § 4. 
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Proposition 12. 

If a paraboloid of revolution be cut by a plane neither parallel 
nor perpendicular to the aads, and if the plane through the axis 
perpendicular to the cutting plane intersect it in a straight line 
of which the portion intercepted within the p>o-raboloid is RR', 
the section of the paraboloid will he an ellipse whose major axis 
is RR' and whose minor axis is equal to the perpendicular 
distance between the lines through R, R' parallel to the axis 
of the paraboloid. 

Suppose the cutting plane to be perpendicular to the plane 
of the paper, and let the latter be the plane through the axis 
ANF of the paraboloid which intersects the cutting plane at 
right angles in RR'. Let RH be parallel to the axis of the 
paraboloid, and R'R perpendicular to RH. 

Let Q he any point on the section made by the cutting 
plane, and from Q draw QM perpendicular to RR'. QM will 
therefore he perpendicular to the plane of the paper. 

Through If draw DMFE perpendicular to the axis AHF 
meeting the parabolic section made by the plane of the paper 
in D, E. Then QM is perpendicular to DE, and, if a plane he 
drawn through DE, QM, it will be perpendicular to the axis 
and will cut the paraboloid in a circular section. 


T 



Since Q is on this circle, 

QIP=DM.ME. 

Again, if PT be that tangent to the parabolic section in the 
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plane of the paper which is parallel to JiB', and if the tangent 
at A meet BT in 0, then, &om the property of the parabola, 

[Prop.3(l)j 
= A0': 0T\ since AB'= AT. 

Therefore QM‘ : BM. IfJi'==AO* : 02" 

= B'JP:BB". 

by similar triangles. 

Hence Q lies on an ellipse whose major axis is BB' and 
whose minor axis is equal to B'ff. 

Fropositlons 13, 14, 

^ a hyperboloid of revolution be cut by a plane meeting all 
the geruratora of the enveloping cone, or if an 'oblong' spheroid 
he cut by a plane not perpendicular to the axis*, and if a plane 
through the axis intersect the cutting plane at right angles in a 
atraight Kne on which the hyperboloid or spheroid intercepts 
a length BR', then the section by the cutting plane will be an 
ellipse whose major axis is BR'. 

Suppose the cutting plane to be at right angles to the 
plane of the paper, and suppose the latter plane to be that 



* Architoedes begins Prop. 14 fn the ^h^rotct '«Kthtbeiem&tktb&t,T7hen the 
catting plane passes through or is parallel to the axis, the case is clear (jgXor). 
Cf. Prop. 11 (3). 
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through the axis ANF which intersects the cutting plane 
at right angles in RR'. The section of the hyperboloid or 
spheroid by the plane of the paper is thus a hyperbola or ellipse 
having ANF for its transverse or major axis. 

Take any point on the section made by the cutting plane, 
as Q, and draw QM perpendicular to RR'. QM will then 
be perpendicular to the plane of the paper. 

Through M draw BFE at right angles to the axis ANF 
meeting the hyperbola or ellipse in L, E-, and through QM, 
BE let a plane be described. This plane will accordingly be 
perpendicular to the axis and will cut the hyperboloid or 
spheroid in a circular section. 

Thus QM^=BM.ME. 

Let FT be that tangent to the hyperbola or ellipse which 
is parallel to RR', and let the tangent at A meet FT in 0, 

Then, by the property of the hyperbola or ellipse, 

BM.ME: RM.MR' = OA ^ : 0F\ 
or QM ' : RM.MR' = 0A'‘ -. 0P\ 

Now (1) in the hyperbola OA < OF, because AT< AN*, and 
accordingly OT < OF, while OA < OT, 

(2) in the ellipse, if KK' be the diameter parallel to RR', 
and BB' the minor axis, 

BG.CB':KG. GK' = OA ^ : OP* ; 

and BG. GB' < KG. GK', so that OA < OP. 

Hence in both cases the locus of Q is an ellipse whose major 
axis is RR'. 

Cor. 1. If the spheroid be a ‘flat’ spheroid, the section will 
be an ellipse, and everything will proceed as before except that 
RR' will in this case be the minor axis. 

Cor. 2. In all conoids or spheroids parallel sections will be 
similar, since the ratio OA^ : OP'' is the same for all the 
parallel sections. 

■* Witli reference to this assumption of. the Introduction, chapter irr. § 3. 



126 


ARCB1M£DZS 


Fropositloa 15> 

(1) Jf from any point on Vie surf ace 0 / a conoid a line he 
drawn, in the case of the paraboloid, parallel to the axis, and, in 
the case of the hyperboloid, parallel to any line passing through 
the vertex of the enveloping cone, the part of the straight line 
which is in the same direction as the convexity of the surface will 
fall withcml it, and the part which is i»v the other direction 
within it. 

For, if a plane be dra\ra, in the case of the paraboloid, 
through the axis and the point, and, in the case of the hyperbo- 
loid, through the given point and through the given straight 
line drawn through the vertex of the enveloping cone, the 
section by the plane will be (a) in the paraboloid a parabola 
whose axis is the axis of the paraboloid, (6) in the hyperboloid 
a hyperbola in which the given line through the vertex of the 
enveloping cone is a diameter •. [Prop. 11] 

Hence the property follows from the plane properties of the 
conics. 

(S) If a plane touch a conoid without cutting it, it will 
touch it at one point only, and the piano drawn through the 
paint of contact and the axis of the conoid will he at light 
angles to the plonc which toadies it. 

For, if possible, let the plane touch at two points. Draw 
through each point a parallel to the axis. The plane passing 
through both parallels will tbercfoi'e either pass through, or be 
parallel to, the axis. Hence the section of the conoid made by 
this plane will be a conic [Prop. 11 (1), (2)], the two points 
will lie on this conic, and the line joining them will lie within 
the conic and therefore within the conoid. But this line 
wll be in the 'tangent plane, since the two points are in it. 
Therefore some portion of the tangent plane will be within 
the conoid; which is impossible, since the plane does not 
cut it, 

• There »eems te he some tnof in the text here, which Bays that “the 
Jlameter" (Le. axis) of tbe hyperbola is “the gtrelgbt line drawn in the conoid 
from the xertex of the cone.” But this itrught line ia not, in general, the 
exit of tbe section. 
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Therefore the tangent plane touches in one point only. 

That the plane through the point of contact and the axis is 
peipendicular to the tangent plane is evident in the particular 
case where the point of contact is the vertex of the conoid. 
For, if two planes through the axis cut it in two conics, the 
tangents at the vertex in both conics will be perpendicular 
to the axis of the conoid. And all such tangents mil be in the 
tangent plane, which must therefore be perpendicular to the 
axis and to any plane through the axis. 

If the point of contact P is not the vertex, draw the plane 
passing throiigh the axis AN and the point P. 

It will cut the conoid in a conic whose axis is 
AN and the tangent plane in a line DPE 
touching the conic at P. Draw PNP perpen- 
dicular to the axis, and draw a plane through it 
also perpendicular to the axis. This plane will 
make a circular section and meet the tangent 
plane in a tangent to the circle, which •will 
therefore be at right angles to PN. Hence the 
tangent to the circle will be at right angles to the plane 
containing PN, AN-, and it follows that this last plane is 
perpendicular to the tangent plane. 



Proposition 16. 

(]) If a plane touch any of the spheroidal figures without 
cutting it, it will touch at one point only, and the plane through 
the point of contact and the aids will be at right angles to the 
tangent plane. 

This is proved by the same method as the last proposition. 

(2) If any conoid or spheroid be cut by a plane through the 
axis, and if through any tangent to the resulting conic a plane be 
erected at right angles to the plane of section, the plane so erected 
mil touch the conoid or spheroid in the same point as that in 
which the line touches the conic. 

For it cannot meet the surface at any other point. If it 
did, the perpendicular from the second point on the cutting 
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plane would be peipeudicular also to the tangent to the conic 
and would therefore fall outMde the surface. But it must fell 
withiu it. [Prop. 11 (4)] 

(3) If two paTalUl planes touch any of the ^heroidal 
figures, the line joining the points of contact will pass throiigk 
the centre of the spheroid. 

If the planes are at right augleii to the axis, the proposition 
is obvious. If not, the plane through the axis and one point of 
contact is at right angles to the tangent plane at that point. 
It is therefore at right angles to the parallel tangent plane, and 
therefore passes through the second point of contact. Hence 
both points of contact lie on one plane through the axis, and 
the proposition is reduced to a plane one. 


Propoxitloii 17. 

Tf two parallel planes touch any of the spheroidal fgures, 
and another plane be drawn parallel to the tangent planes and 
passing through the centre, the line drawn through any point of 
the circumference of the restdting section parallel to the chord 
of contact of the tangent plarwe will fall outside the spheroid. 

This is proved at once by reduction to a plane proposition. 

Archimedes adds that it is evident that, if the plane 
parallel to the tangent planes does not pass through the 
centre, a straight line drawn in the manner described will 
fell without the spheroid in the direction of the smaller 
segment but within it in the other direction. 


Proposition 18. 

Any spheroidal figure which is cuihy a plane through &e 
centre is divided, both as regards its surface and its volume, into 
two equal parts by that plane. 

To prove this, Archimedw takes another equal and s imilar 
spheroid, divides it similarly by a plane through the centre, and 
then uses the method of application. 
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PropoBitions 19, 20. 

Given a segment cut off hy a plane from a paraboloid or 
hyperboloid of revolution, or a segment of a spheroid less than 
half the spheroid also cut off hy a plane, it is possible to inscribe 
in the segment one solid figure and to circumscribe about it 
another solid figure, each vnode up of cylinders or ‘frusta ’ of 
cylinders of equal height, and such that the circumscribed figure 
exceeds the inscribed figure by a volume less than that of any 
given solid. 

Let the plane base of the segment be perpendicular to the 
plane of the paper, and let the plane of the paper be the plane 
through the axis of the conoid or spheroid which cuts the base 
of the segment at right angles in BO. The section in the plane 
of the paper is then a conic BAG. [Prop. 11] 

Let BAF be that tangent to the conic which is parallel to 
BG, and let A be the point of contact. Through EAF draw 
a plane parallel to the plane through BG bounding the 
segment. The plane so drawn will then touch the conoid 
or spheroid at A. [Prop. 16] 

(1) If the base of the segment is at right angles to the 
axis of the conoid or spheroid, A will be the vertex of the 
conoid or spheroid, and its axis AD will bisect BG at right 
angles. 

(2) If the base of the segment is not at right angles to the 
axis of the conoid or spheroid, we draw AD 

(a) in the paraboloid, parallel to the axis, 

(b) in the hyperboloid, through the centre (or the vertex of 
the enveloping cone), 

(c) in the spheroid, through the centre, 

and in all the cases it will follow that AD bisects BO in D. 

Then A will be the vertex of the segment, and AD \vill be 
its axis. 

Furthfer, the base of the segment will be a circle or an 
ellipse -vvith BG as diameter or as an axis respectively, and 
with centre D. We can therefore describe through' this circle 
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or ellipse a cylinder or a ‘ frustani ' of a cylinder whose axis is 
AD. [Prop. 9] 



Dividing this cylinder or frastnm continually into equal 
parts by planes parallel to the base, we shall at length arrive 
at a cylinder or frustum less in volume than any given solid. 

Let this cylinder or fhistnm be that whose axis is OD, and 
let AD be divided into parts equal to OD, at L, M,.... Through 
L, M,... draw lines parallel to BC meeting the conic in P, Q,..., 
and through these lines draw planes parallel to the base of the 
segment These will cut the conoid or spheroid in circles or 
similar ellipses. On each of these circles or ellipses describe 
two cylinders or frusta of cylinders each with axis equal to QD, 
one of them lying in the direction of A and the other in the 
direction of D, as shown in the Hgure. 

Then the cylinders or frusta of cylinders drawn in the 
direction of A make up a circumscribed figure, and those in 
the direction of D an inscribed figure, in relation to the 
segment. 

Also the cylinder or frustum PO in the circumscribed figure 
is equal to the cylinder or frustum PH in the inscribed figure, 
Ql in the circumscribed figure is equal to QK in the inscribed 
figure, and so on. 

Therefore, by addition, 

(circumscribed fig.)=e(iDscr. fig.) 

+ (cylinder or frustum whose axis is OD). 

But the cylinder or frustum whase axis is QD is less than 
the given solid figure ; W'hence the proposition follows. 

"Having set out these preliminary propositions, let us 
proceed to demonstrate the theorems propounded with reference 
to the figures.” 
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Propositions 21, 22. 

Any segment of a paraboloid of reoolution is half as large 
again as the cone or segment of a cone which has the same base 
and the same axis. 

Let the base of the segment be perpendicular to the plane of 
the paper, and let the plane of the paper be the plane through 
the axis of the paraboloid which cuts the base of the segment 
at right angles in BG and makes the parabolic section BAG. 

Let EF be that tangent to the parabola which is parallel to 
BG, and let A be the point of contact. 

Then (1), if the plane of the base of the segment is 
perpendicular to the axis of the paraboloid, that axis is the 
line AD bisecting BG at right angles in D. 

(2) If the plane of the base is not perpendicular to the 
axis of the paraboloid, draw AD parallel to the axis of the 
paraboloid. AD will then bisect BG, but not at right angles. 

Draw through EF a plane parallel to the base of the seg- 
ment. This will touch the paraboloid at A, and A will be 
the vertex of the segment, AD its axis. 

The base of the segment will be a circle with diameter BG 
or an ellipse with BG as major axis. 

Accordingly a cylinder or a frustum of a cylinder can be 
found passing through the circle or ellipse and having AD for 
its axis [Prop. 9j ; and likewise a cone or a segment of a cone 
can be drawn passing through the circle or ellipse and having 
A for vertex and AD for axis. [Prop. 8] 

Suppose X to be a cone equal to | (cone or segment of 
cone ABO). The cone X is therefore equal to half the cylinder 
or frustum of a cylinder EG. [Of. Prop. 10] 

We shall prove that the volume of the segment of the 
•paraboloid is equal to X. 

If not, the segment must be either greater or less than X . . 

I. If possible, let the segment be greater than X. 

We can then inscribe and circumscribe, as in the last 
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proposition, figures made up of cylinders or frusta of cylinders 
\vith equal height and such that 

(circumscribed fig.) — (inscribed fig.) < (segment) — X. 

Let the greatest of the cylinders or frusta forming the 
circumscribed figure be that whose base is the circle or ellipse 
about BO and whose axis is OB, and let the smallest of them be 
that whose base is the circle or ellipse about PP' and whose 
axis is AL. 

Let the greatest of the cylindera forming the inscribed 
figure be that whose base is the circle or ellipse about RW and 
whose axis is OB, and let the smallest be that whose base is 
the circlo or ellipse about PP' and whose axis is LM. 


p A E 



Produce all the plane bases of the cylinders or frusta 
meet the surface of the complete cylinder or frustum £0. 

Now, since 

(circumscribed fig.) — (inscr. fig.) < (segment) — X, 
it follows that (inscribed figure) >X (a). 

Next, comparing successively the cylinders or frusta with 
heights equal to OD and respectively forming parts of the 
complete q^linder or frustum EG and of the inscribed figure, 
we have 

(firet cylinder or frustum in EG ) : (first in inscr. fig.) 

= BD’: JiO* 

^ABzAO 

* BB ; TO, where AB meets OR in T. 
And (second cylinder or frustum in EG) ; (second in inscr. fig.) 

* SO : NN, in like maimer, 


and so on> 
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Hence [Prop. 1] (cylinder or frustum EG) : (inscribed figure) 

= (BD + HO + ...): (TO + 8N +...), 
where BD, HO,... are all equal, and BD, TO, SN,... diminish in 
arithmetical progression. 

But [Lemma preceding Prop. 1] 

BB HO + ...>2{T0+SN ■¥...). 

Therefore (cylinder or frustum EG) > 2 (inscribed fig.), 
or X> (inscribed fig.) ; 

which is impossible, by (a) above. 

II. If possible, let the segment be less than X. 

In this case we inscribe and circumscribe figures as before, 
but such that 

(circumscr, fig.) — (inscr. fig.) <X — (segment), 
whence it follows that 

(circumscribed figure) <X ()Q). 

And, comparing the cylinders or frusta making up the 
complete cylinder or frustum CE and the circumscribed figure 
respectively, we have 

(first cylinder or firustum in GE) : (first in circumscr. fig.) 

= BD^:BD' 

= BD:BD. 

(second in GE) : (second in circumscr. fig.) 

= HO^:RO^ 

= AD : AO 
= HO:TO, 

and so bn. 

Hence [Prop. 1] 

(cylinder or frustum G£P) : (circumscribed fig.) 

== (BD + HO + ,..):iBD + TO + ...), 
<2:1, [Lemma preceding Prop. 1] 

and it follows that 

X < (circumscribed fig.) ; 
which is impossible, by (8). 

Thus the segment, being neither greater nor less than X, is 
equal to it, and therefore to f (cone or segment of cone ABG). 
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Proposition 23. 

If from a paraboloid of revolution two segmejds he cut off, 
one by o plane perpendicular to the axis, the other by a plane not 
perpendicular to the axis, and if the axes of the segments are 
equal, the segments will be equal in volume. 

Let the two planes be supposed perpendicular to the plane 
of the paper, and let the latter plane he the plane through the 
axis of the paraboloid cutting the other two planes at right 
angles in JBB', QQ' respectively and the paraboloid itself in the 
parabola QPQ'S'. 

Let AN, PV be the equal axes of the segments, and A, P 
their respective vertices. 



Draw QL parallel to AN or PV and Q'L perpendicular 
to QL. 

Now, since the segments of the parabolic section cut off by 
BB', QQ' have equal axes, the triangles ABB', PQQ’ are equal 
[Prop. 33 . Also, if QD he perpendicular to PV, QD^BN (as 
in the same Prop. 3). 

Conceive two cones drawn with the game bases as the 
segments and \vith A, P ss Teptice.s respectively. The height 
of the cone PQQ' is then PK, where PK is perpendicular to 

QQ'. 
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Now the cones are in the ratio compounded of the ratios of 
their bases and of their heights, i.e. the ratio compounded of 
(1) the ratio of the circle about BB' to the ellipse about QQ', 
and (2) the ratio of AW to BK. 

That is to say, we have, by means of Props. 5, 12, 

(cone ABB') : (cone FQQ') = (BB '^ : QQ' . Q'L ) . {AN : PK). 

And BB' = 2BN=2QD = Q'L, while QQ' = 2QF. 

Therefore 

(cone ABB ') : (cone PQQ') = (QD : QV).(AN : PK) 

= (PK : PV). (AN: PIQ 
= AN:PV. 

Since AN = PV, the ratio of the cones is a ratio of equality : 
and it follows that the segments, being each half as large again 
as the respective cones [Prop. 22], are equal. 

Proposition 24. 

If from a paraboloid of revolution two segments be cut off by 
planes drawn in any manner, the segments will be to one another 
as the squares on their axes. 

. For let the paraboloid be cut by a plane through the axis 
in the parabolic section P’PApp', and let the axis of the 
parabola and paraboloid be ANN'. 

Measure along ANN' the lengths AN, AN' equal to the 
respective axes of the given segments, 
and through N, N' draw planes perpen- 
dicular to the axis, making circular 
sections on Pp, P'p' as diameters re- 
spectively. With these circles as bases 
and with the common vertex A let two 
cones be desciibed. 

Now the segments of the paraboloid 
whose bases are the circles about Pp, 

P'p' are equal to the given segments 
respectively, since their respective axes 
are equal [Prop. 23]-, and, since the 
segments APp, AP'p'' are. half as large 
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again as the cones APp, AP'p' respectively, we have only 
to show that the cones are in the ratio of AN' to AN'*. 


But 

(cone APp ) : (cone AP']^') — (PJV* : P'JV'*) . {AN : AN') 
^{AN AN'). {A^ -AN') 

= AN*z AN'*-, 
thus the proposition is proved. 


Proposltloxu 36, 36. 

In any hyperboloid of retjolution, if A be ths vertex and AD 
the axis of any segment cut off by a plane, and if GA be the 
semidiameter of the hyperboloid through A {GA being of course 
m the same straight line toith AD), then 

{segment) : (cone vntk same base and axis) 

^(AD+3CA) : {AD + 2CA). 

Let the plane cutting off the segment he perpendicular to 
the plane of the paper, and let the latter plane be the plane 
through the axis of the hyperboloid which intersects the cutting 
plane at right angles in DB', and makes the hyperbolic 
segment BAB'. Let C he the centre of the hyperboloid (or 
the vertex of the enveloping cone). 

Let NP be that tangent to the hyperbolic section which is 
parallel to BB'. Let PP touch at A, and join GA. Then GA 
produced will bisect BB' at D, GA will be a semi-diameter of 
the hyperboloid, A will be the vertex of the segment, and AD 
its axis. Produce AC to A' and E, so that AO^s CA' — A'E. 

Through EF draw a plane parallel to the base of the seg- 
ment This plane will touch the hyperboloid at A. 

Then (1), if the base of the segment is at right angles to the 
axis of the hyperboloid, A will be the vertex, and AD the axis, 
of the hyperboloid as well as of the segment, and the base of the 
segment will be a circle on BB‘ as diameter. 
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(2) If the base of the segment is not perpendicular to the 
axis of the hyperboloid, the base will he an ellipse on BB as 
major axis. [Prop. 13] 



(ADI 

P 
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Then we can draw a cylinder or a frustum of a cylinder 
EBB'F passing through the circle or ellipse about BB' and 
having AD for its axis ; also we can describe a cone or a 
segment of a cone through the circle or ellipse and haidng A 
for its vertex. 

We have to prove that 

(segment ABB ') : (cone or segment of cone ABB') = HD •. A' D, 
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Let V be a cone such that 

V : (cone or segment of cone ASS') =* ffD : A 'D, (o) 

and wo have to prove that V is cqnal to the segment. 

Now 

(cylinder or frustum EB') : (cone or segmt. of cone 

Therefore, by means of (a), 

(cylinder or frustum ED') : V = A'D : (^). 

If the segment is not equal to V, it must cither be greater 
or less. 

I. If possible, let the segment be greater than V. 

Inscribe and circumscribe to the segment figures made up 
of cylinders or frusta of cylinders, with axes along AD and all 
equal to one another, such that 

(circumscribed 6g.)— (inscr. fig.)<(8cgrot.)— V, 
whence (inscribed figurc)> V ..(7). 

Produce all the planes forming the bases of the cylinders or 
frusta of cylinders to meet the surface of the complete cylinder 
or frustum EB'. 

Then, if ND be the axis of the greatest cylinder or frustum 
in the circumscribed figure, the complete cylinder will be 
divided into cylinders or frusta each equal to this greatest 
cylinder or frustum. 

Let there be a number of straight lines a equal to AA' and 
as many in number as the parts into which AD is divided by 
the bases of the cylinders or frusta. To each line a apply a 
rectangle which shall overlap it by a square, and let the greatest 
of the rectangles be equal to the rectangle AD.A'D and the 
least equal to the rectangle AL , A’L] also let the sides of the 
overlapping squares b, p, be in descending arithmetical 
progression. Thus &,p, 5,.. .2 wll be respectively equal to AD, 
AN, AM,...AL, and the rectangles (a6+l**), (op4-p*),...(a2 + r) 
will be respectively equal to AD .A*D,AN .A’N,...AL . A'L. 
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Suppose, further, that we have a series of spaces S each 
equal to the largest rectangle AD. A'D and as many in number 
as the diminishing rectangles. 

Comparing now the successive cylinders or frusta (1) in the 
complete cylinder or frustum EB' and (2) in the inscribed 
figure, beginning from the base of the segment, we have 

(first cylinder or frustum in EB') : (first in inscr. figure) 

= BD ^ : PiT 

= AD . A'D : AN . A'N, from the hyperbola, 
= S :(ap +y). 

Again 

(second cylinder or frustum in EB') : (second in inscr. fig.) 

= BD^:QM^ 

= AD.A'D: AM. A'M 
= S : (aq -i- 

and so on. 

The last cylinder or frustum in the complete cylinder or 
frustum EB' has no cylinder or frustum corresponding to it in 
the inscribed figure. 

Combining the proportions, we have [Prop. 1] 

(cylinder or frustum EB') : (inscribed figure) 

= (sum of all the spaces S) : (ap+p^) + (aq + q^) + ... 

> (a. + 6) : + 1 j [Prop. 2] 

>A'D:^^, since a = A A', b = AD, 

> {EB') : V, by {B) above. 

Hence (inscribed figure) < V. 

But this is impossible, because, by (y) above, the inscribed 
figure is greater than V. 
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II. Next suppose, if possible, that the segment is less 
than V. 

In this case we circumscribe and inscribe figures such that 
(circumscribed fig.) — (inscribed fig.) < T— (segment), 
whence we derive 

V > (circumscribed figure) (S). 

We now compare successive cylinders or frusta in the 
complete cylinder or frustum and in the circumscribed figure ; 
and we have 

(first cylinder or frustum in E£') : (first in circumscribed fig.) 
= S:S 

=S:(ab-i-b*), 

(second in EB') : (second in circumscribed fig.) 

= S;(op+p'). 

and BO on. 

Hence [Prop. 1] 

(cylinder or frustum EB') : (circomscribed fig.) 

=s (sum of all spaces 5) : (o5 + 6’) + (op + p*) + ... 

<(“ + *) :(| + |) [Prop. 2] 


< (EB') : V, by (/9) above. 

Hence the circumscribed figure is greater than V ; which is 
impossible, by (S) above. 

Thus the segment is neither greater nor less than T, and is 
therefore equal to it. 

Therefore, by (a), 

(segment ABB ') : (cone or segment of cone ABB') 

« (AD + ZGA) : (AD+2GA). 
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Propositions 27, 28, 29, 30. 

(1) In any spheroid whose centre is G, if a plane meeting 
the axis cut off a segment not greater than half the spheroid and 
having A for its vertex and AD for its axis, and if A'D be the 
axis of the remaining segment of the spheroid, then 

(first segmt.) : (cone or segmt. of cone with same base and aosis) 

= GA + A'D-.A'D 
[= SGA - AD : 2CA - AD}. 

(2) As a particular case, if the plane passes through the 
centre, so that the segment is half the spheroid, half the spheroid 
is double of the cone or segment of a cone ivhich has the same 
vertex and axis. 

Let the plane cutting off the segment be at right angles to 
the plane of the paper, and let the latter plane be the plane 
through the axis of the spheroid which intersects the cutting 
plane in BB' and makes the elliptic section ABA'B'. 

Let EF, E'F' be the two tangents to the ellipse which are 
parallel to BB', let them touch it in A, A', and through the 
tangents draw planes parallel to the base of the segment. 
These planes •will touch the spheroid at A, A', which will 
be the vertices of the two segments into which it is divided. 
Also A A' will pass through the centre G and bisect BB' 
in D. 

Then (1) if the base of the segments be perpendicular to 
the axis of the spheroid, A, A' will be the vertices of the 
spheroid as well as of the segments, AA' ■will be the axis 
of the spheroid, and the base of the segments "will be a circle on 
BB' as diameter ; 

(2) if the base of the segments be not perpendicular to the 
axis of the spheroid, the base of the segments will be an 
ellipse of which BB' is one axis, and AD, A'D will be the 
axes of the segments respectively. 
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We can now draw a cylinder or a frustum of a cylinder 
EBB'F through the circle or ellipse about BB' and having AD 
for its axis; and we can also draw a cone or a segment of 
a cone passing through the circle or ellipse about BB' and 
having A for its vertex. 



We have then to show that, if GA’ be produced to H so 
that DA* s= A‘5, 

(segment ABB') : (cone or segment of cone ABB') = HD : A'D. 
Let V be such a tone that 

V: (cone or segment of cone ABB') = HD\ A'D ... (o); 
and we have to show that the segment ABB’ is equal to V. 
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But, since 

(cylinder or frustum EB') : (cone or segment of cone ABB') 

= 3:1, 

we have, by the aid of (a), 

HD 

(cylinder or frustum EB') : V = A'D : {B)- 

Now, if the segment ABB' is not equal to V, it must 
be either greater or less. 

I. Suppose, if possible, that the segment is greater 
than V. 

Let figures be inscribed and circumscribed to the segment 
consisting of cylindei's or frusta of cylinders, with axes along 
AD and all equal to one another, such that 

(circumscribed fig.) — (inscribed fig.) < (segment) — V, 
whence it follows that 

(inscribed fig.) > F ( 7 ). 

Produce all the planes forming the bases of the cylinders or 
frusta to meet the surface of the complete cylinder or frustum 
EB'. Thus, if ED be the axis of the greatest cylinder or 
frustum of a cylinder in the circumscribed figure, the complete 
cylinder or frustum EB' will be divided into cylinders or frusta 
of cylinders each equal to the greatest of those in the circum- 
scribed figure. 

Take straight lines da! each equal to A'D and as many in 
number as the parts into which AD is divided by the bases of 
the cylinders or frusta, and measure da along da' equal to AD. 
It follows that aa' = 20D. 

Apply to each of the lines a'd rectangles with height equal 
to ad, and draw the squares on each of the lines ad as in 
the figure. Let 8 denote the area of each complete rectangle. 

From the first rectangle take away a gnomon with breadth 
equal to AE (i.e. with each end of a length equal to AE)-, 
take away from the second rectangle a gnomon with breadth 
equal to AM, and so on, the last rectangle having no gnomon 
taken from it. 
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Then 

the first gnomon = A'D . AD — ND . {A'D — il^T) 
^A'D.AN' + U'D.AIf 
= AN.A'}r. 

Similarly, 

the second gnomon = . A'M, 

and so on. 

And the last gnomon (that in the \ast rectangle hnt one) is 
equal to AL . A'L. 

Also, alter the gnomons are taken aTray from the successive 
rectangles, the remainders (which we will call R^, iJ,,... Rn, 
where n is the number of rectangles and accordingly J2» = S) 
are rectangles applied to straight lines each of length aa' and 
‘‘exceeding by squares” whose sides are respectively equal 
to DR, DM,,.. DA. 

For brevity, let DR be denoted by a, and co' or 2CD by c, 
80 that Ji, = c» + a*, JJ, = c.2*+(2a;)‘,.,. 

Then, comparing successively the cylinders or firusta of 
cylinders (1) in the complete cylinder or frustum EB' and 
(2) in the inscribed figure, we have 

(first cylinder or fnistum in EB") : (first in inscribed fig.) 

= BD'iPir 
^AD.A’D'.AR.A’N 
—Si (first gnomon) j 

(second cylinder or frustum in EB') \ (second in inscribed fig.) 
= fir ; (second gnomon), 

and so on. 

The last of the cylinders or frusta in the cylinder or 
frustnm EB' has none corresponding to it in the inscribed 
figure, and there is no corresponding gnomon. 

Combining the proportions, we have [by Prop. 1] 

(cylinder or frustum EB ') : (iracribed fig.) 

= (sum of all spaces S) : (sura of gnomons). 
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Now the differences between S and the successive gnomons 
are E,, jBj, ... jBn. while 

i2, = c® + a:*, 

JSj, = c . 2® + (2®)*, 


R„ = cb + V‘=S, 

where b = nx = AD. 

Hence [Prop. 2] 

(sum of all spaces S) : {R^ + R^ + ... + Rn) <(c + b): + • 

It follows that 

( c 26\ 
2 

Thus (cylinder or frustum EB ') : (inscribed fig.) 

>A'D:^ 


> (cylinder or finistum EB') : V, 

from (B) above. 

Therefore (inscribed fig.) < F ; 

which is impossible, by ( 7 ) above. 

Hence the segment ABB' is not greater than F. 

II. If possible, let the segment ABB' be less than F. 

We then inscribe and circumscribe figures such that 
(circumscribed fig.) — (inscribed fig.) < F— (segment), 
whence F > (circumscribed fig.) (S). 

In this case we compare the cylinders or frusta in {EB') 
with those in the circumscribed figure. 

Thus 

(first cylinder or frustum in EB') : (first in circumscribed fig.) 

(second in EB') : (second in circumscribed fig.) 

= S : (first gnomon). 


and so on. 
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Lastly (last in EB") : (last in circumscribed fig.) 

=iS : (last gnomon). 

Now 

(S + (all the gnomons)) ^tiS — (iJi J2t + • • • + -Rfi-j)- 
And + + + + (l + s). [Prop. 2] 

SO that 

wS : {S + (all the gnomons)) < (c + 6) : . 

It follows that, if we combine the above proportions as in 
Prop. 1, we obtain 

(cylinder or frustum EB') : (circumscribed fig.) 

<(c + <>):(| + f) 


< (EB') : V, by (/9) above. 

Hence the circumscribed figure is greater than V; which is 
impossible, by (5) above. 

Thus, since the segment ABB' is neither greater nor less 
than V, it is equal to it ; and the proposition is proved. 

(2) The particular case [Props. 27, 28] where the segment 
is half the spheroid differs from the above in that the distance 
CD or c/2 vanishes, and the rectangles cb + 6* are simply squares 
(6*), so that the gnomons are simply the difierences between i* 
and 0 ?, b* and (2®)*, and so on. 

Instead therefore of Pri>p. 2 we use the Lemma to Prop. 2, 
Cor. 1, given above [On Spirals^ Prop. 10], and instead of the 

ratio (c + J) : + -g- ^ we obtain the ratio 3 ; 2, whence 

(segment ABB') : (cone or segment of cone ABB ') « 2 : 1. 
[This result can also be obtained by simply substituting 
GA for AD in the ratio {ZCA—AE) : (204 — 4D).] 
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Propositions 31, 32. 

If a plane divide a spheroid into two unequal segments, and 
if AN, A'N he the axes of the lesser and greater segments 
respectively, while G is the centre of the spheroid, then 
{greater segmt.) : (cone or segmt. of cone with same base and axis) 

= CA + AN:AN. 

Let the plane dividing the spheroid be that through PP' 
perpendicular to the plane of the paper, and let the latter plane 
be that through the axis of the spheroid which intersects the 
cutting plane in PP' and makes the elliptic section PAP' A'. 



Draw the tangents to the ellipse which are parallel to PP ' ; 
let them touch the ellipse at A, A', and through the tangents 
draw planes parallel to the base of the segments. These planes 
will touch the spheroid at A, A', the line AA' will pass 
through the centre G and bisect PP' in N, while AN, will 
be the axes of the segments. 

Then (1) if the cutting plane be perpendicular to the a viH 
of the spheroid, AA' will be that axis, and A, A' will be the 
vertices of the spheroid as well as of the segments. Also the 
sections of the spheroid by the cutting plane and all planes 
parallel to it will be circles. 

(2) If the cutting plane be not perpendicular to the axis, 
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the hase of the segments will be an ellipse of which PP' is an 
axis, and the sectioM of the spheroid by all planes parallel 
to the cutting plane will be nmilar ellipses. 

Draw a plane through G parallel to the base of the segments 
and meeting the plane of the paper in BB'. 

Construct three cones or segments of cones, two having A 
for their common vertex and the plane sections through PP', 
BB' for their respective bases, and a third having the plane 
section through PP' for its hase and A' for its vertex. 

Produce CA to H and CA' to S' so that 
AS^A'W^CA. 

We have then to prove that 

(segment A'PP') : (cone or segment of cone A'PP') 

= CA-\-AK\AN 

Now half the spheroid is doable of the cone or segment of a 
cone ABB' [Propa 27, 28]. Therefore 

(the spheroid) » 4 (cone or segment of cone ABB^ 

But 

(cone or segmt of cone ABB') : (cone or segmt. of cone APP*) 
= {CA : AN).{B(P ; Pi}*) 

= (C4 ■.AN).iCA.GA'xAN.A'ir)...{i). 

If we measure AK along AA' so that 

AK-.AC^AC'.Air, 

we have AK .A'N : AC.A'N=^CA AN, 

and the compound ratio in (a) becomes 

{AK.A'N: CA.A'IO,{GA . GA ' : AN.A'N), 
ie. AK.GA' ’.AN.A'N. 

Thus 

(cone or segmt. of cone ABB') : (cone or segmt. of cone APP') 
==AK.OA'\ AN.A'N. 
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But (cone or segment of cone APP') : (segment APP') 

= A'N:NH' [Props. 29, 30] 
^AN.A'N’.AN.NH'. 

Therefore, ex aeguali, 

(cone or segment of cone AES') : (segment APP') 

^AK.OA' -.AN. NE', 
so that (spheroid) : (segment APP') 

==EE'.AK:AN.NE'. 
since EE' = 4 CA'. 

Hence (segment A'PP') : (segment APP') 

= {EE' .AK-AN. EE') : AE . EE' 

= {AE.EE + EE' . EE ) : AE. EE'. 

Further, 

(segment APP') : (cone or segment of cone APP') 

=EE':A'E 

^AE.EE' lAE.A’E, 
and 

(cone or segmt. of cone APP') : (cone or segmt. of cone A'PP') 

= AE’.A'E 
^AE.A'E '. A'E\ 

From the last three proportions we obtain, ex aequali, 
(segment A'PP') : (cone or segment of cone A'PP') 

= {AK. EE + EE' . EE) : A'E^ 

= {AE. EE + EE' . EE) : {CA’‘ + EE' . GE) 

= {AE . EE + EE' . EE) :{AE.AE + EE' .GE).. .(/3). 
But 

AE.EE: AE.AE=EE:AE 

==GA+AE:AE 
= AE + GA :GA 

(since AE ; AG = AG : AE) 

= EE:GA 

= EE-EE:GA-AE 
=EE : GE 

= EE'.EE -.EE'.GE. 
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Hence the ratio in (/3) is equal to the ratio 

AK.J^S:AK,AX or ITff-.AN. 

Therefore 

(segment A'PP*) : (cone orsegraent of oone A'PP') 

= m:A^ 
^CA+AN : AIT. 

[If (x, y) be the coordinates of P referred to the conjugate 
diametera AA', BB' as axes of x.y, and if 2a, 26 be the lengths 
of the diameters respectiveif, we haTe, since 

(spheroid) — (lesser segment) = (greater segment), 

. and the above proposition is the geometrical proof of the truth 
? Ibis equation where e, y are connected by the equation 

*» 
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“Akchimedes to Dositheus greeting. 

Of most of the theorems which I sent to Conon, and of 
which you ask me from time to time to send you the proofs, the 
demonstrations are already before you in the books brought to 
you by Heracleides ; and some more are also contained in that 
which I now send you. Do not be surprised at my taking a 
considerable time before publishing these proofs. This has 
been owing to my desire to communicate them first to persons 
engaged in mathematical studies and anxious to investigate 
them. In fact, how many theorems in geometry which have 
seemed at first impracticable are in time successfully worked out! 
Now Conon died before he had sufficient time to investigate 
the theorems referred to; othenvise he v'ould have discovered 
and made manifest all these things, and would have enriched 
geometry by many other discoveries besides. For I know well 
that it was no common ability that he brought to bear bn 
mathematics, and that his industry was extraordinary. But, 
though many years have elapsed since Conon’s death, I do not 
find that any one of the problems has been stirred by a single 
person. I wish now to put them in review one by one, 
particularly as it happens that there are two included among 
them which are impossible of realisation* [and which may 
serve as a warning] how those who claim to discover every- 
thing but produce no proofs of the same may be confuted as 
having actually pretended to discover the impossible. 

* Heiberg reads t4\os Si vodiaSfuva, but F has tAous, so that the true reading 
is perhaps tAous vortSeS/x^i’a. The meaning appears to he simply ‘ wrong.’ 
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What are the problems I mean, and what are those of which 
you have already received the proofs, and those of which the 
proofs are contained in this book respectively, I think it proper 
to specify. The first of the problems was, Given a sphere, to find 
a plane area equal to the surface of the sphere ; and this was 
first made manifest on the publication of the book concerning the 
sphere, for, when it is once proved that the surfMe of any sphere 
is four times the greatest cirele in the sphere, it is clear that it 
is possible to find a plane area equal to the sur&ce of the sphere. 
The second was, Given a cone or a cylinder, to find a sphere 
equal to the cone or cylinder; the third, To cut a given sphere 
by a plane so that the segments of it have to one another an 
assigned ratio ; the fourth, To cut a given sphere by a plane so 
that the segments of the surface have to one another an assigned 
ratio ; the fifth, To make a given segment of a sphere similar to 
a given segment of a sphere* ; the sixth, Given two segments of 
either the same or different spheres, to find a segment of a sphere 
which shall be similar to one of the segments and have its 
surface equal to the surface of the other segment. The seventh 
was. From a given sphere to cut off a segment by a plane so 
that the segment hears to the cone which has the same base as 
the segment and eqtial height an assigned ratio greater than 
that of three to two. Of all the propositions just enumerated 
Heracleides brought you the proofs. The proposition stated 
next after these was wrong, vis. that, if a sphere be cut by a 
plane into unequal parts, the greater segment will have to the 
less the duplicate ratio of that which the greater surface has to 
the less. That this is wrong is obvious by what I sent you 
before ; for it included this propc^tion ; If a sphere be cut into 
unequal parts by a plane at right angles to any diameter in the 
sphere, the greater segment of the surface will have to the less 
the same ratio as the greater segment of the diameter has 
to the less, while the greater segment of h.<i& tij. the 

less a ratio less than the duplicate ratio of that which the 


• rh te6h r/tSlut dpal/mt tv U9im ifuiiiiffiti, i.e. to uuke A 

segment of a sphere similar to one gtren segment and equal ia content to 
another giien segment. [Cf. On the Spktre and CpUnder, IZ. 5.] 
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greater surface has to the less, but greater than the sesqui- 
alterate* of that ratio. The last of the problems was also wrong, 
viz. that, if the diameter of any sphere be cut so that the square 
on the greater segment is triple of the square on the lesser 
segment, and if through the point thus arrived at a plane be 
drawn at right angles to the diameter and cutting the sphere, 
the figure in such a form as is the greater segment of the sphere 
is the greatest of all the segments which have an equal surface. 
That this is, wrong is also clear from the theorems which I 
before sent you. For it was there proved that the hemisphere 
is the greatest of all the segments of a sphere bounded by an 
equal surface. 

After these theorems the following were propounded con- 
cerning the conef. If a section of a right-angled cone [a 
parabola], in which the diameter [axis] remains fixed, be made to 
revolve so that the diameter [axis] is the axis [of revolution], 
let the figure described by the section of the right-angled cone 
he called a conoid. And if a plane touch the conoidal figure 
and another plane drawn parallel to the tangent plane cut off 
a segment of the conoid, let the hose of the segment cut off be 
defined as the cutting plane, and the vertex as the point in which 
the other plane touches the conoid. Now, if the said figure be 
cut by a plane at right angles to the axis, it is clear that the 
section will be a circle ; but it needs to be proved that the 
segment cut off will be half as large again as the cone which has 
the same base as the segment and equal height. And if two 
segments be cut off from the conoid by planes drawn in any 
. manner, it is clear that the sections will be sections of acute- 
angled cones [ellipses] if the cutting planes be not at right 
angles to the axis; but it needs to be proved that the 
segments will bear to one another the ratio of the squares on 
the lines drawn from their vertices parallel to the axis to meet 
the cutting planes. The proofs of these propositions are not 
yet sent to you. 

After these came the following propositions about the spiral, 

* [\6yo») iiel^ova ijiudXiov rod, ov K.r.\., i.e. a ratio greater than (the 
ratio of the 8urfaoes)t. See On the Sphere and Cylinder, U. 8, 

+ This should be presumably ‘ the conoid,' not ‘ the cone,’ 
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which are as it were another sort of problem having nothing 
in common with the foregoing; and I have written out the 
proofs of them for you in this took. They are as follows. If a 
straight line of which one extremity remains fixed be made to 
revolve at a uniform rate in a plane until it returns to the 
position from which it started, and if, at the same time as the 
straight line revolves, a point move at a uniform rate along the 
straight line, starting from the fixed extremity, the point will 
describe a spiral in the plane. I say then that the area 
bounded by the spiral and the straight line which has returned 
to the position from which it started is a third part of the circle 
described with the fixed point as centre and with radius the 
length traversed by the point along the straight line during the 
one revolution. And, if a straight line touch the spiral at the 
extreme end of the spiral, and another straight line be drawn at 
right angles to the line which has revolved and resumed its 
position from the fixed extremity of it, so as to meet the 
tangent, 1 say that the straight line so drawn to meet it is 
equal to the circumference of the circle. Again, if the revolving 
line and the point moving along It make several revolutions 
and return to the position from which the straight line started, 
I say that the area added by the spiral in the third revolution 
will he double of that added in the second, that in the fourth 
three times, that in the fifth four times, and generally the areas 
added in the later revolutions will be multiples of that added in 
the second revolution according to the successive numbers, 
while the area bounded by the spiral in the first revolution is a 
sixth part of that added in the second revolution. Also, if on 
the spiral described in one revolution two points be taken and 
straight lines be drawn joining them to the fixed extremity of 
the revolving line, and if two circles be drawn with the fixed 
point as centre and radii the lines drawn to the fixed extremity 
of the straight line, and the shorter of the two lines be produced, 
I say that (1) the area bounded by the circumference of the 
greater circle in the direction of (the part of) the spiral included 
between the straight lines, the q>iral (itself) and the produced 
straight line will bear to (2) the area bounded by the circum- 
ference of the lesser circle, the same (part of the) spiral and the 
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straight line joining their extremities the ratio which (3) the 
radius of the lesser circle together with two thirds of the excess 
of the radius of the greater circle over the radius of the lesser 
hears to (4) the radius of the lesser circle together with one 
third of the said excess. 

The proofs then of these theorems and others relating to the 
spiral are given in the present book. Prefixed to them, after the 
manner usual in other geometrical works, are the propositions 
necessary to the proofs of them. And here too, as in the books 
previously published, I assume the following lemma, that, if 
there he (two) unequal lines or (two) unequal areas, the excess 
hy which the greater exceeds the less can, by being [continually] 
added to itself, be made to exceed any given magnitude among 
those which are comparable with [it and with] one another.” 


Proposition 1. 

If a point move at a uniform rate along any line, and two 
lengths be taken on it, they will be proportional to the times of 
describing them. 

Two unequal lengths are taken on a straight line, and two 
lengths on another straight line representing the times; and 
they are proved to be proportional by taking equimultiples of 
each length and the corresponding time after the manner of 
EucL V. Def. 5. 


Proposition 2. 

If each of two points on different lines respectively move along 
them each at a uniform rate, and if lengths he taken, one on each 
line, forming pairs, such that each pair are described in equal 
times, the lengths will he proportionals. 

This is proved at once by equating the ratio of the lengths 
taken on one line to that of the times of description, which 
must also be equal to the ratio of the lengths taken on the other 
line. 
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Proposition 84 

Given any number of drclea, it is possible to find a straight 
line greater than the sum of all their circumferences. 

For we have only to describe polygons about each and then 
take a straight line equal to the sum of the perimeters of the 
polygons. 


Proposition 4 . 

Given two unequal lines, vis. a straight line and the circum* 
ference of a circle, it is possible to find a straight line less than 
the greater of the two lines and greater than the less. 

For, by the Lemma, the exce&s can, by being added a sufficient 
number of times to itself, be made to exceed the lesser Ime. 

Thus e.g., if c> Z (where c is the circumference of the circle 
and I the length' of the straight line), we can find a number n 
such that 

n(c-Z)>^- 

Therefore c — Z > - , 

n 

and c> Z + - > Z. 

n 

Hence we have only to divide Z into n equal parts and add 
one of them to 1. The resulting line will satisfy the condition. 


Proposition 6. 

Gtrsn a circle with centre 0, and the tangent to it at a point 
A, it is possible to draw from 0 a Oraight line OFF, meeting the 
circle in P and the tangent in F, such that, if c be the circum- 
ference of any given circle whatever, 

FF : OF < (arc AP) : c. 

Take a straight line, as D, greater than the circumference c. 
[Prop. 3} 
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Through 0 draw OH parallel to the given tangent, and 
draw through A a line APH, meeting the circle in P and OH 



in H, such that the portion PH intercepted between the cmcle 
and the line OH may he equal to D*. Join OP and produce 
it to meet the tangent in F. 

Then FP : OP = AP : PH, by parallels, 

^AP‘.D 

< (arc AP) : c. 


Proposition 6. 

Given a circle mih centre 0, a chord AB less than the 
diameter, and OM the perpendicular on AB from 0, it is possible 
to draw d straight line OFP, meeting the chord AB in F and t e 

circle in P, such that „ 

FP:PB = JD:H, 

where 1) : E is any given ratio less than BM : MO. 

Draw OH parallel to AB, and BT perpendicular to BO 
meeting OH in T. 

Then the triangles BMO, OBT are similar, and therefore 
BMiMO-=OB: BT, 
whence I) : E < OB : BT. 

* This oonBtrnotion, whioh is aBBumed -witliout any explanation as to how it 
is to be effected, is desoribed in the original Greek thus: “let be placed 
(KchSu) equal to D, verging (vc6ov<ra) towards A,” This is the nsua p raseo ogy 
used in the type of problem known by the name of reDtrw. 
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Suppose that a line PH (greater than BT) is taken each 
that 


PS, 



and let PH he eo placed that it passes through B and P lies on 
the circuTOfeien.cc of the dtcle, while H is on the line OS*. 
(PH will fall outside BT, because PH > BT.) Join OP meeting 
AB in F. 

We now have 

FP .PB^^OP-.PH 
= OB : PH 
^DiE. 


Proposition 7« 

Ct'ccn a circle with centre 0, a chord AB leaa than the 
diameter, and OM the perpendicular on it from 0, it ia possible 
to draw from 0 a straight line OFF, meeting the circle in P and 
AB pr(^uced in F, such that 

FPzPB^DzE, 

where B'. Bis ony yirm rerfio greater than BM : MO. 

Draw 07' parallel to AD, and BT perpendicular to BO 
meeting OT in T. 

* Tba Greek phnM li“let PUbepUeed between the ciremnferenoe and the 
■tnight line (Oil) through D." The eoaetmetion 1< assomed, like the 
one is the tiut propodtion. 
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In this case, D : E> BM ; MO 

> OB ; BT, by similar triangles. 



E 


Take a line PH (less than BT) such that 
D-.H=OB:PH, 

and place PH so that P, H are on the circle and on OT respec- 
tively, while HP produced passes through B *. 

Then FP PB ^ OP ■. PH 

= I):H. 

Proposition 8. 

Given a circle with centre 0, a chord AB less than the 
diameter, the tangent at B, and the perpendicular OM from 0 
on AB, it is. possible to draw from 0 a straight line OFP, 
meeting the chord AB in F, the circle in P and the tangent in G, 
such that 

FP\BQ=^D-.E, 

where D : E is any given ratio less than BM : MO. 

If OT he drawn parallel to A B meeting the tangent at 5 in y, 
BM : MO = OB ; BT, 
so that I) : E < OB : BT. 

Take a point G on TB produced such that 
D:E=OB-.BG, 

whence BG > BT. 

* PS is described in the.Greek as vevoiKrav M {verging to) the point B. As 
before the construction is assumed. 
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Through the points 0, 2*, G describe a circle, and let OB he 
produced to meet this circle in K. 



Then, since BG > ST, and OS is perpendicular to CT, it is 
possible to draw from 0 a etnught Vine OGQ, roeeting CT in 0 
and the circle about OTG in Q, such that OQ ** BK". 

Let OOQ meet AS in i^and the original circle in P. 

Now CQ.OT-^OG.GQi 

and OriOG^Sr-.GT, 

so that OF.GT^sOO.BT. 

It follows that 

CG.GT-.OF,GT=OQ,Q(itOQ.BT, 
or GGiOF^QQxBT 

= BK : BT, by construction, 

= BOxOB 
= BO I OP. 

Hence OP i OF ^ BG CO. 

and therefore PF ; OP =* BG : BG, 

or PFiBG^OP-.BG 

= OP : PC 
= D-.E. 

* Tbe Greek worda osedtre: “it u possible to pUceanotliet [etnigbt lioel 
GQ eqoal to KB Terging (ptiwcar) towards O.” Tliis particular nOatt is 
discuBsed bjr Pappus (p. 298, ed. HuItBcIi). See the Introduction, chapter 



ON SPIRALS, 


161 


Proposition 9. 

Qiven a circle with centre 0, a chord AB less than the 
diameter, the tangent at B, and the perpendicular OM from 0 
on AB, it is possibly to draw from 0 a straight line OPGF^ 
meeting {he circle in P, the tangent in Q, and AB produced in F, 
such that 

FP:BG = I):B, 

where D i E is any given ratio greater than BM : MO. 

Let OT be drawn parallel to AB meeting the tangent at B 
in T. 

Then D:E>BM:MO 

> OB : BT, by similar triangles. 

Produce TB to G so that 

D:E^OB :BC, 
whence BG < BT. 



Describe a circle through the points 0, T, G, and produce OB 
to meet this circle in K. 

Then, since TB > BG, and OB is perpendicular to GT, it is 
possible to draw from 0 a line OGQ, meeting GT in G, and the 
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circle about OTC in Q. such that 6Q = BK*. Let OQ meet 
the original circle in B and AS produced in B. 

We now prove, exactly as in the last proposition, that 
GQ:OF=BK:BT 
=.BG : OP. 

Thus, as before, 

OP:OF^SG:CG. 
and OP:PF=BG :BB, 

whence PF : BQ = OP ; BC 

= OB:BC 

= B'.E. 

Frapoaitlon 10. 

1/ Ai, At, At, ...An be n lines forming an ascending arith- 
metical progression tn wAtcA the common difference is egaal 
to Ai, the least term, then 

(fl+ + + ... + 4n) ■» 3 (^1* + At + ... 

[Archimedes’ proof of this proposition is given above, p. 107- 
0, and it is there pointed out that the result is equivalent to 

1- + 2- + 3- + ... + n- - 

Cob. 1. It follows from this proposition that 
n . < 3 (A,* + AI + ... + All), 

and also that 

^ • -^n* ^ 3 "b -d-I + ^n— !*)• 

[For the proof of the latter inequality see p. 109 above.] 

Cob. 2. All the results tnU equally hold if similar figures 
are 8xd)Stituted fw squares. 


the Bote on the last proposition. 
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Froposition 11. 

If At,, Ai,...An he n lines forming an ascending arith- 
metical progression [in which the common difference is equal to 
the least term then 

(n — 1) Af : (jlji* + 1 * + • • • + An) 

< An • {-^n • Ai + J {An 
but 

{n — 1) Af : + An-n + . • . + 

> An ■ {-^n • -4i +^(j4.n — 

[Arcliimedes sets out the terms side by side in the manner 
shown in the figure, where BG = An,DB=An-i,‘”RS = At, and 
produces LB, FQ, ...RS until they are 

respectively equal to BG or An, bo that chi t u 

EB, QI,.,.SU in the figure are re- 
spectively equal to A^, Ai...Ann.i. He 
further measures lengths BE, J)L, 

FM,...PV along BG, BE, FG,...PQ re- 
spectively each equal to BS. 

The figure makes the relations 
between the terms easier to see with 
the eye, but the use of so large a 
number of letters makes the proof b o f p r 

somewhat difficult to follow, and it 
may be more clearly represented as follows.] 

It is evident that {An — At) = 

The following proportion is therefore obviously true, viz. 

(n - 1) Af : (n- 1) {An . J An-f) 

* The proposition is true even vrhen the common difference is not equal to 

and is assumed in the more general form in Props. 25 and 26. But, as 
Archimedes’ proof assumes the equality of and the common difference, the 
"words are here inserted to prevent misapprehension. 


E- 
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In order therefore to prove the desired resnH, we have only 
to show that 

(An* +^n-i* + ...+A*) 

hut > (-dn-j* + An~t 4- ... + Ai'). 

I. To prove the first inequality, we have 
(n - 1) . A + i (n - 1) -d*-** 

« (fi -1)A,* + (n - l)il, . Af^i + i (n - 1) 

A.ud 

i4»v* + -dn_i*+ ... +Aa 

=(A K-1-^ Ai y + (.4*_ + .4, )*+...+ + A,y 

= iAn-‘ + An-t + •>■ + Ay) 

+ (n-l)^* 

+ Sj4i + .At*-* + — + -A,) 

» + 4.»_ii* + ... + A*) 

+(n-l)A^ 

+Ai [A ft-i +An-9 + Ai^f + ,,,+Ai 

+At +At + ... + ^*-j} 
“(.An-i* + + ... + j4|') 

+ nAi.A,^t (2> 

Comparing the right-hand sides of (1) and (2), we see that 
(n — l).4x* is common to both sid^, and 
(n - 1) .Aj . < n il, . 

while, by Prop. 10, Cor. 1, 

k(n-'l)A,^^<Af^i*+A,^* + >..-\-Ay 

It follows therefore that 

and hence the first part of the proposition is proved. 

II. We have now, in order to prove the second result, to 
show that 
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The right-hand side is equal to 

{An^ + + (-^n-3 + .A,)* + • . • + (^1 + 

= jd-n-s* + .'d.„_3® +Ai 

+ (n-l)A^^ 

2jd.i (Afi^ -1" An— 3 -h •• • "h 
= (A„_n*4-^n-3*+-+^l“) 

+ J.i( A„-^+An-3+ ••• +-^1 1 

l + J-i +Ai n— 2 ) 

-t-(n-l)A® 

(ti — 2 ) Ai . An— 

Comparing this expression with the right-ha,nd side of (1) above, 
we see that (n - 1) is common to both sides, and 

(n-l)Ai.An-i>(n-2)Ai.An-i, 

while, by Prop. 10, Cor. 1, 

1 (ti - 1 ) > (An-i + An-3 + • • • + ^ 1 *)- 

Hence 

(71 - 1) -f J (n - 1) An-i^ > iAn-3 + An^! + . . . + ^i”) 5 

and the second required result follows. 

Cor. The results in the above proposition are equably true if 
similar figures he substituted for squares on the several hues. 

Definitions. 

1. If a straight line drawn in a plane revolve at a uniform 
rate about one extremity which remains fixed and return o 
the position from which it started, and if, at the same time m 
the line revolves, a point move at a uniform rate ^•1®’^^ ^ 
straight line beginning firom the extremity which remains xe , 
the point will describe a spiral in the plane. 

2. Let the extremity of the straight line which remains 
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fixed while the straight line revolves be called the origin* 
{apxa) of the spiral. 

3. And let the position of the line from which the straight 

line began to revolve be called the Initial line* in the 
revolution wepi^pav). 

4. Let the length which the point that moves along the 
straight line describes in one revolution be called the first 
distance, that which the same point describes in the second 
revolution the second distance, and similarly let the distances 
described in further revolutions be called after the number of 
the particular revolution, 

5. Let the area hounded by the spiral described in the 
first revolution and the first distance be called the first area, 
that bounded by the spiral described in the second revolution 
and the second distance the second area, and sinsilarly for the 
rest in order. 

6. If from the origin of the spiral any straight line be 
drawn, let that side of it which is in the same direction as that 
of the revolution be called forward (-Trpoayovfieva), and that 
which is in the other direction backward (iirifteva). 

7. Let the circle drawn with the origifi as centre and the 
first distance as radius be called the first circle, that drawn 
with the same centre and twice the radius the second circle, 
and similarly for the succeeding circles. 


FroposUlon 12, 

Jf any number of straight lines drawn from the origin to 
meet the spiral mahe equal angles with one another, the lines will 
be in ariihmeiiiyil progression. 

[The proof is obvious.] 

* The literal trsnslation would of coorae be the “ beginaing of the apiral ” 
and “the heginning of the levoInKon” mpeetWely. Bat the modem name* 
will be more aaitable for nss later on, aod are therefore employed here. 
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Proposition 13. 

If a. straight line touch the spiral, it will touch it in one point 
only. 

Let 0 be the origin of the spiral, and BG a tangent to it. 

If possible, let BO touch the spiral in two points P, Q. 
Join OP, OQ, and bisect the angle POQ by the straight line OB 
meeting the spiral in B. 



Then [Prop. 12] OB is an arithmetic mean between OP and 
OQ, or 

0P + 0Q = 20B. 

But m any triangle POQ, if the bisector of the angle POQ 
meets PQ in K, 

OP + OQ> 20K*. 

Therefore OK < OB, and it follows that some point on BG 
between P and Q lies within the spiral. Hence BG cuts the 
spiral; which is contrary to the hypothesis. 

Proposition 14. 

If 0 he the origin, and P, Q two points on the first turn of 
the spiral, and if OP, OQ ‘produced meet the ‘first circle’ 
AKP'Q' in P', Q' respectively, OA being the initial line, then 

OP-.OQ = {arcAKP')-.{arcAKQ'). 

For, while the revolving line OA moves about 0, the point 
A on it moves uniformly along the circumference of the circle 

* This is assumed as a known proposition ; but it is easily proved. 
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AKP'Q', and at the same time the point describing the spiral 
mo-ves nnifomly along OA. 



Thus, while A describes the arc AKP’, the moTing point on 
OA describes the length OP, and, while A describes the arc 
AKQ\ the moving point on OA describes the distance OQ. 

Hence OP : OQ» (arc : (arc [Prop, 2] 


Proposition 16. 

If P,Q hepoirits on the second turn of the ^ral, and OP, 
OQ meet the *first circle’ AKP'Q' tn P', Q', os in fAe last 
proposition, and if c be the circumference of the first circle, then 

OP : OQ » c + (arc AKP') : c + (arc AKQ'). 

For, while the moving point on OA describes the distance 
OP, the point A describes the whole of the circumference of 
the ‘first circle' together with the arc AKP'', and, while the 
moving point on OA describes the distance OQ, the point A 
describes the whole circumference of the ‘ first circle ’ together 
with the arc AKQ'. 

Cor. Similarly, if P, Q are on the nth turn of the spiral, 
OP : OO s= (n — 1) c + (arc AKP') : (n — 1) c + (are AKQ'). 
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Propositions 16, 17. 

If BG he the tangent at P, any point on the spiral, PC being 
the ‘forward’ part of BG, and if OP he joined/ the angle OPG 
is obtuse while the angle OPB is acute. 

I. Suppose P to be on tbe first turn of the spiral. 

Let OA be tbe initial line, AKP' the ‘ first circle.’ Draw 
the circle DLP with centre 0 and radius OP, meeting OA in 
D. This circle must then, in the ‘forward’ direction firom P, 



fall within the spiral, and in the ‘ backward ’ direction outside 
it, since the radii vectores of the spiral are on the ‘ forward ’ side 
greater, and on the ‘ backward ’ side less, than OP. Hence the 
angle OPG cannot be acute, since it cannot be less than the 
angle between OP and the tangent to the circle at P, which is 
a right angle. 

It only remains therefore to prove that OPG is not a right 
angle. 

If possible, let it be a right angle. BG will then touch 
the circle at P. 

Therefore [Prop. 5] it is possible to draw a line OQO 
meeting the circle through P in Q and BG in 0, such that 

GQ : OQ < (arc PQ) : (arc DLP) (1). 
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Suppose that OG meets the spiral in It and the ‘ first circle * 
in iJ'j and produce OP to meet the ‘first circle' in P'. 

From (1) it follows, eomponendo, that 

GO i OQ< (arc PLQ) : (arc DLP) 

<(arc AKR') : (arc AKP') 

< OB : OP. [Prop. 14] 

But this is impossible, because OQ= OP, and OR < OG. 

Hence the angle OPC is not a right angle. It was also 
proved not to be acute. 

Therefore the angle OPG is obtuse, and the angle OPB 
consequently acute. 

II. If P is on the second, or the nth turn, the proof is the 
same, except that in the proportion (1) above we have to 
substi tute for the arc DLP an arc equal to (p + arc DLP) or 
(n — 1 . p + arc DLP), where p is the perimeter of the circle 



DLP through P. Similarly, in the later steps, p or (n — 1) p 
will he added to each of the arcs DLQ and DLP, and c or 
(n~I)c to each of the arcs AKR\ AKP', where c is the 
circumference of the ‘first circle’ AKP'. 
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Propositions 18, 19. 

I. If OA he the initial line, A the end of the first turn of 
the spiral, and if the tangent to the spiral at A he drawn, the 
straight line OB drawn from 0 perpendicular to OA will meet 
the said tangent in some point B, and OB will he equal to the 
circumference of the ‘first circle' 

II. If A' he the end of the second turn, the perpendicular 
OB will meet the tangent at A' in some point B', and OB' %vill 
he equal to 2 (circumference of ‘ second circle ’). 

III. Generally, if A^ he the end of the nth turn, and OB 
meet the tangent at An in Bn, then 

OBn — nCn, 

where c„ is the circumference of the ' nth circle.’ 

I. Let AKG be the ‘ first circle.’ Then, since the ‘ back- 
ward ’ angle between OA and the tangent at A is acute [Prop. 
16], the tangent will meet the ‘first circle’ in a second point G. 
And the angles GAO, BOA are together less than two right 
angles; therefore OB will meet AG produced in some point B. 



Then, if c he the circumference of the first circle, we have 
to prove that 

05 = c. 

If not, OB must he either greater or less than c. 
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(1) If possible, suppose OS > c. 

Measure along OB a length OD less than OB but greater 
than c. 

We have then a circle A.KC, a chord AO in it lees than 
the diameter, and a ratio AO:OD which is greater than the 
ratio AO : OB or (what is, by similar triangles, equal to it) the 
ratio of ^AC to the perpendicular from 0 on AO. Therefore 
[Prop. 7] we can draw a straight line OBF, meeting the circle 
in JP and CA produced in F, aUch that 

FPtFA^AO : OB. 

Thus, alternately, since AO^ PO, 

FP:PO = PA : OB 

< (arc PA) : C, 

since (arc PA) > PA, and OB > c. 

Compon&tdo, 

PO: P0<(c + arc PA) : c 
<OQ:OA, 

where OF meets the spiral in Q. [Prop. 16] 

Therefore, since OA = OP, FO < OQ ; which is impossible. 
Hence 

(2) If possible, suppose OB < c. 

Measure OE along OB so that OE is g^reater than OB but 
less than c. 

In this case, since the ratio AO : OE is less than the ratio 
AO : OB (or the ratio of ^AG to the perpendicular from 0 
on AO), we can [Prop. 8] draw a line OF'P'O, meeting AG in 
F', the circle in P', and the tangent at .A to the circle in 0, 
such that 

F'^iAO^AOiOE. 

Let OPG cut the spiral in Q\ 

Then we have, alternately, 

F'P':P'O=>AG:0E 

> (arc AP ') : c, 

because AO > (arc AP'), and OE<c. 
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Therefore 

F'O-. FO < (arc AKF) : c 

<Oq-.OA. [Prop. 14] 

But this is impossible, since OA = OP', and OQ' < OF'. 

Hence OB c. 

Since therefore OB is neither greater nor less than c, 

OB = c. 

II. Let A'K'C be the ‘second circle,’ A'G' being the 
t^gent to the spiral at A' (which will cut the second circle, 
since the ‘ backward ’ angle OA'G' is acute). Thus, as before, 
the perpendicular OB' to OA' will meet A'G' produced in some 
point B'. 


If then c' is the circumference of the ‘second circle,’ we 
have to prove that OB' = 2c'. 



For, if not, OB' must be either greater or less than 2c'. 

(1) If possible, suppose OB' > 2c'. 

Measure OF along OB' so that OD' is less than OB' but 
greater than 2c'. 

Then, as in the case of the ‘ first circle ’ above, we can draw 
a straight line OFF meeting the ‘ second circle ’ in P and G'A' 
produced in F, such that 

. FP :PA' = A'0 :OD'. 
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Let OF meet the spiral in Q. 

We now have, since A"0 ~ PO, 

FPxPO = PA'-.Oiy 

< (arc jIT) : 2c', 

because (arc A'P) > A'P and 01/ > 2c'. 

Therefore FO : PO < (2c' + arc A'P) : 2c' 

< OQ OA'. [Prop. 15, Cor.] 

Hence FO < OQ ; which is impossible. 

Thus OB'-^^c'. 

Similarly, as in the case of the ‘ first circle we can prove that 
OB' + 2c'. 

Therefore OB' = 2c'. 

IIL Proceeding, in like manner, to the ‘third* and suc- 
ceeding circles, we shall prove that 

OB„ = «c«. 


Proposition 20. 

I. If P be any point on the first turn of the spiral and OT 
be drawn perpendicular to OP, OT will meet the tanyent at P to 
the spiral in some point T; and, if the circle drawn teith centre 
0 and radius OP meet the initial line in K, then OT is equal to 
the arc of this circle betioeen K and P measured in the 'forward' 
direction of the spiral. 

II. Generally, if P be a point on the nth turn, and the 
notation be as before, while p represents the circumference of the 
circle with radius OP, 

OT = (n — l)yj 4- arc KP (pleasured 'forward ’). 

I. Let JP be a pomt on the first turn of the spiral, OA the 
initial line, PR the tangent at P taken in the ‘back^7a^d' 
direction. 

Then [Prop. 16] the angle OPR is acute. Therefore PR 
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meets the circle through P in some point R ; and also OT ■will 
meet PR produced in some point T. 

If now OT is not equal to the arc KRP, it must be either 
greater or less. 


F 



(1) If possible, let OT be gi-eater than the ai-c KRP. 

Measure OXT along OT less than OT but greater than the 
arc KRP . , 

Then, - since the ratio PO : OU is greater than the ratio 
PO : OT, or (what is, by similar triangles, equal to it) the 
ratio of ^PR to the pei'pendicular from 0 on PR, we can draw 
a line OQF, meeting the circle in Q and RP produced in F, 
such that 

FQ : PQ = P0:0 U. [Prop. 7] 

Let OF meet the spiral in Q'. 

We ha'7e then 

FQ:QO = PQ:OU 

< (arc PQ) : (arc KRP), by hypothesis. 

Gomponendo, 

FO : QO < (arc KRQ) : (arc KRP) 

< OQ ' : OP. [Prop. 14] 


But QO = OP. 
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Therefore FO < OQ' \ -which is impossible. 

Hence OT ^ (are KRP). 

(2) The proof that OT^: (arc KRP) follows the method of 
Prop. 18, I. (2), exactly as the above follows that of Prop. 18, 
1 .( 1 ). 

Since then OT is neither greater nor less than the arc KRP, 
it is equal to it. 

n. If P be on the second turn, the same method shows 
that 

OT^p-^{ta^KRP)i 

and, similarly, we have, for a point P on the nth turn, 

OT = (n — 1) p + (arc KRP). 


FroposlUons 21, QS, S3. 

Oiven an area bounded by any arc of a epiral and the lines 
joining the extremities of the arc to the origin, it is possible to 
circunwcribs ahovi the area one fgure, and to mcribe (n it 
another figure, each consisting of similar sectors of circles, and 
such that the circuTtiscribed figure exceeds the inscrOxd by less 
than any assigned area. 

For let BO be any arc of the spiral, 0 the origin. Draw 
the circle with centre 0 and radius 00, where 0 is the ‘forward’ 
end of the arc. 

Then, by bisecting the angle BOO, bisecting the resulting 
angles, and so on continually, we shall ultimately arrive at 
an angle COr cutting off a sector of the circle less than any 
assigned area. Let OOr he this sector. 

Let the other lines dividing the angle BOO into equal parts 
meet the spiral in P, Q, and let Or meet it in R. With 0 as 
centre and radii OB, OP, OQ, OB respectively describe arcs of 
circles Bp’, bBq', pQr\ qRo’, each meeting the adjacent radii as 
shown in the figure. In each case the arc in the ‘forward’ 
direction from each point will fall within, and the arc in the 
‘backward’ direction outside, the spiral. 
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We have now a circumscribed figure and an inscribed figure 
each consisting of similar sectors of circles. To compare their 
areas, we take the successive sectors of each, beginning from OG, 
and compare them. 



The sector OGr in the circumscribed figure stands alone. 
And (sector ORq) = (sector OBc'), 

(sector OQp) = (sector OQr'), 

(sector OPb) = (sector OP(f), 
while the sector OBp' in the inscribed figure stands alone. 

Hence, if the equal sectors be taken away, tbe difference be- 
tween the circumscribed and inscribed figures is equal to the 
difference between the sectors OGr and OBp'] and this difference 
is less than the sector OGr, which is itself less than any 
assigned area. 

The proof is exactly the same whatever be the number of 
angles into which the angle BOG is 
divided, the only difference being 
that, when the arc begins from the 
origin, the smallest sectors OPh, OPq' 
in each figure are equal, and there is 
therefore no inscribed sector standing 
by itself, so that the difference 
between the circumscribed and in- 
scribed figures is equal to the sector 
OGr itself. 
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Thus the proposition is universally true. 

Cor. Since the area bounded by the spiral is intermediate 
in magnitude between the circumscribed and inscribed figures, 
it follows that 

(1) a figure can be circumscribed to the area such that it 
exceeds the area hg less than ang assigned space, 

(2) a figure can he inscribed such that the area exceeds it by 
less than any assigned space. 


Proposition 24. 

The area bounded by the first turn of the spiral and the 
initial line is equal to one-third of the ‘first ciVcZc’ [=|^7r(27ra)', 
where the spiral is r=»a6\ 

[The same proof shows equally that, if OP be any radius 
vector in the first turn of the spiral, the area of the portion of 
rte spiral bounded thereby is equal to cme-thiri of that sector of 
the circle drawn with radius OP which ts bounded by the initial 
fine and OP, measured in (he ‘forward’ direction /rom the 
initial line.] 

Let 0 be the origin, OA the initial line, A the eitremitj of 
the first turn. 

Draw the ‘ first circle,’ Lc. the circle with 0 as centre and 
OA as radius. 

Then, if Oj be the area of the first circle, B, that of the first 
turn of the spiral bounded by OA, we have to prove that 

For, if not, J2, must be either greater or less than C,. 

I. If possible, suppose .B, < |Ct. 

We can then circumscribe o figure about made up of 
similar sectors of circles such that, if P be the area of this 
figure, 


whence F<^Ct. 
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Let OP, OQ, ... be the radii of the circular sectors, beginning 
from the smallest. The radius of the largest is of course OA. 

The radii then form an ascending arithmetical progression 
in which the common difference is equal to the least term OP. 
If be the number of the sectors, we have [by Prop. 10, Cor. 1] 

n.OA^ < 3 (OP^ + OQ^ + ... + OA^); 



and, since the similar sectors are proportional to the squares on 
their radii, it follows that 

G,<3F, 

or , F>^Ci. 

But this is impossible, since F was less than ^Gi. 

Therefore ili <}: JC?,. 


II. If possible, suppose J?j > ^G^. 


We can then inscribe a figure made up of similar sectors of 
circles such that, ify be its area. 


whence f> 


Ri —f < Ri — ^Gi, 


If there are (n — 1) sectors, their radii, as OP, OQ,..., form 
an ascending arithmetical progression in which the least term 
is equal to the common difference, and the greatest term, as 
07, is equal to (n — 1) OP. 
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Thua [Prop. 10, Cor. 1) 

n. 0.4* > 3(OP'+ 00' + ... + or*), 
whence Ci>Z/, 

or /< I 

whicli is impossible, since /> jOi. 

Therefore 

Since then JJj is neither greater nor less than jCj, 

P. = |0,. 

[Archimedes does not actually find the area of the spiral 
cut off by the radius vector OP, where P is any point on the 
first turn ; but, in order to do this, we have only to substitute 



in the above proof the area of the sector KLP of the circle 
drawn with 0 as centre and OP as radius for the area Oi of 
the'first circle’, while the two figures made up of similar sectors 
have to be drcumscribed about and inscribed in the portion 
OEP of the spiral The same method of proof then applies 
exactly, and the area of OEP is seen to he J (sector KLP). 

We can prove also, by the same method, that, if P be a 
point on the second, or any later turn, as the nth, the complete 
area described by the radius vector from the beginning up to 
the time when it reaches the position OP is, if 0 denote the 
area of the complete circ le wi th 0 as centre and OP as radius, 
J ((7+ sector KLP) or J (n — 1 , C + sector KLP) respectively. 

The area so described by the radius vector is of course not 
the same thing as the area bounded by the last complete turn 
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of the spiral ending at P and the intercepted portion of the 
radius vector OP. Thus, suppose Pi to be the area bounded 
by the first turn of the spiral and OA^ (the first turn ending at 
Ai on the initial line), Pj the area added to this by the second 
complete turn ending at A^ on the initial line, and so on. Pi has 
then been described twice by tbe radius vector when it arrives 
at the position OAs\ when the radius vector arrives at the 
position OAi, it has described Pi three times, the ring P, twice, 
and the ring P 3 once ; and so on. 

Thus, generally, if 0„ denote the area of the ‘«th circle,’ we 
shall have 

^nCn = Pji + 2Pn — 1 + 3Pn — 2 + • • . + W.Pi, 

while the actual area bounded by the outside, or the complete 
nth, turn and the intercepted portion of OAn will be equal to 

-^n + P/i— 1 + n— 2 + ...+P1. 

It can now be seen that the results of the later Props. 25 
and 26 may be obtained from the extension of Prop. 24 just 
given. 

To obtain the general result of Prop. 26, suppose BO to be 
an arc on any turn whatever of the spiral, being itself less than 
a complete turn, and suppose B to be beyond An the extremity 
of the nth complete turn, while G is ‘ forward ’ from B. 

Let - be the fraction of a turn between the end of the nth 
turn and the point P. 

Then the area described by the radius vector up to the 
position OP (starting from the beginning of the spiral) is 
equal to 

^ {n (circle with rad. OP). 

Also the area described by the radius vector from the beginning 
up to the position 00 is 

i |[n (circle with rad. 00) + (sector B'MG) 
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The area bounded by OB, OG and the portion BEG of the 
spiral is equal to the difference between these two expressions ; 
and, since the circles are to one another as OB* to OG*, the 
difference may be expressed as 

^ {(" ^ j) £'ilfC)| , 

But, by Prop. 15, Cor., 

{n+^) (circle B'MG) : |^n+®^(circIeB'JI/D) + (sector B'Jl/(7)| 
= OBiOG. 



so that 


(” g) B’MO) : (sector B'MG) = OB : {QG-OB). 

Thus ^ OB \( OB*\.\ 

sector B'ifg ^t\Og — ObJv 00’j‘^^J 

OB{OG+OB) + OG* 


_ 0G.0B+U0G-0B )* 


The result of Prop, 25 is a particular case of this, and the 
result of Prop. 27 follows iramedmtely, as shown under that 
proposition.] 
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Propositions 25, 26, 27. 

[Prop. 25.] If An be the end of the second turn of the spiral, 
the area hounded by the second turn and OA^ is to the area 
of the ‘second circle' in the ratio of *1 to 12, being the ratio of 

“Inhere r,, r^ are the radii of the ‘first’ 
and ' second ’ circles respectively, 

[Prop. 26.] If BG be any arc measured in the ‘forward’ 
direction on any turn of a spiral, not being greater than the 
complete turn, and if a circle be drawn with 0 as centre and OG 
as radius meeting OB in B', then 

{area of spiral between OB, OG) : {sector OB'G) 

= {OG. OB + i{OG- OBf} : OG\ 

[Prop. 27.] If H, be the area of the first turn of the spiral 
bounded by the initial line, the area of the ring added by the 
second complete turn, that of the ring added by the third twm, 
and so on, then 

i ?3 = 2i?2, Hi = 3Ri, Bs = B„ = {n— 1) IL. 

Also IL = 6lli. 

[Archimedes’ proof of Prop. 25 is, mutatis mutandis, the 
same as his proof of. the more general Prop. 26. The latter 
will accordingly be given here, and applied to Prop. 25 as a 
particular case.] 

Let BG be an arc measured in the ' forward ’ direction on 
any turn of the spiral, GKB' the circle drawn mth 0 as centre 
and OG as radius. 

Take a circle such that the square of its radius is equal 
to OG. OB+^{OG~ OBf, and let o- be a sector in it whose 
central angle is equal to the angle BOG. 

Thus : (sector OB'G) = {0G .OB + 1{0G ~ OBf} : 0(7*, 
and we have therefore to prove that 

(area of spiral 0BG) = a. 

For, if not, the area of the spiral OBG (which we will call S) 
roust be either greater or less than a. 



184 


L Suppose^ if possible, iS < «r. 

Circumscribe to the area 8 a figure made up of Bimilar 
sectors of circles, such that, if F be the area of the figure, 
F~8<tr-8, 

whence F< <r. 

Let the radii of the successive sectors, starting from OS, 
be OP, 0Q,..,0G. Produce OP, OQ,.- to meet the circle 
CKB',,.. 



If then the lines OB, OP, OQ , ... 00 be n in number, the 
number of sectors in the circumscribed figure will be (n - 1), 
and the sector OB'O will also be divided into (n— 1) equal 
sectors. Also OB, OP, 0Q,...00 will form an ascending 
arithmetical progression of n terms. 

Therefore [see Prop. 11 and Cor.] 

(n - 1) OC* : (OP* + OQ* + ... + 00*) 

<oc*i{oa.oB-\-^ (00 - OS)'} 

< (sector OS'O) : «r, by hypothesis. 
Hence, since similar sectors are as the squares of their radii, 
(sector OB'O) : f'< (sector OB'O) : a, 
so that F><r. 

But this is impossible, because F<tr. 

Therefore B c-. 
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II. Suppose, if possible, S>(t. 

Inscribe iu the area S a figure made up of similar sectors of 
circles such that, if /be its area, 

whence f><r. 

Suppose OB, OP,.,.OY to be the radii of the successive 
sectors making up the figure /, being (n — 1) in number. 

We shall have in this case [see Prop. 11 and Cor.] 

(n - 1) 00^ : (OB* + + ... + OF*) 

> 00* :lOO.OB + i(OG- OB)*}, 
whence (sector OB'G) : f> (sector OB'G) ; cr, 
so that f< O'. 

But this is impossible, because /> a. 

Therefore S if- a-. 

Since then S is neither greater nor less than a, it follows that 

5 = 0 -. 

In the particular case where B coincides with Aj, the end 
of the first turn of the spiral, and 0 with A^, the end of the 
second turn, the sector OB'G becomes the complete ‘second 
circle,’ that, namely, with OA^ (or as radius. 

Thus 

(area of spiral bounded by OA^ : (‘ second circle’) 

= {»’2n-fi(r8-r,)*} :rs* 

= (2 + 1^) : 4 (since = 2r,) 

= 7 : 12. 

Again, the area of the spiral bounded by OA^ is equal to 
+ JJa (ie. the area bounded by the first turn and OAi, 
together with the ring added by the second turn). Also the 
‘second circle’ is four times the ‘first circle,’ and therefore 
equal to 12 Pj. 

Hence (R^^Ik)-. HR, = 7 : 12, 

or i2i + J23 = 7jRj. 

Thus i?j = 6jB,. 


(1). 
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Next, for the third turn, we hare 

(i2, + i2, + R ») : (‘ third cirde ’) = {r,r, + J (r, - r^*} : r,* 

= (3.2 + i):3* 

= 19 : 27, 

and C third circle ’) = 9 {‘ first circle ’) 

= 27i2,; 

therefore Jii + + JI* = 19iii, 

and, by (1) above, it follows that 

= 2i4 (2). 

and so on. 

Generally, we have 

+ : («th circle) = |r„r„., + J (fn - rn«,)*} • »“»»*• 

(iJ, + iE, + .., + i2ft-i) : (n - 1th circle) 

“ (^n-i ^n-* + J — r*7v_j)*} I Tn-i, 

and (nth circle) : (» — Itb circle) « rn' : 

Therefore 

(Si + Sj + ... + S„) : (S] + S* + ... + iJn~j) 

= ln(n-l) + J}:t(n-l)(n-2) + Jl 
= i3n (n - 1) + 1} ; (n - l)(7i - 2) + IJ. 

Dirimendo, 

Sn : (Si + 22j + . . . + 

= 6(n-l):{3(n-l)(n-2) + l} (a). 

Similarly 

S,v.i ; (JIi 4- S* + . . . 4- Ji„_> = 6 (n - 2) : i3 (n - 2) (n - 3) + 1), 
from which we derive 

Sn— 1 ; (Si 4- Sj 4- ... 4" Sft_i) 

= 6(n-2):l6(n-2)4-3(n-2)(n-3) + l} 

= 6(n-2):{3(n-l)(n-2)4-ll (0). 
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Combining (a) and (jS), we obtain 

Bn : i?n-i = {n - 1) : (n - 2). 

Thus 

Bi, Bs, Bt, ...Bn are in the ratio of the successive numbers 


Proposition 28. 

If 0 he the origin and BG any arc measured in the forward ’ 
direction on any turn of the spiral, let two circles he drawn 

(1) with centre 0, and radius OB, meeting OG in G', and 

(2) vnth centre 0 and radius OG, meeting OB produced in B'. 
Then, if B denote the area hounded hy the larger circular arc 
B'G, the line B'B, and the spiral BG, while F denotes the area 
hounded hy the smaller arc BG', the line GG' and the spiral BG, 

E‘.F={0B + l{0G- OB)] -.[OB + ^iOG- OB)]. 

Let (T denote the area of the lesser sector OBG ' ; then the 
larger sector OB'G is equal io a- + F E. 



Thus [Prop. 26] 

i<T + F):{<7 + F+E) = {0G.0B + l{0G-0Bf] : 0G\..{1), 
whence 

E-.{a + F) = [OG{OG-OB)-:^{OG-OBf] 

'.[OG.OB + iiOG-OBf] 

= {OB{OG-OB) + %{pG-OBy] 

•.[OG.OB + \{OG-OBf]. 


( 2 ). 
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Again 

(<r+F+E):tr = 0(P:0B\ 

Therefore, by the first proportion above, er aeqwli, 

i<r + F):<T = {0C.OB + ^(0O- OB)*} : 0B\ 

■whence 

(O- + f) : 1*= [OQ. OB + i(Oa- 0S)*1 

: (OB (00 - OB) + J (00 - 0B)\ 
Combining this ■with (2) above, we obtain 
E : [OBiOO- OB) + 1 (00 - OB)*] 

: (05(00 - OB) + i(00 - OB)*} 
= (OB + KOCf-OB)} : (0B + i(0O-0B)}. 



ON THE EQUILIBRIUM OF PLANES 

OR 

THE CENTRES OF GRAVITY OF PLANES. 
BOOK 1. 


“I POSTULATE the following: 

1. Equal weights at equal distances are in equilibrium, 
and equal weights at unequal distances are not in equilibrium 
but incline towards the weight which is at the greater distance. 

2. If, when weights at certain distances are in equilibrium, 
something be added to one of the weights, they are not in 
equilibrium but incline towards that weight to which the 
addition was made. 

3. Similarly, if anything be taken away from one of the 
weights, they are not in equilibrium but incline towards the 
weight from which nothing was taken. 

4. When equal and similar plane figures coincide if applied 
to one another, their centres of gravity similarly coincide. 

5. In figures which are unequal but similar the centres of 
gravity will be similarly situated. By points similarly situated 
in relation to similar figures I mean points such that, if straight 
lines be drawn from them to the equal angles, they make equal 
angles with the corresponding sides. 
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6. If magnitudes at certain distances be in equilibrium, 
(other) magnitudes equal to them will also be in equilibrium at 
the same distances. 

7. In any figure whose perimeter is concave in (one and) 
the same direction the centre of gravity must be within the 
figure.” 

Proposition 1. 

Weights which, balance at equal distances are equal. 

For, if they are uoeqnal, take away from the greater the 
difference between the two. The remainders will then not 
balance [Po^l. 3] ; which is absurd. 

Therefore the weights cannot be unequal. 

Proposition 2. 

Unequal weights at equal distances will no^ balance but will 
incline towards the greater weight. 

For take aa'ay from the greater the difference between the 
two. The equal remainders will therefore balance 1]. 
Hence, if we add the difference again, the weights will not 
balance but incline towards the greater [Post. 2]. 

Proposition 3. 

Unequal weights will balance at unequal distances, the greater 
weight being at the lesser distance. 

Let A, B be two unequal weights (of which A is the 
greater) balancing about C at distances AC, BO respectively. 



Then shall AC be less than BC. For, if not, take away 

from A the weight (A —B.) The remainders will then incline 
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towards B [Post. 3]. But this is impossible, for (1) if AG—GB, 
the equal remainders will balance, or (2) AG > GB, they will 
incline towards A at the greater distance [Post. 1]. 

Hence AG< GB. 

Conversely, if the weights balance, and AG < GB, then 
A>B. 


Proposition 4. 

If two equal weights have not the same centre of gravity, the 
centre of gravity of both taken together is at the middle point of 
the line joining their centres of gravity. 

[Proved from Prop. 3 by reductio ad absurdum. Archimedes 
assumes that the centre of gravity of both together is on the 
straight line joining the centres of gravity of each, saying that 
this had been proved before {n-poBeSeiKTai,). The allusion is no 
doubt to the lost treatise On levers {vepl ^vyiSv).] 


Proposition 5. 

If three equal magnitudes have their centres of gravity on a 
straight line at equal distances, the centre of gravity of the 
system will coincide with that of the middle magnitude. 

[This follows immediately from Prop. 4.] 

Cor 1. The same is true of any odd number of magnitudes 
if those which are at equal distances from the middle one are 
equal, while the distances behueen their centres of gravity are 
equal. 

Cor. 2. If there be an even number of magnitudes 'with 
their centres of gravity situated at equal distances on one straight 
line, and if the two middle ones be equal, while those which are 
equidistant from- them (on each side) are equal respectively, the 
centre of gravity of the system is the middle point of the line 
joining the centres of gravity of the two middle ones. 
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Proposltlo&B O, 7. 

Two magnitudes, whether commensurable [Prop. 6] or in- 
commensurable [Prop. 7], balance at distances reciprocally 
proportional to the magnitudes. 

I. Suppose the magnitudes id. .B to be commeosurable, 
and the points A, B to be their centres of gravity. Let DE be 
a straight line so divided at G that 

A i3=DC : GE. 

We have then to prove that, if A be placed at E and B at 
JD, 0 is the centre of gravity of the two taken together. 



JL 


Since A, B are commensurable, so are DC, CE. Let N be 
a common measure of DO, GE. Make DH, DE each equal to 
CE, and EL (on GE produced) equal to CD. Then EE ^ CD, 
since DS=GE. Therefore LE is bisected at E, as EK is 
bisected at D. 

Thus LE, EE must each contain N an even number of 
times. 

Take a magnitude 0 such that 0 is contained as many 
times in A as iT' is contained in LE, whence 
A •.0=LE '.N. 

But B-.A^CE '.DC 

= EEiLE. 

Hence, ex aequali, B : O^EK : /T, or 0 is contained in B as 
many times as if is contained in EE. 

Thus 0 is a common measure of A, B. 
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Divide LH, SK into parts each equal to N, and A, B into 
parts each equal to 0. The parts of A will therefore be equal 
in number to those of LH, and the parts of B equal in number 
to those of HK. Place one of the parts of A at the middle 
point of each of the parts N of LE, and one of the parts of B 
at the middle point of each of the parts N of HK. 

Then the centre of gravity of the parts of A placed at equal 
distances on LH will be at E, the middle point of LH [Prop. 5, 
Cor, 2], and the centre of gravity of the parts of B placed at 
equal distances along HK will be at D, the middle point of HK. 

Thus we may suppose A itself applied at E, and B itself 
applied at D. 

But the system formed by the parts 0 A and B together 
is a system of equal magnitudes even in number and placed at 
equal distances along LK. And, since LE = GD, and EC = DK, 
LG= GK, so that G is the middle point of LK. Therefore C is 
the centre of gravity of the system ranged along LK. 

Therefore A acting at E and B acting at D balance about 
the point G. 

11. Suppose the magnitudes to be incommensurable, and 
let them be (A. + a) and B respectively. Let DE be a line 
divided at G so that 

{A-va):B=-DC :GE. 

D C E 

1 



Then, if (A + a) placed at E and B placed at D do not 
balance about G, (A + a) is either too great to balance B, or not 
great enough. 

Suppose, if possible, that (A + a) is too great to balance B. 
Take from (A + a) a magnitude a smaller tban the deduction 
which would make the remainder balance B, but such that the 
remainder A and the magnitude B are commensurable. 
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Then, since A, B nre commensurable, and 
A .B<DC:GB, 

A and B will not balance [Prop. 6], but D will be depressed. 

But this is impossible, since the deduction « was an 
insufficient deduction from (iJ+o) to produce equilibrium, so 
that E was still depressed. 

Therefore (A + a) is not too great to balance B ; and 
similarly it may be proved that B is not too great to balance 
(.4 + a). 

Hence (^A + o), B taben together have their centre of 
gravity at C. 


Proposition 8. 


If AB he a magnitude whose centre of gravity is C, and AD 
a pari of it whose centre of graviiy is F, then the centre of 
gravity of the remaining part will be a point G on FC produced 
suck that 

GC:CF^(AD):{DE). 



For, if the centre of gravity of the remainder {DE) be not 
(?, let it be a point H. Then an absurdity follows at once from 
Props. 6, 7. 


Proposition 9. 

The centre of gravity of any parallelogram lies on the 
straight line joining the middle points of opposite sides. 

Let ABGD be a parallelogram, and let join the middle 
points of the opposite sides AD, BC. 

If the centre of gravity does not lie on EF, suppose it to be 
H, and draw HK parallel to AD or BO meeting EF in K. 
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Then it is possible, by bisecting then bisecting the 
halves, and so on continually, to arrive at a length EL less 



than KU. Divide both AE and ED into parts each equal 
to EL, and through the points of division draw parallels to AB 
or CD. 

We have then a number of equal and similar parallelograms, 
and, if any one be applied to any other, their centres of gravity 
coincide [Posi. 4]. Thus we have an even number of equal 
magnitudes whose centres of gravity lie at equal distances along 
a straight line. Hence the centre of gravity of the whole 
parallelogram will lie on the line joining the centres of gravity 
of the two middle parallelograms [Prop. 5, Cor. 2]. 

But this is impossible, for E is outside the middle 
parallelograms. 

Therefore the centre of gravity cannot but lie on EF. 


Proposition lO. 

The centre of gravity of a parallelogram is the point of 
intersection of its diagonals. 

For, by the last proposition, the centre of gravity lies on 
each of the lines which bisect opposite sides. Therefore it 
is at the point of their intersection; and this is also the 
point of intersection of the diagonals. 

Alternative proof. 

Let ABCp be .the given parallelogram, and BD a diagonal. 
Then the triangles ABD, GDB are equal and similar, so that 
[Poj#. 4}, if one be applied to the other, their centres of gravity 
Avill fall one upon the other. 
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Suppose F to be the centre of gravity of the triangle ABD. 
Let Q be the middle point of BD. ^ ^ 

Join FO and produce it to H, so / 

tbatF{?»(?H. / 

If vre then apply the triangle / / 

ABD to the triangle GDB so that ” / 

AD falls on CB and AB on CD, the ® ® 

point F will fall on U- 

But [by Post. 4] F will fall on the centre of gravity of 
CDB. Therefore H is the centre of gravity of GDB. 

Hence, since F, H are the centres of gravity of the two 
equal triangles, the centre of gravity of the whole parallelogram 
is at the middle point of FB, i.e. at the middle point of BD, 
which is the intersection of the two diagonals, 

Proposition 11. 

Jf abe, ABC he itwj similar triangles, and g, G two poivis in 
them similarly eituaUd with respect to them respectively, then, if 
g he the centre of gravity of the triangle ahc, G mvst he the centre 
of gravity of the triangle ABC. 

Suppose ab :bc: ca — AB : BC % CA. 



The proposition is proved by an obvious reductio ad 
absyrdum. For, if (? be not the centre of gravity of the 
triangle ABC, suppose S’ to be its centre of gravity. 

Post. 6 requires that g, H shall be similarly situated with 
respect to the triangles respectively; and this leads at once 
to the absurdity that the angles BAB, GAB are equal. 
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Proposition 12. 

Given two similar triangles aho, ABC, and d, D the middle 
points of be, BO respectively, then, if the centre of gravity of aho 
lie on ad, that of ABO will lie on AD. 

Let g be the point on ad which is the centre of gravity 
of dbc. 


A 



Take 6 on AD such that 

ad : ag = AD : AG, 
and join gb, gc, GB, GO. 

Then, since the triangles are similar, and bd, BD are the 
halves of bo, BO respectively, 

ab :bd — AB : BD, 
and the angles abd, ABD are equal. 

Therefore the triangles abd, ABD are similar, and 
Z bad = Z BAD, 

Also ba : ad = BA : AD, 

while, from above, ad : ag — AD ; AG. 

Therefore ba : ag = BA : AG, while the angles bag, BAG 
are equal. 

Hence the triangles bag, BAG are similar, and 
Z ahg = Z ABG. 

And, since the angles abd, ABD are equal, it follows that 
Z gbd = Z GBD. 

In exactly the same manner we prove that 

Zgao=/:GAG, 

Zacg = ZAOG, 

Zgcd = zGGD. 
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Therefore g, G are similarlj situated vrith respect to the 
triangles respectively ; whence [Prop. 11] Q is the centre of 
gravity of ABC. 


Proposition 13. 

In any triangle the centre of gravity lies on the straight line 
joining any angle to the middle point of the opposite side. 

Let ABO be a triangle and D the middle point of BC. 
Join AD. Then shall the centre of gravity lie on AD. 

For, if possible, let this not be the case, and let H be the 
centre of gravity. Draw HI parallel to OB meeting AD in I. 

Then, if we bisect DC, then bisect the halves, and so on, 
we shall at length arrive at a length, as DB, less than HI. 



Divide both BD and DC into lengths each equal to DE, and 
through the points of division draw lines each parallel to DA 
meeting BA and AC in points aa K, L, M and H, P, Q 
respectively. 

Join MN, LP, KQ, which lines will then he each parallel 
to BO. 

We have now a series of parallelograms as FQ, TP, SB, 
and AD bisects opposite sides in each. Thus the centre 
of gravity of each parallelogram lies on AD [Prop. 9], and 
therefore the centre of gravity of the figure made up of them 
all lies on AD. 
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Let the centre of gravity of all the parallelograms taken 
together be 0. Join OH and produce it; also draw CV 
parallel to BA meeting OH produced in V. 

Now, if n be the number of parts into which AC is divided, 
A ADC : (sum of triangles on AH, HP, , . .) 

= AC^ :{AH^ + HP^ + ,..) 

= 71^:11 

— n:l 

= AC:AH 

Similarly 

A ABB : (sum of triangles on AM, ML, ...) = AB : AM. 
And AG -.AH^AB -.AM. 

It follows that 

A ABC : (sum of all the small A s) = GA : AH 

> VO OH, by parallels. 

Suppose 0 F produced to X so that 

AABG : (sum of small As) = XO : OH, 
whence, dividendo, 

(sum of parallelograms) : (sum of small As) = XH : HO. 

Since then the centre of gi’avity of the triangle ABG is at H, 
and the centre of gravity of the part of it made up of the 
parallelograms is at 0, it follows from Prop. 8 that the centre 
of gravity of the remaining portion consisting of all the small 
triangles taken together is at X. 

But this is impossible, since all the triangles are on one side 
of the line through X parallel to AB. 

Therefore the centre of gravity of the triangle cannot but 
lie on AB. 

Alternative proof. 

Suppose, if possible, that H, not lying on AB, is the centre 
of gravity of the triangle ABG. Joiii AH, BH, GH. Let 
E,F be the middle points of (74, AB respectivel}^ and join 
BE, EF, FB. Let EF meet AB m M. 
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Draw FK, EL parallel to AH meeting BH, GH in K, L 
respectively. Join KB, BB, IB, KL. Let KL meet BB in 
N, and join MN. 



Since BE is parallel to AB, the triangles ABO, EBG are 
similar. 

And, since CE^EA, and EL is parallel to AH, it follows 
thaC CL « LB. And CB =■ BB. Therefore BB is parallel 
toDX. 

Thus in the eiinilar and sitnilarly situated triangles ABO, 
EDO the straight lines AH, BS are respectively parallel to 
EL, BL : and it follows that H, L are similarly situated with 
respect to the triangles respectively. 

But H is, by hypothesis, the centre of gravity of ABC. 
Therefore L is the centre of gravity of EBG. [Prop. 11] 

Similarly the point K is the centre of gravity of the 
triangle FBB. 

And the triangles FBB, EDO are equal, so that the centre 
of gravity of both together is at the middle point of KL, i.e. at 
the point N. 

The remainder of the triangle ABO, after the triangles FBB, 
EBG are deducted, is the parallelogram AFBE, and the centre 
of gravity of this parallelogram is at M, the intersection of its 
diagonals. 

It follows that the centre of gravity of the whole triangle 
ABO must lie on BH, that is, MN must pass through H, which 
is impossible (since MN is parallel to AB). 

Therefore the centre of gravity of the triangle ABO cannot 
but lie on AB. 
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Proposition 14. 

It follows at once from the last proposition that the centre 
of gravity of any triangle is at the intersection of the lines drawn 
from any two angles to the middle points of the opposite sides 
respectively. 


Proposition 15. 

If AD, BG be the two parallel sides of a trapezium ABGD, 
AD being the smaller, and if AD, BO be bisected at E, F 
respectively, then the centre of gravity of the trapezium is at a 
point G on EF such that 

GE : GF={2BC + AD) : (2AD + BG). 

Produce BA, CD to meet at 0, Then FE produced will 
also pass through 0, since AE — ED, and BF = FG. 


o 



Now the centre of gravity of the triangle GAD will lie on 
OE, and that of the triangle OBC will lie on OF. [Prop. 13] 

It follows that the centre of gravity of the I'emainder, the 
trapezium ABGD, will also lie on OF. [Prop. 8] 

Join BD, and divide it at L, M into three equal parts. 
Through L, M draw PQ, RS parallel to BG meeting BA in 
P, R, FE in W, V, and GD in Q, S respectively. 

Join DF, BE meeting PQ in S and RS in K respectively. 
Now, since BL—^BD, 

FH=lFD. 
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Therefore H is the centre of gravify of the triangle DBG*. 

Similarly, since EK = J BE, it follows that K is the centre 
of gravity of the triangle ADB. 

Therefore the centre of gravity of the triangles DBG, ADB 
together, i.e. of the trapezium, lies on the line HK. 

But it also lies on OF. 

Therefore, if OF, UK meet in , (? is the centre of gravity 
of the trapezium. 

Hence [Props. 6, 7] 

ADBG:AABD=K0:GK 

= rG:ffTr. 

But A DBG : A ABD = BC : AD. 

Therefore BC : A f) = TO ; G F. 

It follows that 

(2BC + AD) : {2AD + BC) = (2FG + G F) : (2G F + TOj 
: QF. 

Q.E.1>. 


* This euj dedoctioD from Prop, li is assomed bj Archimedss without 
proof. 
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BOOK 11. 


Proposition 1. 

If P, P' he two ‘parabolic segments and D, E their centres 
of gravity respectively, the centre of gravity of the two segments 
takeji together will be at a point G on DE determined by the 
relation 

P:P' = OE:CD*. 

In the same straight line with DE measure EH, EL each 
equal to DG, and DK equal to DH ; whence it follows at once 
that DK = GE, and also that KG — GL. 



* This proposition is really a particular case of Props. 6, 7 of Book I. and 
is therefore hardly necessary. As, however, Book IL relates esclusively to 
parabolic segments, Archimedes’ object was perhaps to emphasize the fact 
that the magnitudes in I. 6, 7 might be parabolic segments as well as 
rectilinear figures. His procedure is to substitute for the segments rect- 
angles of equal area, a substitution -whidh is rendered possible by the results 
obtained in his separate treatise on the Quadrature of the Parabola. 
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pairs of angles in order, will be parallel to the base of the 
segment, ' 

(2) that the said lines will be bisected by the diameter of the 
segment, and 

(3) that they tuill cut the diameter in the proportions of the 
successive odd numbers, the number one having reference to {the 
length adjacent to] the ve^'tex of the segment. 

And these properties will have to he proved in their proper 
places (iv Tal<; rd^ecriv).” 

[The last words indicate an intention to give these pro- 
positions in their proper connexion mth systematic proofs ; but 
the intention does not appear' to have been carried out, or at 
least we know of no lost work of Archimedes in which they 
could have appeared. The results can however be easily 
derived from propositions given in the Quadrature of the 
Parabola as follows. 

(1) Let BRQPApqrb be a figure inscribed ‘ in the recog- 
nised manner’ in the parabolic segment BAb of which Bb is 
the base, A the vertex and AO the diameter. 



Bisect each of the lines BQ, BA, QA, Aq, Ab, qb, and 
through the middle points draw lines parallel to AO meeting 
Bb in Q, F, E, e,f g respectively. 
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These lines will then pass throogh the vertices R, Q, P, 
p, q, r of the respective paraholic segments [Quadrature of the 
Parahola, Prop. 18], i.e. through the angular points of the 
inscribed figure (since the triangles and segments are of equal 
height). 

Also BG = OF=FE=EO, and Oe = ef^fg = gh. But 
BO =* Oh, and therefore all the parts into which Eb is divided 
axe equal. 

If now AB, RG meet in L, and Ab, rg in I, we have 
BG .GL = B0‘. OA, by parallels, 

= b0 : OA 
=hg-gl, 

whence GL—gl, 

Again [thtd., Prop. 4] 

OL-.LR=‘BO:06 
-=bO:Og 
=gl '■ Ir i 

and, since GL^gl, LR=lr. 

Therefore GR, gr are equal as well as parallel. 

Hence GRrg is a parallelogtain, and Rr is parallel to Bb. 

Similarly it may be shown that Pp, Qq are each parallel 
to Bb. 

(2) Since RGgr is a parallelogram, and RG, rg are 
parallel to AO, while QO=Og, it follows that Rr is bisected 
by AO. 

And similarly for Pp, Qq. 

(3) Lastly, if V, W, X be the points of bisection of Pp, 
Qq, Rr, 

AV lAW :AX -.AO^PV^ iQW* '.RX' -.BO' 

= 1 : 4 : 9 ; 16, 

whence AV : VW : WX :XO=l : 3 : 5 : 7.] 
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Proposition 2. 

If a figure he ‘inscribed in the recognised manner' in d 
parabolic segment, the centre of gravity of the figure so inscribed 
will lie on the diameter of the segment. 

For, in the figure of the foregoing lemmas, the centre of 
gravity of the trapezium BRrh must lie on XO, that of the 
trapezium RQqr on WX, and so on, while the centre of gravity 
of the triangle PAf lies on A V. 

Hence the centre of gravity of the whole figure lies on A 0. 


Proposition 3. 

If BAB', bob' be two similar parabolic segments whose 
diameters are AO, ao respectively, and if a figure be inscribed 
in each segment ‘ in the recognised manner,' the number of sides 
in each figure being equal, the centres of gravity of the inscribed 
figures will divide AO, ao in the same ratio. 

[Archimedes enunciates this proposition as true of similar 
segments, but it is equally true of segments which are not 
similar, as the course of the proof will show.] 

Suppose BRQPAP'Q'R'B', brqpap'q'r'b' to be the two 
figures inscribed ‘in the recognised manner.’ Join PP', QQ', 
RR' meeting AO in i, if, JV, and pp', qq', rr' meeting ao 
in I, m, n. 

Then [Lemma (3)] 

AL:LM:MX:N0 
= 1 :3:5:7 
= al : Im : mn : no, 

so that AO, ao are divided in the same proportion. 

Also, by reversing the proof of Lemma (3), we see that ' 

PP' :pp' = QQ ' : qq'=RR' : rr' = BB' : bb'. 

Since then RR' : BB’ = rr' : bb', and these ratios respec- 
tively determine the proportion in which XO, no are divided 
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by the centres of gravity of the trapezia SRR'B’, hrr'h' [l 15], 
it follows that the centres of gravity of the trapezia divide NO, 
no in the same ratio. 



Similarly the centres of gravity of the trapezia i2QQ'i?', 
rqqV divide MN, mn in the same ratio respectively, and so on. 

Lastly, the centres of gravity of the triangles PAP', pap' 
divide AL, al respectively in the same ratio. 

Moreover the corresponding trapezia and triangles are, each 
to each, in the same proportion (since their sides and heights 
are respectively proportional), while AO, ao are divided in 
the same proportion. 

Therefore the centres of gravity of the complete inscribed 
figures divide AO, ao in the same proportion. 

PropositloQ 4. 

THb centre of gravity of any parabolic segment cut off by a 
straight line lies on the diameter of the segment 

Let BAB' be a parabolic segment, A its vertex and AO its 
diameter. 

Then, if the centre of gravity of the segment does not lie on 
AO, suppose it to be, if possible, the point F. Draw FE 
parallel to AO meeting BB' in E. 
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Inscribe in the segment the triangle ABB' having the same 
vertex and height as the segment, and take an area S such 
that 

AABB' iS = BE:EO. 



We can then inscribe in the segment ‘in the recognised 
manner ’ a figure such that the segments of the parabola left 
over are together less than S. [For Prop. 20 of the Quadrature 
of the Parabola proves that, if in any segment the triangle with 
the same base and height be inscribed, the triangle is greater 
than half the segment ; whence it appears that, each time that 
we increase the number of the sides of the figure inscrihed ‘ in 
the recognised manner,’ we take away more than half of the 
remaining segments.] 

Let the inscribed figure be drawn accordingly; its centre 
of gravity then lies on AO {Prop. 2]. Let it be the point H. 

Join HF and produce it to meet in K the line through B 
parallel to AO. 

Then we have 

(inscribed figure) : (remainder of segmt.) > A ABB' : S 

>BE\EO 
>KF ; FE. 

Suppose L taken on EK produced so that the former ratio is 
equal to the ratio LF ; FE. 
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Then, since S is the centre of gravity of the inscribed 
figure, and F that of the segment, L must be the centre 
of gravity of all the segments tahen together which form the 
remainder of the original segment. [I. 8] 

But this is inspossible, since all these segments lie on one 
side of the line drawn through L p^allel to AO [Cf. Post. 7]. 

Hence the centre of gravity of the segment cannot but lie 
on AO. 


Proposition 5. 

tn a parabolic segment a figure be trwcrtied ‘in the 
recognised manner,’ the centre of gravity of the segment is nearer 
to the vertex of the segment than the centre of gravity of the 
inscnicd figure ia. 

Let BAB' be the given segment, and AO its diameter. 
First, let ABB' be the triangle in- ^ 

scribed 'in the recognised manner/ 

Divide ^Oin F so that AF">2FO', 

F is then the centre of gravity of the 
triangle ABB'. 

Bisect AB, AB' in X>, D' respec- 
tively, and join DB' meeting AO in E. 

Draw BQ, B'Q' parallel to OA to meet 
the curve. QB, Q'B’ will then be the 
diameters of the segments whose bases 
are AB, AB', and the centres of gravity 
of those segments will lie respectively 
on QB, ,Q']y [Prop. 4}. Let them be H, S', and join S3' 
meeting AO in K. 

]^ow QD, Q'B' are equal*, and therefore the segments of 
which they are the diameters are equal [On Conoids and 
Spheroids, Prop, 3]. 



* This m&y either be inferred from I.emma (1) abore (einee QQ'.DD'sre 
both paraUd to BB’), or from Prop. 19 of the Quadrature of tlte Barabola, which 
applies equally to Q or Q’. 
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Also, since QD, Q'JD' are parallel*, and DE = ED', K is tHe 
middle point of EH'. 

Hence the centre of gravity of the equal segments AQB, 
AQ'B' taken together is K, where K lies between E and A. 
An d the centre of gravity of the triangle ABB' is F . 

It follows that the centre of gravity of the whole segment 
BAB' lies between K and F, and is therefore nearer to the 
vertex A than F is. 

Secondly, take the five-sided figure BQAQ'B' inscribed ‘in 
the recognised manner,’ QD, Q'D' being, as before, the diameters 
of the segments AQB, AQ'B'. 

Then, by the first part of this proposition, the centre of 
gravity of the segment AQB (lying of course on QD) is nearer 
to Q than the centre of gravity of the triangle AQB is. Let 
the centre of gravity of the segment be H, and that of the 
triangle I. 

Similarly let S' be the centre of gravity of the segment 
AQ'B', and I' that of the triangle AQ'B'. 

It follows that the centre of gravity 
of the two segments AQB, AQ'B' taken 
together is K, the middle point of HE', 
and that of the two triangles AQB, AQ'B' 
is L, the middle point of IF. 

If now the centre of gravity of the 
triangle ABB' be F, the centre of gravity 
of the whole segment BAB' (i.e. that of 
the triangle ABB' and the two segments 
AQB, AQ'B' taken together) is a point 
G on KF determined by the proportion 

(sum of segments AQB, AQ'B') : £\ABB' = FG : QE. [I. 6, 7] 

* There is clearly some interpolation in the text here, which has the words 
Kal iirel irapaWtfK&ypafindy iari t 6 0ZHI. It is not yet proved that H'D'DS is . 
a parallelogram ; this can only be inferred from the fact that JET, H' divide QD, 
Q'D' respectively in the same ratio. But this latter property does not appear 
till Prop. 7, and is then only enunciated of similar segments. The interpolation 
must have been made before Eutooius’ time, because be has a note on the 
phrase, and explains it by gravely assuming that H, B' divide QD, Q'D' respec- 
tively in the same ratio. 


B 



212 


AKCBIMEDES 


And the centre of gravity of the inscribed figure SQAQ'B' 
is a point F’ on LF determined by the proportion 

(AAQB + AAQ'BO i ^ABB'^FF ' : Fi. [L 6. 7} 
[Hence FOiQK> FF ' : FL, 

or OK : FO < F'L : FF', 

and, compcmctido, FK t FQ < FL : FF', while FK > FL.} 

Therefore FO>FF', or Q lies nearer than F' to the vertex A. 

Using this last resolt, and proceeding in the same way, 
we can prove the proposition for any figure inscribed ' in the 
recognised manner.’ 


Proposition 6. 

(Wren a segment of a parabola cut off by a straight line, it is 
possible to inscribe in it ' in the recognised manner ’ a figure such 
that ike distance hettoeen the centres of gravity of the segment and 
of the inscribed figure is less than any assigned length. 

Let BAB’ be the segment, AO its diameter, Q its centre 
of gravity, and ABB' the triangle inscribed ' in the recognised 
manner.' 

Let D be the assigned length and S an area sncb that 
AG i D^l^ABB' X S. 

In the segment inscribe * in the recognised manner ' a figure 
such that the sum of the segments left over is less than S. 
Let F be the centre of gravity of the inscribed figure. 

We shall prove that FQ<D. 

For, if not, FO must be either equal to, or greater than, D. 

And clearly 

(inscribed fig.) : (sum of remaining segmts.) 

■ >AG:J) 

> AO : FO, by hypothesis (since FQ-^D). 
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Let the first ratio be equal to the ratio KCr : FQ (where K 
lies on GA produced); . and it follows, that K is the centre of 
gravity of the small segments taken together. [I. 8] 


B 



But this is impossible, since the segments are all on the 
same side of a line drawn through K parallel to BB'. 

Hence FQ cannot but be less than D. 


Proposition 7. 

If there be two similar parabolic segments, their centres of 
gravity divide their diameters in the same ratio. 

[This proposition, though enunciated of similar segments 
only, like Prop. 3 on which it depends, is equally true of 
any segments. This fact did not escape Archimedes, who 
uses the proposition in its more general form for the proof of 
Prop. 8 inamediately following.] 

Let BAB', bob' be the two similar segments, AO, ao their 
diameters, and G, g their centres of gravity respectively. 

Then, if Q, g do not divide AO, ao respectively in the same 
ratio, suppose LT to be such a point on AO that 

AH : HO = ag : go; 
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and inscribe in tbe segment BAB' 'in the recognised manner’ 
a figure such that, if F be its centre of gravity, 

OF<GS. [Prop. 6] 



Inscribe in the segment bob' ‘in the recognised manner' a 
roilar figure ; then, if / be the centre of gravity of this figure, 
ag<af. [Prop. 5] 

And, by Prop. 3, af:fo^ AF : FO. 

But AF-.FO<AH-,HO 

< ag : go, by hypothesis. 

Therefore a/’.fo<ag xgo\ which is impossible. 

It follows that 0, g cannot but divide AO,ao in the same 
ratio. 

FroposlUos 8. 

If AO he the diameter of o pardboUo segment, and G its 
centre of gravity, then 

AQ-=^GO. 

Let the segment be BAB'. Inscribe the triangle ABB' ‘in 
the recognised manner,’ and let F be its centre of gravity. 

Bisect AB, AB' in J), D'.and draw BQ, B'Q' parallel to OA 
to meet the curve, so that QB, Q'D' are the diameters of the 
segments AQB, AQ'B' respectively. 

Let j?, H' he the centres of gravity of the segments AQB, 
AQ'B' respectively. Join QQ', SH' meeting AO in V, K 
respectively. 


ON THE EQUILIBRIUM OF PLANES 11. 


215 


K is then the centre of gravity of the two segments AQB, 
AQB' taken together. 

Now AG:00 = QH:ED, 

[Prop. 7] 

whence AO : 00 = QD : HD. 

But AO = ‘iQD [as is easily proved 
by means of Lemma (3), p. 206]. 

Therefore 00 = iHD ; 

and, by subtraction, AO = iQH. 

Also, by Lemma (2), QQ' is paral- 
lel to BB' and therefore to DD'. It 
follows from Prop. 7 that HH' is also parallel to QQ' or DD', 

and hence QH = VK. 

Therefore A (? = 4 VK, 

and AV+KO = SVK. 

Measuring VL along VK so that VL = j^AV, we have 


KO = 3LK (1). 

Again A0 = 4A V [Lemma (3)] 

= 3AL, since AV=3VL, 

whence AL=^AO= OF (2). 

Now, by I. 6, 7, 


AABB' : (sum of segmts. AQB, AQ'B') = KO : OF, 

and AABjB' = 3 (sum of segments AQjB, AQ'jB') 

[since the segment ABB' is equal to ^AABB' {Quadrature of 
the Parabola, Props. 17, 24)]. 

Hence KG = 30F. 

But KG = 3LK, from (1) above. 

Therefore LF=LK+KG+OF 

= 5GF. 


B 
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And, from (2), 

Lr^{AO-AL-OF)^iAO^OF, 
Therefore OFss^GF, 

and OQ^QQF. 

But 

Therefore, by BubtracUon, 

AQ^mF 

=|<?0. 


Proposition 9 (Lemma). 

If a, b, c, d be four lines in continued proportion and in 
desceTidinp order of magnitude, and if 

d : {a—d)—x : |(a— c), 

and (2a + 46 + 6c+3(i) : (5a + 106+ 10c + 5d)s=y : (a— c), 
it is required to prove that 

*+y=|o. 

[The following is the proof given by Archimedes, with 
the only difference that it is set out in 
algebraical instead of geometrical notation. 

This is done in the particular simply in 
order to make the proof easier to follow. 

Archimedes exhibits his lines in the figure 
reproduced in the margin, but, now that it is 
possible to use algebraical notation, there is 
no advantage in using the figure and the more 
cumbrous notation wHch only obscures the course 
of the proof. The relation l^tween Archimedes’ 
figure and the letters used below is as follows ; 

AB = a, rB = 6, ABsc, EB = (^ ZH — x, H0«sy, AO s=r.] 

Wel»76 = i (U 

a — b c — d 

b c d ’ 

= ® /'o\ 

6 — c c— d bed ' 


■wbence 


and therefore 


2(a+b) _ a + b a+b b a — c b — c _ o — c 
2c c 6 ' e" b — o' c^d~ c — d‘ 


Now 
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And, in like manner, 

6+c _ 6+c c a—c 
d ~ c ' d~ c — d' 

It follows from the last two relations that 

a — c_2a + 3Z> + c 
c — d~ 2c + d 

Suppose z to be so taken that 

2a 4 + 4c + 2(i _ a — c 

2c + d ~ z 

so that z<{c — d). 

a — c + z 2a 4 46 4 6c 4 3c? 


Therefore 


2(a+d) 4 4(64c)‘ 


a — c 

And, by hypothesis, 

a — c _ 5 (a 4 c?) 4 10 (6 4 c) 
y 2a 4 46 4 6 c 4 3d ’ 

a — c 4.2 _ 6 (a 4 d) 4 10(64 c) 5 
sotnat - 2 (a 4 d) 44 ( 64 c) “2 

Again, dividing (3) by (4) crosswise, we obtain 
z 2a 4 36 4 c 


whence 


c—d 2 (a 4 d ) 4 4 ( 64 c)’ 
c — d — z 64 3c 4 2d 


c — d 2 (a 4 d) 4 4 (6 4 c) 

But, by (2), 

c — d a — 6 Z{b — c) 2(c — d) 
~d~'~~~b~~ 3c “ 2J~’ 

so that c^^(.a-V) + Hb-c)+Mo-d) 

d 64 3c 4 2d 

Combining (6) and (7), we have 

c—d — z _ (a — 6 ) 4 3 (6 — c) 4 2 (c — d) 
d 2 (a 4 d) 4 4 (6 4 c) 

c — z 3a 4 66 4 3c 


whence 
And, since [by ( 1 )] 


d 2 (a 4 d) 4 4 (6 4 c) 
c — d 6 — c a — 6 
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we uave = s—. r-r > 

o— c 6 + C + O + t) 

. a — d a + 26+2c + d 2(a + d) + 4!(b + c) 
whence — 2(<i + c) + 46 ' 


Thus 


a^d 2(tt4-d)4-4(& + c) 
|(a-c)“ |{2(a + (;)+46} 
and therefore, by hypothesis, 

d _ 2 (tt + d) + 4 (6 + c) 

|{2(o + c)+46} 

■0*1. /o\ 3a + 6i + 3c , 

But, by (8). T = 2^rTdr+4l5T^)' 


and it follows, ex aeguali, that 

c — z 3(a + c)+66 _5 3 
a " f {2 (a+c) + 46) 3‘2 


2 ' 


And, by (3), 

Therefore 

or 


a—c+z 5 

y " 2 - 

5 a 

« + y*-ia- 


.(9). 


FroposiUon lO. 

If PFB'B be the portion of a parabola intercepted between 
two parallel chords FP', BB' bisected respectively in N, 0 by 
the diameter ANO {N being nearer than 0 to A, the vertex 
of the segments), and if HO be divided into five equal parts of 
which LM is the middle one {L being nearer than M to H), then, 
if G be a point on LM sack that 

LG : GM=BO\i2PN+BO) : PN*.(2B0+PN), 

G will be the centre of gravity of the area PP'B'B. 

Take a line ao equal to AO, and an on it equal to AN. Let 


p, q be points on the line ao such that 

ao laq^aqx an (1), 

ao an^aq lap (2), 


[whence ao : aq = aq ' an = an ap, or ao, aq, an, ap are lines in 
continued proportion and in descending order of magnitude]. 
Measure along OA a length GF such that 
op : aj» = Oi ; GF 


.( 3 ). 
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Then, since PN, BO are ordinates to APFO, 

BO^ : PN^ = AO : AN 

= ao •. an 

= ao’* : ag®, by (1), 

so that BO : PN= ao : aq (4), 

and : PN‘ = aN : ag® 

= (ao : ag) . (ag : an) . (an : a^) 

= ao : ap (5). 


B 



Thus (segment BAB') : (segment PAP') 

= ABAB' : APAP' 

= B0’‘ : PN^ 

= ao : ap, 

whence 

(area PP'B'B ) : (segment PAP') = op : ap 

= OL : GF, by (3), 

= 10N-.GF (6). 

Now BO ^ . (2Pi\r+ BO ) : PO* = (2Pif + BO) : PO 

= (2og + ao) : ao, by (4), 
PO’ : PN’‘ = ao : op, by (5), 
and PN^:PN\ (2P0 + PJV) = PN : (2P0 + PN) 

= ag: (2ao + ag), by (4), 

= ap : (2an + ap), by (2). . 
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Hence, ex aeguali, 

£0* . (2PiV+50) : Pir*. (2PO +Pi\0 = (2a? + ao) = (San + ap). 
so- that, by hypothesis, 

ZO : GM —(2ag+ao) : (San-hap). 

Componendo, and multiplying the antecedents by 5, 

OJV : GM ={5(ao+ ap) +10(aq-h an)| ; (2an + ap). 

Bat 0iV':0i/=5:2 

= (5 (ao + ap) + 10 (og + an)} : {2 (ao + ap) + 4! (aq + an)}. 
It follows that 

OJT: 0G= {3(ao-*- ap) + 10(ag+an)| : (2ao + 4ag + 6an+ 3ap). 
Therefore 

(2ao + 4ag + Can + 3ap) : {5(ao+ajj)+ 10{ag + an)} = OG : ON 

= OG : m. 

And ap : (ao — ap) » ap : op 

ts GF : OL, by hypothesis, 

*e GF : I on, 

while ao, aq, an, ap are in continued proportion. 

Therefore, by Prop. 9. 

GF + Off as OF —\ao = |0i4. 

Thus F is the centre of gravity of the segment BAB'. [Prop. 8] 
Let B be the centre of gravity of the segment PAP', so 
that AB^\AN. 

And, since AF = | A 0, 

we have, by subtraction, BF=^ON. 

But, by (C) above, 

(area PP'B'B) : (segment PAP') = |0i^ : GF 
= SF:FG. 

Thus, since F, H are the centres of gravity of the segments 
BAB', PAP' respectively, it follows [by I. 6, 7] that ff is the 
centre of gravity of the area PP'B'B. 



THE SAND-KECKONER. 


“ There are some, king Gelon, who think that the number 
of the sand is infinite in multitude ; and I mean by the sand 
not only that which exists about Syracuse and the rest of Sicily 
but also that which is found in every region whether inhabited 
or uninhabited. Again there are some who, without regarding 
it as infinite, yet think that no number has been named which 
is great enough to exceed its multitude. And it is clear that 
they who hold this view, if they imagined a mass made up of 
sand in other respects as large as the mass of the earth, in- 
cluding in it all the seas and the hollows of the earth filled up 
to a height equal to that of the highest of the mountains, 
would .be many times further still from recognising that any 
number could be expressed which exceeded the multitude of 
the sand so taken. But I will try to show you by means of 
geometrical proofs, which you will be able to follow, that, of the 
numbers named by me and given in the work which I sent to 
Zeuxippus, some exceed not only the number of the mass of 
sand equal in magnitude to the earth filled up in the way 
described, but also that of a mass equal in magnitude to the 
universe. Now you are aware that ‘universe’ is the name 
given by most astronomers to the sphere whose centre is the 
centre of the earth and whose radius is equal to the straight 
line between the centre of the sun and the centre of the earth. 
This is the common account (ra <Ypa<})6iieva), as you have heard 
from astronomers. But Aristarchus of Samos brought out a 
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book consisting of some hypotheses, in which the premisses lead 
to the result that the universe is many times greater than that 
now so called. His hypotheses are that the fixed stars and the 
sun remain unmoved, that the earth revolves about the sun in 
the circumference of a circle, the sun lying in the middle of the 
orbit, and that the sphere of the fixed stars, situated about the 
same centre as the sun, is so great that the circle in which he 
supposes the earth to revolve bears such a proportion to the 
distance of the fixed stars as the centre of the sphere bears to 
its surface. Now it is easy to see that this is impossible ; for, 
since the centre of the sphere has no magnitude, we cannot 
conceive it to bear any ratio whatever to the surface of the 
sphere. We must however take Aristarchus to mean this: 
since we conceive the earth to be, as it were, the centre of 
the universe, the ratio which the earth bears to what we 
describe as the 'universe’ is the same as the ratio which the 
sphere containing the circle in which he supposes the earth to 
Tcvolve bears to the sphere of the fixed stars. For he adapts 
the proofs of his results to a hypothesis of this kind, and in 
particular he appears to suppose the magnitude of the sphere 
in which he represents the earth as moving to be equal to wbat 
we call the ‘ universe.’ 

I say then that, even if a sphere were made np of the sand, 
as great as Aristarchus supposes the sphere of the fixed stars 
to be, I shall still prove that, of the numbers named in the 
Principles*, some exceed in multitude the number of the 
sand which is equal in magnitude to the sphere referred to, 
provided that the following assumptions be made. 

1. The perimeter of the earth is about 3,000,000 stadia and 
not greater. 

It is true that some have tried, as you are of course aware, 
to prove that the said perimeter is about 300,000 stadia. But 
I go further and, putting the magnitude of the earth at ten 
times the size that my predecessors thought it, I suppose its 
perimeter to be about 3,000,000 stadia and not greater. 

* 'kpxfil was Bpp&Tentlj the tiUe of the \rorh sent to Zeoiippoa. Cl the 
sote attached to the ennmeration of loef works of Archimedes ia the Ictrodnction, 
Chapter II., ad fin. 
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2. The diameter of the earth is greater than the diameter of 
the moon, and. the diameter of the sun is greater than the diameter 
of the earth. 

, In this assumption I follow most of the earlier astronomers. 

3. The diameter of the sun is about 30 times the diameter of 
the moon and not greater. 

It is true that, of the earlier astronomers, Eudoxus declared 
it to be about nine times as great, and Pheidias my father* 
twelve times, while Aristarchus tried to prove that the diameter 
of the sun is greater than 18 times but less than 20 times the 
diameter of the moon. But I go even further than Aristarchus, 
in order that the truth of my proposition may be established 
beyond dispute, and I suppose the diameter of the sun to be 
about 30 times that of the moon and not greater. 

4. The diameter of the sun is greater than the side of the 
chiliagon inscribed in the greatest circle in the (sphere of the) 
universe. 

I make this assumption-f* because Aristarchus discovered 
that the sun appeared to be about 7-^th part of the circle of 
the zodiac, and I myself tried, by a method which I will now 
describe, to find experimentally ( 6 pjaviKa<;) the angle sub- 
tended by the sun and having its vertex at the eye (rap r^wviav, 
et9 dv 0 oKios ivapfio^ei rdv Kopv^dv oj(ova-av ttotI ra o^lrec).” 

[Up to this point the treatise has been literally translated 
because of the historical interest attaching to the ipsissima 
verba of Archimedes on such a subject. The rest of the work 
can now be more freely reproduced, and, before proceeding to 
the mathematical contents of it, it is only necessary to remark 
that Archimedes next describes how he arrived at a higher and 
a lower limit for the angle subtended by the sun. This he did 

* Tov ifiod jraTpb! is the correction of Blass for roD ’A.Ko(nraTpos {Jahrb. f. 
Philol. oxxvH. 1883). 

. + This is not, strictly spealdng, an assumption ; it is a proposition proved 
later (pp. 224 — 6) by. means of the result of an experiment about to be 
described. 
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by taking a long rod or ruler ijcamav), fastening on the end of it 
a small cylinder or disc, pointing the rod in the direction of the 
Bun just after its rising (so that it was possible to look directly 
at it), then putting the cylinder at such a distance that it just 
concealed, and just failed to conceal, the sun, and lastly measur- 
ing the angles subtended by the cylinder. He explains also the 
correction which he thought it necessaty to make because “the 
eye does not see from one point but from a certain area ” (fed 
at ovK feoe (rafieiov /SXfeoiT/, aXXa airo TIV05 

The result of the experiment was to show that the angle 
subtended by the diameter of the sun was less than 
and greater than f^jjth part, of a right angle. 

To prove that (on this assumption) the diameter of the sun 
is greater than the side of o cAilia^on, or figure with 1000 equal 
exdes, wiscnfied in o great circle of the ' universe/ 

Suppose the plane of the paper to be the plane passing 
through the centre of the sun, the centre of the earth and the 
eye, at the time when the sun has just risen above the horizon. 

the plane cut the earth in the circle ESL and the sun 
in the circle FKQ, the centres of the earth and sun being G, 0 
respectively, and E being the poaition of the eye. 

Further, let the plane cut the sphere of the * universe ’ (Le. 
the sphere whose centre is C and radius CO) in the great 
circle 

Draw from E two tangents to the circle EKO touching it 
at P, Q, and from C draw two other tangents to the same circle 
touching it in F, G respectively. 

Let CO meet the sections of the earth and sun in S, K 
respectively; and iet CF, Off produced meet the great circ/e 
AOBmA,B. 

Join EO, OF, 00, OF, OQ, AB, and let AB meet CO in M. 

Now CO > EO, since the sun is just above the horizon. 
Therefore e.PEq > ^FCG. 
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b ^ ^ ^ represents a right angle. 



Thus Z FGO < rh-R, a fortiori, 

and the chord AB subtends an arc of the great circle which is 
less than ^^th of the circumference of that circle, i.e. 

AB < (side of 656-sided polygon inscribed in the circle). 

Now the perimeter of any polygon inscribed in the great 
circle is lera than ^(70. [Of. Measurement of a, circle, Prop. 3.] 

Therefore AB : (70 < 11 : 1148, 

and, a fortiori, AB< -^00 (a). 

Again, since OA = GO, and AM is perpendicular to GO, 
while OF is perpendicular to GA, 

AM^OF. 

Therefore AB = 2AM = (diameter of sun). 

Thus (diameter of sun) < -j^GO, by (a), 
and, a, fortiori, 

(diameter of earth) < -x^GO. [Assumption 2] 
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Hence CS + OK < 

60 that ffK>-^C0. 

or CO tSK< 100 : 99. 

And GO>CF, 

while HK < EQ. 

Therefore CFi EQ<100 ; 99 08). 

Now in the right-angled triangles CFO, EQO, of the sides 
about the right angles, 

OF^OQ, but EQ < CF (since EO < CO). 

Therefore /.OEQ: ^OCF>CO : EO. 

hut <CF:EQ*. 

Doubling the angles, 

^PEQi^ACB<GF:EQ 

< 100 : 99, by (<9) above. 

But z PEQ > by hypothesis. 

Therefore zACB> R 

It follows that the arc AB is greater than p^th of the circum- 
ference of the great circle AOB, 

Hence, o fortiori, 

AB>(filde of chili^oa inscribed in great circle), 
and AB is equal to the diameter of the sun, as proved above. 

The followinff results can now he proved : 

{diameter of 'universe') < 10,000 {diameter of earth), 
and (diameter of * universe') < 10,000,000,000 stadia. 

* Tlie propMitioQ here assmoediBoIoovneeqcmlent to the trigonometrical 
fonnola which states that, if a, ^ are the circular measorea of two angles, each 
less than a right angle, of which a is the greater, then 
tana a sing 
tan p p einjs * 
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, (1) Suppose, for brevity, that represents the diameter 
of the ‘ universe,’ ds that of the sun, dg that of the earth, and dm 
that of the moon. 

By hypothesis, dg :[>• ZOdm, [Assumption 8] 

and dt>dm; [Assumption 2] 

therefore d, < SOdg. 

Now, by the last proposition, 

dg > (side of chiliagon inscribed in great circle), 
so that (perimeter of chiliagon) < lOOOcZ, 

< 30,G00de. 

But the perimeter of any regular polygon with more sides 
than 6 inscribed in a circle is greater than that of the inscribed 
regular hexagon, and therefore greater than three times the 
diameter. Hence 

(perimeter of chiliagon) > 3cZ„. 

It follows that du < 10,000de. 

(2) (Perimeter of earth) 3,000,000 stadia. 

[Assumption 1] 

and (perimeter of earth) > Sdg. 

Therefore dg < 1,000,000 stadia, 

whence du < 10,000,000,000 stadia. 


4-ssumption 5. 

Suppose a quantity of sand taken not greater than a poppy- 
seed, and suppose that it contains not more than 10,000 grains. 

Next suppose the diameter of the poppy-seed to be not less 
than -^th of a finger-breadth. 

Orders and periods of numbers. 

I. We have traditional names for numbers up to a 
myriad (10,000); we can therefore express numbers up to a 
myriad myriads (100,000,000). Let these numbers be called 
numbers of the first order. 

Suppose the 100,000;000 to be the unit of the second order, 
and let the second order consist of the numbers from that unit 

up to (100,000,000)1 
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Let this again be the unit of the third order of numbers 
ending with (100,000,000)*; and so on, until we reach the 

100.000. 000Jh order of numbers ending with (100,000,000)'*'®*-®“, 
which we will call P. 

H. Suppose the numbeia from 1 to P just described to 
form the jirst period. 

Let P be the unit of the first order of the second period, and 
let this consist of the numbers from P up to 100,000,000p. 

Let the last number be the unit of the second order of the 
second period, and let this end with (100,000,000)* P. 

We can go on in this way till we reach the 100,000,000/A order 
of the second period ending with (100,000,000)'"'®“'®* P, or P*. 

m. Taking P* as the unit of the first order of the third 
period, we proceed in the same way till we reach the 

100.000. 000t/i order of the third period ending with P*. 

IV. Taking P* as the unit of the/irsf order of ike fovrih 
period, we continue the same process until we arrive at the 

100.000. 000tA order of the 100,000,OOOJA peiHod ending with 
P'*®’®*'*". This last number is expressed by Archimedes as "a 
myriad-myriad units of the myriad-myriad-th order of the 
mynad-mynad-th period (a* pvptaKKTpvpioirfd^ rrepio^ov pvpta- 
Ktopvpioorwv apidpwv pvpiat /tvpfdSe?)," which is easily seen 
to be 100,000,000 times the product of (lOO.OOO.OOO)®*-*®*'®" and 

[The scheme of numbers thus described can be exhibited 
more clearly by means of indices as follows. 

FIRST PERIOD. 

First order. Numbere from 1 to 10®. 

Second order. „ „ 10* to 10‘*. 

Third order. „ „ 10“ to 10**. 


(10®)tA order. 


10*.(i«®-«tol0'-**'(P,8ay). 
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SECOND PERIOD, 

First order. Numbers from P.l to P.IO®. 
Second order., „ „ P.IO® to P.IO'®. 

{m)ti order. „ „ P.10»-f'»^« to 

P.IO®-'"’ (or P*). 


(10«)th period. 

First order. „ „ P>"’-M to P'°^M0*. 

Second order. to Pi'>'-M0« 

{W)th order. „ „ to 

pios-i _iOs.ioS (i,e. P'o*). 

The prodigious extent of this scheme will be appreciated 
when it is considered that the last number in the first period 
would be represented now by 1 followed by 800,000,000 ciphers, 
while the last number of the {W)th period would require 
100,000,000 times as many ciphers, i.e. 80,000 million millions 
of ciphers,] 

Octads. 

Consider the series of terms in continued proportion of 
which the first is 1 and the second 10 [i.e. the geometrical 
progression 1, 10\ 10’, lO’, ...]. The first octad of these terms 
\i.e. 1, 10’, 10’, ...10’] fall accordingly under the first order 
of the first period above described, the second octad [i.e. 
10®, 10’, . . . 10“] under the second order of the first period, the 
first term of the octad being the unit of the corresponding 
order in each case. Similarly for the third octad, and so on. 
We can, in the same way, place any number of octads. 

Theorem. 

If there he any number of terms of a series in continued 
proportion, say J.i, A^, Am.— -d„,... of which 

.4i = l, jl 3 = 10 [so that the series forms the geometrical pro- 
gression 1, 10’, 10V..10’'*-’,...10"~’,...10'”+”“’,...], and if any 
two terms as Am, A„ he taken and multiplied, the product 
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An. An 'unll he a term in ike same series and mil be as many 
terms distant from A„ as An is distant from Ai; also it will be 
distant from A^ by a number of terms less by one than the sum 
of the numbers of terms by vihick and An respectively are 
distant from Ai. 

Take the term which is distant from An hy the same 
nnmber of terms as An is distant from A^. This number of 
terms Is m (tbe first and last being both counted). Thus the 
term to be taken is m terms distant iinm An, and is therefore 
the term An^~i. 

We have therefore to prove that 

An.An = An^n.^. 

Now terms equally distant from other terms in the COQ* 
tinned proportion are proportional. 



But since .^i « 1. 

Therefore A^^^x ^An.An (IX 

The second result is now obvious, since An is ^ terms 
distant from .d,, An is n terms distant from .d,, and 
(m + n — 1) terms distant from A,. 


Application to the number of tbe sand. 

By Assumption 5 [p. 227], 

(diam. of poppy-seed) ^ (finger-breadth); 
and, since spheres are to ooe another in the triplicate ratio 
of their diameters, it follows that 


(sphere of diam. 1 finger-breadth) ^ 64,000 poppy-seeds 


>64,000x10.000 » 

> 640,000,000 
>6 units of second 
order + 40,000,000 ► 
units of first order 
(a fortiori) < 10 units of second 
order of numbers. ' 


grains 

of 

sand. 
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We now gradually increase the diameter of the supposed 
sphere, multiplying it by 100 each time. Thus, remembering 
that the sphere is thereby multiplied by 100® or 1,000,000, the 
number of grains of sand which would be contained in a sphere 
with each successive diameter may be arrived at as follows. 


BiaTneter of sphere. 


Corresponding number of grains of sand. 


(1) 100 finger-breadths 


(2) 10,000 finger-breadths 


(3) 1 stadium 

(< 10,000 finger- breadths) 

(4) 100 stadia 


(6) 10,000 stadia 

(6) 1,000,000 stadia 

(7) 100,000,000 stadia 

(8) 10,000,000,000 stadia 


< 1,000,000 X 10 units of second order 
<(7th term of series) x (10th term of 

series) 

< 16th term of series [i.e. 10*®] 

<[10* or] 10,000,000 units of the second 

order. 

< 1,000,000 X (last number) 

< (7th term of series) x (16th term) 

< 22nd term of series [i.e. 10^*] 

<[10® or] 100,000 imits of third order. 

< 100,000 units of third order. 

< 1,000,000 X (last number) 

< (7th term of series) x (22nd term) 

< 28th term of series [10^] 

<[10® or] 1,000 miits ot fourth order. 

< 1,000,000 X (last number) 

<(7th term of series) x (28th term) 

< 34th term of series [10®®] 

< 10 units of fifth order. 

< (7th term of series) x (34th term) 

< 40th term [10®®] 

<[10* or] 10,000,000 rmits of fifth order. 

< (7th term of series) x (40th term) 

< 46th term [10«] 

<[10® or] 100,000 units of sixth order. 

< (7th term of series) x (46th term) 

< 52nd term of series [10®^ 

<[10® or] 1,000 units of seventh order. 


But, by the proposition above [p. 227], 

(diameter of ‘ universe ’) < 10,000,000,000 stadia. 

Hence I3ie number of grains of sand which could be contained 
in a sphere of the size of our ‘universe’ is less than 1,000 units 
of the seventh order of numbers [or 10”]. 
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From this we can prove further that a sphere of the size 
attributed hy Aristarchus to the sphere of the fixed stars would 
contain a number of grains of sand less than 10,000,000 umtj 
of the eighth order of numbers [or 10“+^= 10**]. 

For, hy hypothesis, 

(earth) : (‘ universe ’) = (' univeree ’) ; (sphere of fixed stars). 
And [p. 227] 

(diameter of ' universe ’) < 10,000 (diam. of earth) ; 
whence 

(diam. of sphere of fixed stars) < 10,000 (diam. of ' uhiverse ’). 

Therefore 

(sphere of fixed stars) < (10,000)' . (‘.universe ’). 

It follows that the number of grains of sand which would be 
contained in a sphere equal to the sphere of the fixed stars 

< (10,000)* y 1 ,000 units of seventh order 

< (18th term of series) x (52Dd term of series) 

< 64th term of series [i.e. 10**] 

< [10’ or] 10,000.000 units of eighth order of numbeis. 

Conclusion. 

“I conceive that these things, king Gelon, will appear 
incredible to the great majority of people who have not studied 
mathematics, but that to those who are conversant therewith 
and have given thought to the question of the distances and 
sizes of the earth the sun and moon and the whole universe the 
proof will carry conviction. And it was for this reason that 
I thought the subject would be not inappropriate for your 
consideration.” 
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“ Archimedes to Dositheus greeting. 

“ When I heard that Conon, who was my friend in his life- 
time, was dead, but that you were acquainted "vvith Conon and 
withal versed in geometry, while I grieved for the loss not only 
of a friend but of an admirable mathematician, I set myself the 
task of communicating to you, as I had intended to send to 
Conon, a certain geometrical theorem which had not been 
investigated before but has now been investigated by me, and 
which I first discovered by means of mechanics and then 
exhibited by means of geometry. Now some of the earlier 
geometers tried to prove it possible to find a rectilineal area 
equal to a given circle and a given segment of a circle; and 
after that they endeavoured to square the area bounded by the 
section of the whole cone* and a straight line, assuming lemmas 
not easily conceded, so that it was recognised by most people 
that the problem was not solved. But I am not aware that 
any one of my predecessors has attempted to square the 
segment bounded by a straight line and a section of a right- 
angled cone [a parabola], of which problem I have now dis- 
covered the solution. For it is here shown that every segment 
bounded by a straight line and a section of a right-angled cone 
[a parabola] is four-thirds of the triangle which has the same base 
and equal height with the segment, and for the demonstration 

* There appears to be some corraption here : the espression in the text is 
Toi oXou ToO Kcii'ou To/iSt, and it is not easy to give n natural and intelligible 
meaning to it. The section of ‘the whole cone’ might perhaps mean a section 
cutting right through it, i.e. an ellipse, and the ‘ straight line ’ might be an axis 
or a diameter. But Heiberg objects to the suggestion to read tos i^vytavlov 
Kiivov TOfuis, in view of the addition of xal evBclas, on the ground that the former 
expression always signifies the whole of an ellipse, never a segment of it 
iQuaestiones Archimedeae, p, 149). 
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of this property the foilowiag lermna is assamedi that the 
excess by which the greater of (two) unequal areas exceeds 
the less can, by being added to itself, be made to exceed any 
given finite area. The earlier geometers have also used this 
lemma ; for it is by the use of this same lemma that they have 
shown that circles are to one another in the duplicate ratio of 
their diameters, and that spheres are to one another in the 
triplicate ratio of their diameters, end further that every 
pyramid is one third part of the prism which has the same base 
with the pyramid and equal height; also, that every cone is 
one third part of the cylinder having the same base as the cone 
and equal height they proved by assuming a certain lemma 
similar to that aforesaid. And, in the result, each of the afore* 
said theorems has been accepted* no less than those proved 
without the lemma. As therefore my work now published has 
satisfied the same test as the propositions referred to, I have 
>vTitten out the proof and send it to you, first as investigated 
by means of mechanics, and afterwards too as demonstrated by 
geometry. Prefixed are, also, the elementary propositions in 
conics which are of service in the proof {crotx^ia koviko xpttav 
l^ovTo ^9 rdv dwrfSetftv). Farewell.” 

Proposition 1. 

1/ from a point on a para- 
bola a straight line be drawn 
which is either itself the axis or 
parallel to the axis, as PV, and 
if QQ' he a chord parallel to 
the tangent to the parabola at P 
and meeting PV in V, then 
QV= VQ'. 

Conversely, if QV^s VQ',the 
chord QQ' he parallel to Oie 
tangent at P. 

* The Greek o( this passage is: Si tus rpotipriniruf Btuffiniirwr 

Uarror /tijWi' ritao* tOk 4feu roiroii rtS Xii/iftartt iroSeSeiyiihur rtriffTtvichai. 
Here it would seem that ireTiorceirirat must be wrong and that the passive 
should have been nsed. 
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Proposition 2. 

If in a parabola QQ' be a chord parallel to the tangent at P, 
and if a straight line be drawn through P which is either' itself 
the axis or parallel to the axis, and which meets QQ' in V and 
the tangent at Q to the parabola in T, then 

PF=P2’. 



Proposition 3. 

If from a point on a parabola a straight line be dragon 
which is either itself the axis or parallel to the axis, as PV, 
and if from two other points Q, Q' on the parabola straight 
lines be drawn parallel to the tangent at P and meeting P V in 
y, y respectively, then 

PV : PV’ = QV^ : Q'V'^ 

“ And these propositions are proved in the elements of conics.*’’ 


Proposition 4. 

If Qq be the base of any segment of a parabola, and P the 
vertex of the segment, and if the diameter through any other point 
R meet Qq in 0 and QP {produced if necessary) in F, then 
QV:rO = OF: FR. 

Draw the ordinate RW to PV, meeting QP in K. 

* i.e. in the treatises on conies by Euclid and Aristaeus. 
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Then PF : PF = QF* : 

whence, hy parallels, 

PQ:P^ = PC*:PP*. 



In other words, PQ, PF, PK are in continued proportion; 
therefore 

PQ:PFmPFiPK 

= PQ±PF:PF±PK 
= QF:KF. 

Hence, by parallels, 

QV: VO^OFiFP. 

[It is easily seen that this equation is equivalent to a change of 
axes of coordinates from the tangent and diameter to new axes 
consisting of the chord Qq (as axis of z, say) and the diameter 
through Q (as axis of y). 

For, if QV=a, where p is the parameter of the 

ordinates to PV. 


Thus, if QO = z, and RO = y, the above result gives 

a OF 

x-~a~ OF'- y' 


a _0F '^‘p 

2a-x y y ' 
py»=«(2a-a;).] 
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Proposition 5. 

If Qq be the base of any segment of a parabola, P the vertex 
of the segment, and PY its diameter, and if the diameter of the 
parabola through any other point R meet Qq in 0 and the 
tangent at Q in E, then 

QO : Oq = ER : RO. 

Let the diameter through R meet QP in F. 



Then, by Prop. 4, 

QV-.VO=^OF-.FR. 

Since QV = Vq, it follows that 

QV -.qO^ OF OR (1). 

Also, if VP meet the tangent in T, 

PT = PF, and therefore EF=OP. 
Accordingly, doubling the antecedents in (1), we have 
Qq : q0 = OE : OR, 
whence QO : Oq — ER : RO. 
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Propositions 6, 7*. 

Suppose a lever AOB plaeed, horizontally and supported at 
its middle point 0. Let a triangle BCD in which the angle 0 is 
right or obtuse he suspended from B and 0, so that C is attached 
to 0 and CD is in the same vertical line with 0. Then, if P be 
such an area as, when, suspended from. A, will keep the system tn 
equilibrium, 

P^iABGD. 

TaVe a point E on OB such that BE = 20E, and draw EPS 
parallel to QGD meetiog BO, BD mF,H respectively. Let G 
he the middle point of FE. 

* o t 


o 

Then G is the centre of gravity of the triangle BCD. 

Hence, if the angular points B, C be set free and the 
triangle be suspended by attaching F to E, the triangle will 
hang in the same position as before, because EFG is a vertical 
straight lina "For this is provedf.” 

Therefore, as before, there will be equilibrium. 

Thus P‘.ABGD^0EiA0 

= 1:3, 

or P^^ABGD. 

* In Prop. 6 ArcHmedeg takes the separate ease in which the angle BCD of 
the triangle is a right angle so that C coiheides with 0 in the figure and F with 
E. He then proves, in Prop. 7, the same property ior the triangle in which 
BCB is an obtoeo angle, by treating the triangle as the dUTerence between two 
rigbt^gled triangles BOD, BOC and using the result of Prop. 6. I have com. 
bined the two propositions in one proof, for the sake of brevi^. The same 
remark applies to the propodtions foUoinng Props. 6, 7. 

f Doubtless in the lost book wr^ fVywv. Cf. the Introduction, Chapter H., 
ad fin. 
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Propositions 8, 9. 

Suppose a lever AOB placed horizontally and supported at 
its middle point 0. Let a triangle BOD, right-angled or ohtuse- 
angled at 0, be suspended from the points B, E on OB, the 
angular point G being so attached to E that the side CD is in the 
same vertical line ^vith E. Let Q be an area such that 
AO ; OE=-ABCD: Q. 

Then, if an area P suspended from A keep the system in 
equilibrium, 

P<ABGDbut>Q. 

Tako G the centre of gravity of the triangle BOD, and draw 
Off parallel to DO, i.e. vertically, meeting BO in ff. 



We may now suppose the triangle BOD suspended from ff, 
and, since there is equilibrium, 

ABGD:P = AO:.Off (1), 

whence P < A BOD. 

Also ABGD :Q = AO:OE. 

Therefore, by (1), ABGD : Q>ABGD : P, 
and P>Q. 

Propositions lO, 11. 

Suppose a lever AOB placed horizontally and supported at 0, 
its middle point. Let GDEF be a trapezium which can be so 
placed that its parallel sides GD, FE are vertical, while G is 
vertically below 0, and the other sides OF, DE meet in B. Let 
EF meet BO in ff, and let the trapezium be suspended by attaching 
F to ff and G to 0. FuHher, suppose Q to be an area such that 
AO : Off = (trapezium GDEF) :Q. 
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Then, if P he the area which, when suspended from A, keeps the 
system in equilibriuni, 

The same is true in the particular ease where the angles at 
0, F are right, and consequently C, F coincide with 0, H 
respectively. 

Divide OH in K ao that 

(2Cri) + FH ) : + CD) = HK : KO. 



Draw KG parallel to OD, and let Q be the middle point of 
the portion of KG interoepted within the Irapezinm. Then G 
is the centre of gravity of the traperium [On the e^ilthrium of 
planes, I. IS]. 

Thus we may suppose the trapezium suspended from K, and 
the equilibrium will remain undistnrbed. 

Therefore 

.40 : OiT (trapezium CDEF ) : P, 
and, by hypothesis, 

AO : Oif = (trapezium CDEF ) : Q. 

Since 0K< OH, it follows that 

P<Q. 

Froposltlona 12 , 13. 

If the trapesium CDEF be placed as in the last propositions, 
exc^t that OD is veriicaMy bAow a pmnt Z on OB instead of 
being below 0, and the trapesium is suspended from L, H, 
suppose that Q, R are areas such that 

AO : OH as (trapesium CDEF) : Q, 
and AO : OL » (trapezium CDEF) : R. 
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If then an area P suspended from A Jceep. the system in 
equilibrium, " ■ 

P> R hut < Q. 

Take the centre of gravity O, of the , trapezium, as in the 
last propositions, and let the line through G parallel to DC 
meet OB in K. 



Then we may suppose the trapezium suspended from K, 
and there will still be equilibrium. 

Therefore (trapezium GDEF) x P = AO : OK. 

Hence 

(trapezium GDEF) : P > (trapezium GDEF) : Q, 
but < (trapezium GDEF) : R. 

It follows that P <Q but > R. 


Propositions 14, 15. 

Let ^q be the base of any segment of a parabola. Then, it 
two lines be drawn from Q, q, each parallel to the axis of the 
parabola and on the same side of Qq as the segment is, either 

( 1 ) the angles so formed at Q, q are both right angles, or 

(2) one is acute and the other obtuse. In the latter case let 
the angle at q be the obtuse angle. 

Divide Qq into any number of equal parts at the points 
Oi, Oj, ... 0„. Draw through q, Oi, 0^, ... 0„ diameters of the 
parabola meeting the tangent at Q in E, Ei, ••• Pn aud the 
parabola itself in 5 , Pi, Pj, ... P„. Join QR^, QR^, ... QP„ 
meeting qE, O^E^, O^P^, ... 0„_iP„_i in P, P„ P., ... P„_i. 




242 


AltCHIMEDES 


Let the diameters £q, EiOi,.., BnOn meet a straight line 
Q04 drmm through Q peipeiidicBlar to the diameters in the 
points 0, Hu Hu H^ r^pectively. (In the particular case 
-where Qq is itself perpendicular to the diameters gmll coincide 
with 0, with Hu and so on,) 

It is required to prove that 

( 1 ) AHqQ<S(siimo/irapenaIi’OuIiOu’“Hn^iO„andA£„OnQ), 

(2) AHqQ>3(sumo/trape2iaIiiO„IliOi,.“Hn-iOnOndAlinOnQ). 



Suppose AO made equal to OQ, and conceive QOA as a 
lever placed horizontally and supported at 0. Suppose the 
triangle JEgQ suspended from OQ in the position drawn, and 
suppose that the trapeaum HOi in the position drawn is 
balanced by an area P, suspended from A, the trapezium PiO* 
in the position drawn is balanced by the area P| suspended 
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from A, and so on, the triangle EnOnQ being in like manner 
balanced by Pn+i* 

Then Pj + Pad- ... +Pji+i .will, balance the whole triangle 
EqQ as drawn, and therefore. - 

Pa + Pa + . . , + PjH-i = [Props. 6, 7] 
Again AO : OEi = QO : OE 
= Qq : gOj 

= EiOi : OiRi [by means of Prop. 5] 

= (trapezium EOi ) : (trapezium FOi) ; 

whence [Props. 10, 11] 

(POa)>Pa. 

Next AO : OEi = EiOi : OiBi 

=^(E,0,) : (P,0a) (a), 

while AO : OH^ = EJO ^ : 0^ 

= {E,0,):(F,0,) O); 

and, since (a) and (yS) are simultaneously true, we have, by 
Props. 12, 13, 

(F [Oj) > Pa > (Pxf^a)- 
Similarly it may be proved that 

(P jOj) > Pa > {B^Os'), 

and so on. 

Lastly [Props. 8, 9] 

A EnOnQ > Pn+I > A P„0„Q. 

By addition, we obtain 

(X) .(B0t)+(Fi 0^-{- . , . +(Fn—iOj^+ APnOnQ> Pi+p2 + *”+Pn+i 

>iAEqQ, 

or AEqQ < 3 (F0i + F 1 O 2 + ... + Fn-iOn + AEnOnQ). 

(2) (i2j02)+(P3()8)+ • • • -i'iBn-iOn)+AltnOnQ <p2+i\+ . . . +Pn+i 

< Pi + Pa + . . . + PjH-i 1 O' fortiori, 
<^AEqQ, 

AEqQ '> 3 (PiOa + PoOa + • . . + Rn—iOn + A RnOnQ\ 


or 
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Proposition 16. 

Suppose Qq to he the hose of a parabolic segment, q being 
not more distant than Q^rom the vertex of the parabola. Draw 
through q the straight line qE parallel to the axis of the parabola 
to meet the tangent at Q in E. It is required to prove that 
(area of segnient)=^l AEqQ. 

For, if not, the area of the segment must he either greater 
or less than ^ ^EqQ. 

L Suppose the area of the 
segment greater than J AEqQ. 

Then the excess can, if con- 
tinually added to itself, be 
made to exceed AEqQ. And 
it is possible to find a submul- 
tiple of the triangle EqQ less 
than the said excess of the 
segment over ^ AEqQ. 

Let the triangleFgQ ^ s'lch 
a submultiple of the triangle 
EqQ. Divide Eq into equal 
parts each equal to qF, and let 
all the points of division in- 
cluding F be joined to Q meet- 
ing the parabola in JJ„ R,, ... 

respectively. Through JJ,, R,, .. . draw diameters of the 
parabola meeting qQ in 0„ 0,, ... On respectively. 

liCt 0,Ri meet QRj in Ff. 

Let 0,i2s meet QRi in i?, and QR^ in Fj. 

Let OiRt meet QR, in D 2 and QR, in Ft, and so on. 

We have, by hypothesis, 

Ai’gQ<(area of segment) -lAA'gQ, 
or (area of segment)— AFqQ > J AEqQ (o). 
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Now, since all the parts of qE, as qE and the rest, are equal, 

OxRi = OjZ>i = jDjJEj = JJaFa, and so on ; therefore 

A J'gQ = (FOi + RiO^ + E1O3 +. . •) 

= (FOi + FiDi + F2D2 +. . . +Fn—\En—i + A EnRnQ)-yifiy 
But 

(area of segment) < (FOi +F1O2 + ... -\-Fn-\On +A.£'„ 0 „^). 
Subtracting, we have 

(area of segment) — A FqQ^ < (R1O2 + + . . . 

+ jRn— jOn + A-BnOnQ), 

whence, a fortiori, by (a), 

^£\EqQ < (JJi03+ R2O3 + ... + Rn—iOn + ^RnOnQ)- 
But this is impossible, since [Props. 14 , 15 ] 

\l\EqQ > (Rfi^ + R2O3 + ... + Rn—yOn + ^RnOnQ)- 
Therefore 

(area of segment) if-^AEqQ. 

n. If possible, suppose the area of the segment less than 
^AEqQ. 

Take a submultiple of the triangle EqQ, as the triangle 
FqQ, less than the excess of ^AEqQ over the area of the 
segment, and make the same construction as before. 

Since A FqQ < ^AEqQ — (area of segment), 

it follows that 

A FqQ + (area of segment) < ^AEqQ 

< (FOi + F1O2 + . . . + Fn—iOn + AEnOnQ)- 

[Props. 14 , 15 ] 

Subtracting from each side the area of the segment, we have 
AJ’gQ<(sum of spaces qFR^, RiF^R^, ... EnRnQ) 

< (FOi + FiDi + . . . + Fn-iEn-i + A EnRnQ), a fortiori; 
which is impossible, because, by (/ 9 ) above, 

A FqQ = FO I +F1D2 + ... + + A EnRnQ- 

Hence (area of segment)-]; ^ A .EgrQ. 

Since then the area of the segment is neither less nor 
greater than ^AEqQ, it is equal to it. 
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Proposition 17. 

It is now manifest that the area of any segment of a 
parabola is four-thirds of (he triangle which has the same hose 
as the segment and equal height 

Let Qq be the base of the segment, P its vertex. Then 
PQq is the inscribed triangle with the 
same base as the segment and equal 
height. 

Since P is the vertex* of the seg- 
ment, the diameter through P bisects 
Qq. liCt V be the point of bisection. 

Let VP, and qE drawn parallel to 
it, meet the tangent at Q in T,B re- 
epeotivelj. 

Then, by parallels, 

qE = 2VT, 

and PV^PT, [Prop. 2] 

so that VT^2PV. 

Hence ASgQ=4APQj. 

But, by Prop. 16, the area of the segment is equal to ^AEqQ. 

Therefore (area of segment) = J A PQq. 



Def. “In segments bounded by a straight line and any 
curve I call the straight line the base, and the height the 
greatest p^rpendicolar dra,vm iswn the curju to the base of the 
segment, and the vertex the point from which the greatest 
perpendicular is drawn.” 

* It is cnrious that Archimedes oses the tenna base and vertex of a segment 
here, but gives the definition of them later (at the end of the proposition)^ 
Iiloreover he asaumea the converse of the property proved ia Prop. 18. 
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Proposition 18. 

If Qq he the hose of a segment of a parabola, and V the 
middle point of Qq, and if the diameter through V meet the 
curve in P, then P is the vertex of the segment. 



For Qq is parallel to tlie tangent at P [Prop. 1]. Therefore, 
of all the perpendiculars which can be drawn from points on the 
segment to the base Qq, that from P is the greatest. Hence, 
by the definition, P is the vertex of the segment, 

Proposition 19. 

If Qq he a chord of a parabola bisected in V hy the diameter 
PF, and if RM he a diameter bisecting QY in M, and RW 
he the ordinate from R to PF, then 

PV=iRM. 


Q 



S? 


For, hy the property of the parabola, 

PY:PW=QY^iRW^ 

PF=4PF, 

PV=iRM. 


so that 
whence 
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PropoMtiDn 120. 

If Qq^he the hase, and P the vertex, of a parabolic segment, 
then the triangle PQq is greater than half the segment PQq. 

For the chord Qq is par&llel to the tangent at P, and the 
triangle PQq is half the parallelogram 
formed by Qq, the tangent at P, and the 
diameters through Q, q. 

Therefore the triangle PQq is greater 
than half the segment 

Con. It follows that it ts possible 
to inscribe in the segment a polygon such 
that the segments left over are together 
less than any assigned area. 



Proposition 21. 


If Qq be the base, and P ike vertex, of any parabolic 
segment, and if R be the vertex of the segment cut off by PQ, 
then 


t^PQq^hl^PRQ. 


The diameter through R will bisect the chord PQ, and 
therefore also QV, where PF is the 


diameter bisecting Qg. Let the dia- 
meter through R bisect PQ in Y and 
QVinM. Join Pi/. 

By Prop. 19, 

PV=^RM. 

Also pr= srjf. 

Therefore rjlf=2Pr, 

and APQM=2APRQ. 

Hence APQF«4APPQ, 



and APQgs=8APBQ. 
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Also, if RW, the ordinate from R to PV, he produced to 
meet the curve again in r, 

RW = rW, 

and the same proof shows that 

APQq = 8APrq. 


Proposition 22. 

If there be a series of areas A, B, G, D, ... each of which is 
four times the next in order, and if the largest, A, he equal to the 
triangle PQq inscribed in a parabolic segment PQq and having 
the same base with it and equal height, then 

(A + jB+(7 + D + ...)< {area of segment PQq). 

For, since APQq = 8 APRQ — 8 APqr, where R, r are the 
vertices of the segments cut off by PQ, 

Pq, as in the last proposition, 

APQq = 4 (APQR + APqr). 

Therefore, since APQq = A, 

APQR + APqr = B. 

In like manner we prove that the 
triangles similarly inscribed in the re- 
maining segments are together equal to 
the area G, and so on. 

Therefore A+B-\-G+D + ... is equal to the area of a 
certain inscribed polygon, and is therefore less than the area of 
the segment. 


Q 



Proposition 23. 

Given a series of areas A, B, G, D, ... Z, of which A is the 
greatest, and each is equal to four times the next in order, then 

A-j-JS-pC-j- ^Z ~ ^A. 
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Take areas b, c, d , ... soch that 

6 = iB. 

c-iC, 

d ss JD, and so on. 

Then, since 

and B ** l.d. 

Similarly {? + c = JB. 

Therefore 

B+C?+Z)+... + ^+6 + c+d+...+x“| (A. + B+ 17+ ...+ Y). 
But h+c + d + ... +y ** J(B + C +• B + ... + 



Therefore, by subtraction, 

B+G+B+,., + ^ + 

or ^ +B +G+ ... +^+'j^= 
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The algebraical equivalent of this result is of course 

1 + i + ( i)^ + • • • + f i 

. I 
~ l-i -J 


Proposition 24. 

Every segment hounded by a parabola and a chord Qq is 
equal to four-thirds, of the triangle which has the same base as 
the segment and equal height. 

Suppose K = ^APQq, 

where P is the vertex of the segment ; and we have then to 
prove that the area of the segment is 
equal to K. 

For, if the segment he not equal to 
K, it must either be greater or less. 

I. Suppose the area of the segment 
greater than K. 

If then we inscribe in the segments 
cut off by PQ, Pq triangles which have 
the same base and equal height, i.e. 
triangles with the same vertices R, r as 
those of the segments, and if in the 
remaining segments we inscribe triangles in the same manner, 
and so on, we shall finally have segments remaining whose sum 
is less than the area by which the segment PQq exceeds K. 

Therefore the polygon so formed must be greater than the 
area K ; which is impossible, since [Prop. 23] 

A. B G Z <L 
where A = A PQq. 

Thus the area of the segment cannot be greater than K. 

n. Suppose, if possible, that the area of the segment is 
less than K. 




252 


iJicnisiEOES. 


If then APQq^^A, S^^A, G=\B, and so on, until we 
arrive at an area X such that X is less than the difference 
between K and the segment, we have 

^ + 5 + Cf+ ... + X + iX = [Prop. 23] 


Now, since K exceeds A+B+C-k- ...-k-Xhy an area less 
than X, and the area of the segment by an area greater than X, 
it follows that 

J +5+ C7+... +X>(the segment); 
which is impossible, by Prop. 22 above. 

Hence the segment is not less than K. 

Thus, since the segment is neither greater nor less than X, 
(area of segment PQq) = X= | APQj. 



ON FLOATING BODIES. 


BOOK 1. 


Postulate 1. 

“Let it be supposed that a fluid is of such a character that, 
its parts lying evenly and being continuous, that part which is 
thmst the less is driven along by that which is thrust the 
more ; and that each of its parts is thrust by the fluid which is 
above it in a perpendicular direction if the fluid be sunk in 
anything and compressed by anything else.” 


Proposition 1. 

If a surface ie cut by a plane always passing through a 
certain point, and if the section he always a circumference \of a 
circle] whose centre is the aforesaid point, the surface is that of 
a sphere. 

For, if not, there will be some two lines drawn from the 
point to the surface which are not equal. 

Suppose 0 to be the flxed point, and A, B to be two points 
on the surface such that OA, OB are unequal. Let the surface 
be cut by a plane passing through OA, OB, Then the section 
is, by hypothesis, a circle whose centre is 0. 

Thus OA = OB ; which is contrary to the assumption. 
Therefore the surface cannot but be a sphere. 
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Proposition 2. 

The surface of any fluid at rest is the surface of a sphere 
whose centre is the same as that of the earth. 

Suppose the surface of the fluid cut by a plane through 0, 
the centre of the earth, in the curve ABCD. 

ABGD shall he the circumference of a circle. 

For, if not, some of the lines drawn from 0 to the curve 
will be unequal Take one of them, OB, such that OB is 
greater than some of the lines from 0 to the curve and less 
than others. Draw a circle with OB as radius. Let it be EBF, 
which will therefore fall partly within and partly without the 
surface of the fluid. 



Draw OQS making with OB an angle equal to the angle 
EOB, and meetbg the surface in R and the circle in Q, Draw 
also in the plane an arc of a circle PQR with centre 0 and 
within the fluid. 

Then the parts of the fluid along PQU are uniform and 
continuous, and the part PQ is compressed by the part between 
it and AB, while the part QR is compressed by the part 
between QR and BE. Therefore the parts along PQ, QR will 
be unequally compressed, and the part which is compressed the 
less will be set in motion by that which is compressed the 
more. 

Therefore there will not be rest ; which is contrary to the 
hypothesis. 

Hence the section of the surface will be the circumference 
of a circle whose centre is 0 ; and so will all other sections by 
planes through 0. 

Therefore the surface is that of a sphere with centre 0. 
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Proposition 3. 

Of solids those which, size for size, are of equal weight with 
a fluid will, if let down into the fluid, he immersed so that they 
do not project above the surface hut do not sink lower. 

If possible, let a certain solid EFHQ of equal weight, 
volume for volume, with the fluid remain immersed in it so 
that part of it, EBGF, projects above the surface. 

Draw through 0, the centre of the earth, and through the 
solid a plane cutting the surface of the fluid in the circle 
ABGD. 

Conceive a pyramid with vertex 0 and base a parallelogram 
at the surface of the fluid, such that it includes the immersed 
portion of the solid. Let this pyramid be cut by the plane of 
ABGD in OL, OM, Also let a sphere within the fluid and 
helow QH be described with centre 0, and let the plane of 
ABGD cut this sphere in PQB. 



Conceive also another pyramid in the fluid with vertex 0, 
continuous with the former pyramid and equal and similar to 
it. Let the pyramid so described be cut in OM, ON by the 
plane of ABGD. 

Lastly, let ST XIV be a part of the fluid within the second 
pyramid equal and similar to the part BGHQ of the solid, and 
let be at the surface of the fluid. 

Then the pressures on PQ, QB are unequal, that on PQ 
being the greater. Hence the part at QB will be set in motion 
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by that at PQ, and the flmd -will not be at rest; which is 
contrary to the hypothesis. 

Therefore the solid will not stand out abore the surface. 

Nor will it sinh further, because all the parts of the fluid 
•will be under the same pressure. 

Fropoattlon 4. 

A solid lighter than a fitdd will, if imraersed tn it, not he 
completely submerged, but part of it mil project above the 
surface. 

In this case, after the toanoer of the previous proposition, 
we assume the solid, if possible, to be completely submerged and 
the fluid to be at rest in that position, and we conceive (1) a 
pyramid with its vertex at 0, the centre of tho earth, inclndmg 
the solid, (2) another pyramid continuous with the fonner and 
equal and similar to it, with the same vertex 0, (8) a portion of 
the fluid within this latter pyramid equal to the immersed solid 
in the other pyramid, (4) a sphere vritb centre 0 whose surface 
is below the immersed solid and the port of the fluid in the 
second pyramid corresponding thereto. We suppose a plane to 
be drawn through the centre 0 cutting the surface of the 
fluid in the circle ABC, the solid in S, the first pyramid in OA, 
OB, the second pyramid in OB, OC, the portion of the fluid in 
the second pyramid in K, and the inner sphere in PQR. 

Then the pressures on the parts of the fluid at PQ, QR are 
unequal, since S is lighter than K. Hence there will not be 
rest ; which is contrary to the hypothesis. 


B 



O 


Therefore the solid S cannot, in a condition of rest, be 
completely submerged. 
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Proposition 5. 

Aliy solid lighter than a fluid mil, if placed ^ in the fluid, 
be so far immersed that the weight of the solid will he equal to 
the weight of the fluid displaced. 

For let the solid be EGRF, and let BOHG be the portion 
of it immersed when the fluid is at rest. As in Prop. 3, 
conceive a pyramid with vertex 0 including the solid, and 
another pyramid -with the same vertex continuous with the 
former and equal and similar to it. Suppose a portion of the 
fluid STUV at the base of the second pyramid to be equal and 
similar to the immersed portion of the solid ; and let the con- 
struction be the same as in Prop. 3. 



Then, since the pressure on the parts of the fluid at PQ, QB 
must be equal in order that the fluid may be at rest, it follows 
that the weight of the portion STUV of the fluid must be 
equal to the Aveight of the solid EGHF. And the former is 
equal to the weight of the fluid displaced by the immersed 
portion of the solid BQHO. 


Proposition 6. 

If a solid lighter than a fluid he forcibly immersed in it, the 
solid will he driven upwards by a force equal to the difference 
between its weight and the weight of the fluid displaced. 

For let A be completely immersed in the fluid, and let G 
represent the weight of A, and (G 4- 3) the weight of an equal 
volume of the fluid. Take a solid D, whose weight is H 
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and add it to A. Then the weight of + D) is less than 
that of an equal volume of the fluid ; and, if (^ + i)) is 
immersed in the fluid, it will project so that its weight "will 
he equal to the weight of the fluid displaced. But its weight 
is (G+H). 



Therefore the weight of the fluid displaced is (G+If), and 
hence the volume of the fluid displaced is the volume of the 
solid A, There will accordingly be rest with A immersed 
and D projecting. 

Thus the weight of balances the upward force exerted by 
the fluid OR A, and therefore the latter force is equal to 
which is the diflerence between the weight of A and the weight 
of the fluid which A displaces. 


FropoBltloQ 7. 

A solid heavier than a fitcid will, if placed in it, descend 
to the bottom of the fiuid, and Ute solid will, when weighed 
in the fluid, be lighter than its true weight by the weight of the 
fiuid displaced. 

(1) The first part of the proposition is obvious, since the 
part of the fluid under the solid will he under greater pressure, 
and therefore the other parts will gjve way xmtil the solid 
reaches the bottom. 

(2) Let ^ be a solid heavier than the same volume of the 
fluid, and let (6*+ j?) represent its weight, while G represents 
the weight of the same volume of the fluid- 
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Take a solid B lighter than the same volume of the fluid, 
and such that the weight of B is O, while the weight of the 
same volume of the fluid is {Q + E). 



Let A and B he now combined into one solid and immersed. 
Then, since {A + B) will he of the same weight as the same 
volume of fluid, both weights being equal to {G->rH) + G, it 
follows that {A + B) will remain stationary in the fluid. 

Therefore the force which causes A by itself to sink must 
be equal to the upward force exerted by the fluid on B by 
itself. This latter is equal to the difference between (G + H) 
and G [Prop. 6]. Hence A is depressed, by a force equal to 
E, ie. its weight in the fluid is E, or the difference between 
((? + J3) and (?. 

[This proposition may, I think, safely be regarded as decisive 
of , the question how Archimedes determined the proportions of 
gold and silver contained in the famous crown (cf. Introduction, 
Chapter I.). The proposition suggests in fact the follo'wing 
method. 

Let W represent the weight of the crown, Wi and the 
weights of the gold and silver in it respectively, so that 
W=Wi + 

(1) Take a weight W of pure gold and weigh it in a fluid. 
The apparent loss of weight is then equal to the weight of 
the fluid displaced. If Fi denote this weight, Ei is thus known 
as the result of the operation of weighing. 

It follows that the weight of fluid displaced by a weight w, 
of gold is 
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(2) Take a weight TT of pure silver and perform the same 
operation. If be the loss of weight when the silver is 
■weighed in the fluid, we find in like manner that the weight 

of fl aid displaced by tv^ is ^ . F^ 


(3) Lastly, weigh the crown itself in the fluid, and let F be 
the loss of •weight. Therefore the weight of fluid displaced by 
the crown is F. 


It follows that ^ . F, + ^ . i^t ss F, 

or io,F| + (tti,+ lOjiF, 


whence 


Ft — F 

F,' 


This procedure corresponds pretty closely to that described 
in the poem de pondenbua et menswrw (written probably about 
500 purportbg to explain Archimedes' method Ac- 

cording to the author of this poem, we first take two equal 
weights of pure gold and pure silver respectively and weigh 
them against each other when both immersed in water; this 
gives the relation between their weights in water and therefore 
between their loss of weight in ■water. Next we take the 
mixture of gold and silver and an equal ■weight of pure silver 
and Weigh them against each other in water in the satoe 
manner. 


The other version of the method used by Archimedes is 
that given by Vitruvius'f', according to which be measured 
successively the voluines of fluid displaced by three equal 
weights, (1) the crown, (2) tbe same weight of gold, (3) the 
same weight of silver, respectively. Thus, if as before the 
weight of the crown is W, and it contains weights W; and w, of 
gold and silver respectively, 

(1) the crown displaces a certain quantity of fluid, V say. 

(2) the weight IT of gold displaces a certain volume of 

* Tinelli's Arehimtdtiy p. S61; Holtscb, MetroU SeripU n. 95 sq., and 
Prolegomena § 116. 
t De architect, a. 8. 
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fluid, Fi say ; therefore a weight of gold displaces a volume 
of fluid. 

w 

(3) the weight W of silver displaces a certain volume of 
fluid, say F. ; therefore a weight w, of silver displaces a volume 

of fluid. 

It follows that F= ^ . Fi + ^ . Fi 

whence, since W = Wi + Wj, 

Wi _ Vs~ V 

and this ratio is obviously equal to that before obtained, viz. 
F.-F 

F-FY^ 

Postulate 2. 

" Let it be granted that bodies which are forced upwards in 
a fluid are forced upwards along the perpendicular [to the 
surface] which passes through their centre of gravity." 

Proposition 8. 

If a solid in the form of a segment of a sphere, and of a 
siibstance lighter than a fluid, be immersed in it so that its base 
does not_ touch the surface, the solid will rest in such a position 
that its axis is perpendicular to the surface ; and, if the solid be 
forced into such a position that its base touches the fluid on one 
side and be then set free, it will not remain in that position but 
will return to the symmetrical position. 

[The proof of this proposition is wanting in the Latin 
version of Tartaglia. Commandinus supplied a proof of his 
own in his edition.] 

Proposition 9. 

If a solid in the form of a segment of a sphere, and of a 
substance lighter than a fluid, be immersed in it so that its base 
is completely below the surface, the solid will rest in such a 
position that its oMS is perpendicular to the surface. 
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[The proof of this proposntion has only survived in a 
mutilated form. It deals moreover with only one case out of 
three which are distinguished at the beginning, viz. that in 
which the segment is greater than a hemisphere, while figures 
only are given for the cases where the segment is equal to, or 
less than, a hemisphere.] 

Suppose, first, that the segment is greater than a hemisphere. 
Let it he cut by a plane through its axis and the centre of the 
earth ; and, if possible, let it be at rest in the position shown 
in the figure, where AB is the intersection of the plane with 
the base of the segment, DE its axis, C the centre of the 
sphere of which the segment is a part, 0 the centre of the* 
earth. 



The centre of gravity of the portion of the segment outside 
the fluid, as F, lies on OG produced, its axis passing through C. 

Let G be the centre of gravity of the segment. Join FG, 
and produce it to H so that 

FG : GH ~ (volume of immersed portion) : (rest of solid). 
Join OH. 

Then the weight of the portion of the solid outside the fluid 
acts along FO, and the pressure of the fluid on the immersed 
portion along OH, while the weight of the immersed portion 
acts along HO and is by hy^thesia less tbau _ the ^ssuie of 
the fluid acting along OB. 

Hence t^^Veight ^ equilibrium, but the part of the 
segment tow^ I ascend and the part towards B descend, 

until BE position perpendicular to the surface of 

the fluid. 
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Proposition 1. 

If a solid lighter than a fluid he at rest in it, the weight of 
the solid will be to that of the same vohime of the fluid as the 
immersed portion of the solid is to the whole. 

Let (J. + jB) be the solid, B the portion immersed in the 
fluid. 

Let (0 + D) be an equal volume of the fluid, G being equal 
in volume to A and B to D. 

Further suppose the line E to represent the weight of the 
solid {A + B), (F + (?) to represent the weight of (C + D), and 
G that of D. 


A 


B 


E 


F 


C 


D 


G 


Then 

weight of (j 1 + B) : weight oi(G+D) = E : {F+ (?). . .(1). 
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And tKe "weight of (A+B) is equal to the weight of a 
volume B of the fluid [I. 6], ie. to the weight of D. 

That is to say, E^sG, 

Hence, by (1), 

weight of (j4 + B) : weight of (0 + B) * G : F+ G 

= B:(7+i> 
«B:-4 + B. 


Proposition 2. 

If a right segment of a paraboloid of revolution whose axis is 
not greater than fyj {where p is (he principal parameter of the 
generating parahola), and whose specific gravity is less than that 
of ti fiuid, be placed in the fluid vnth its axis inclined to the 
vertical at any angle, but so that the hose of the segment does not 
touch the surface of the fluid, the segment of the paraboloid will 
not remain in that position but will return to the position in 
which its axis is vertical. 

Let the axis of the segment of the paraboloid be AN, and 
throngh AN draw a plane perpendicular to the surface of the 
fluid. Let the plane intersect the paraboloid in the parahola 
BAB', the base of the segment of the paraboloid in BB', and 
the plane of the surface of the fluid in the chord QQ' of the 
parabola. 

Then, since the axis AN is placed in a position not perpen- 
dicular to QQ', SB' will not be parallel to QQ\ 

Draw the tangent PT to the parabola which is parallel to 
QQ’, and let P he the point of contact*. 

[From P draw PV pMallel to AN meeting QQ' in V. 
Then PV will be a diameter of the parabola, and also the 
axis of the portion of the paraboloid immersed in the fluid. 

* The rest of the proof is wsQtiog in the Tersion of Tartaglie, but is giren 
in brackets as enppUed hj Commandintu. 
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Let G be the centre of gravity of the paraboloid BAB', and 
F that of the portion immersed in the fluid. Join FG and 
produce it to H so that H is the centre of gravity of the 
remaining portion of the paraboloid above the surface. 



Then, since AN=^AG*, 

and ANi^^p, 

it follows that .4(7 :j> ^ . 

.jL 

Therefore, if GP be joined, the angle GPT is acute f. 
Hence, if GK be drawn perpendicular to FT, K will fall between 
P and T. And, if FL, HM be drawn parallel to GK to meet 
PT, they will each be perpendicular to the surface of the fluid. 

Now the force acting on the immersed portion of the 
segment of the paraboloid will act upwards along LF, while 
the weight of the portion outside the fluid will act downwards 
along HM. 

Therefore there will not be equilibrium, but the segment 

• As the determination of the centre of gravity of a segment of a paraboloid 
which is here assumed does not appear in any extant work of Archimedes, or 
in any known work by any other Greek mathematician, it appears probable that 
it was investigated by Archimedes himself in some treatise now lost. 

t The truth of this statement is easily proved from the property of the sub- 
normal. For, if the normal at P meet the axis in G, AG is greater than ^ 

A 

except in the case where the normal is the normal at the vertex A itself. But 
the latter case is excluded here because, by hypothesis, AN is not placed vertically. 
Hence, P being a different point from A, AG is always greater than AO; and, 
since the angle TPG is right, the angle TPG must be acute. 
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will turn so that B will rise and will fall, until AN takes 
the vertical position.] 

[For purposes of comparison the trigonometrical equivalent 
of this and other propositions will be appended, 

Suppose that the angle NTP, at which in the above figure 
the axis AN is inclined to the surface of the fiuid, is denoted 
by 6. 

Then the coordinates of P referred to AN and the tangent 
at il as axes are 

~ cot* B, ^ cot 6, 

» * 

where p is the principal parameter. 

Suppose that AN = h, PV = k. 

If now*' be the distance from JTof the orthogonal projection 
of F on TP, and * the corresponding distance for the point C, 
we have 

ar'sScot*^. cos ^ + ^cot ^.Bin^ + ^fccos^, 

flj = £ cot* B.cosB + ^kcoiB, 

4 o 

whence af—m= cos 6 (cot* ^ + 2) — g (iV - A)! . 

In order that the segment of the paraboloid may turn in 
the direction of increasing the angle PTN, x must be greater 
than X, or the expression just found must be positive. 

This mil always be the case, whatever be the value of 6, if 

2^ 3 ’ 
or 

Froposltion 3, 

If a right segment of a paraboloid of revolution whose axis 
is not greater than f p (where p is the parameter), and whose 
speeific gravity is less than ihat of a fiuid, he placed in the fiuid 
with its axis inclined at any angle to the vertical, hut so that its 
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base is entirely submerged, the solid will not remain in that posi- 
tion but will return to the position in which the axis is vertical. 

Let the axis of the paraboloid be AN, and through AN 
draw a plane perpendicular to the surface of the fluid inter- 
secting the paraboloid in the parabola BAB', the base of the 
segment in BNB', and the plane of the surface of the fluid in 
the chord QQ' of the parabola. 


T MKPL 



Then, since AN, as placed, is not perpendicular to the 
surface of the fluid, QQ' and BB' will not be parallel. 

Draw PT parallel to QQ' and touching the parabola at P. 
Let PT meet JV.d produced in T. Draw the diameter PV 
bisecting QQ' in F. PV is then the axis of the portion of the 
paraboloid above the surface of the fluid. 

Let G be the centre of gravity of the whole segment of the 
paraboloid, P that of the portion above the surface. Join PG 
and produce it to IT so that If is the centre of gravity of 
the immersed portion. 

Then, since AG the angle GPT is an acute angle, as in 
the last proposition. 

Hence, if GN. be dra'^vn perpendicular to PT, K ■will fall 
between P and T. Also, if ifJf, PL be drawn parallel to GK, 
they -will be perpendicular to the surface of the fluid. . 

And the force acting on the submerged portion will act 
upwards along HM, while the weight of the rest will act 
downwards along LP produced. 

Thus the paraboloid will turn until it takes the position 
in ■which AN is vertical. 
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Proposition 4. 

Given a right eegnieni of a paraboloid of revolution whose 
axis AN is greater than \p (where p is the parameter), and 
whose specific gravity is less than that of a fiuid but bears 
to it a ratio not less than {AN — ^p)* : AN\ if the segment 
of the paraboloid be placed in the fiuid with its axis at any 
inclination to the vertical, but so that its base does not touch 
the surface of the fiuid, will not remain in that position but 
will return to the position tn which its axis is vertical. 

Let the axis of the segment of the paraboloid be AN, and 
let a plane be drawn through AN perpendicular to the surface 
of the fluid and intersecting the segment in the parabola BAB', 
the base of the segment in BB', and the surface of the fiuid in 
the chord QQ' of the parabola. 


8 ' 



Then AN, as placed, mil not be perpendicular to QQ'. 

Draw PT parallel to QQ' and touching the parabola at P. 
Draw the diameter PV bisecting QQ' in V, Thus PV will be 
the axis of the submerged portion of the solid. 

Let 0 be the centre of gravity of the whole solid, F that of 
the immersed portion. Join FC and produce it to H so that B 
is the centre of gravity of the remaining portion. 

Now, since AN = ^A G, 

and AN>^p, 

A0>£ 


it follows that 
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Measure GO along CM equal to and OR along OG equal to 
iAO. . 

Then, since AN = ^AC, 

and AR = ^AO, 

we have, by subtraction, 

iVii = fOa, 

That is, AN — AR = |0C 

or AR = {AN — |p). 

Thus {AN - : AN^ = AR ^ : AN\ 

and therefore the ratio of the specific gravity of the solid to 
that of the fluid is, by the enunciation, not less than the ratio 
AR ^ : AN\ 

But, by Prop. 1, the former ratio is equal to the ratio 
of the immersed portion to the whole solid, i.e. to the ratio 
PP’ ; AN‘‘ {On Conoids and Spheroids, Prop. 24]. 

Hence RV' : ANH 

or RV-^AR. 

It follows that 

RF{-^RV)^ |MP 
^AO. 

If, therefore, OK be drawn from 0 perpendicular to OA, it will 
meet RF between P and F. 

Also, if GK be joined, the triangle KGO is equal and similar 
to the triangle formed by the normal, the subnormal and the 
ordinate at P (since CO = \p or the subnormal, and KO is 
equal to the ordinate). 

Therefore GK is parallel to the normal at P, and therefore 
perpendicular to the tangent at P and to the surface of the 
fluid. 

Hence, if parallels to GK be drawn through F, H, they will 
be perpendicular to the surface of the fluid, and the force 
acting on the submerged portion of the solid vsdll act upwards 
along , the former, while the weight of the other portion will 
act downwards along the latter. 
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Therefore the solid will not remain in its position hut will 
turn until AN assumes a Tertical position. 

[Using the same notation aa before (note following Prop. 2). 
we have 

o' — a: = cos 5 (cot* 5 + 2) — | (A — A*)| • 

and the minimum value of the expression within the bracket, 
for different values of 6, is 

corresponding to the position in which AM is vertical, or 0 = . 

Therefore there will be stable equilibrium in that position only, 
provided that 

or, if s be the ratio of the specific gravity of the solid to that of 
the fluid (= in this case), 

Proposition 5. 

Given a right segment of a paraboloid of revolution snch that 
ffs axis AN is greater than |p {where p is the parameter), and 
its specific gravity is less than that of a fluid hut in a ratio to 
it not greater than the ratio jili?* — — Jp)*} : AN', if the 

segment he placed in the fluid with its axis inclined at any angle 
to the vertical, hut so tkai its hose is completely submerged, it vAU 
not remain in that position hut will return to the position in 
which AN is vertical. 

Let a plane be drawn through AN, as placed, perpendicular 
to the surface of the fluid and cutting the segment of the 
para’Do\oi4 in the para’oo’la BAB*, the hase oi the segment in 
BB', and the plane of the surface of the fluid in the chord 
QQ' of the parabola. 

Draw the tangent PT parallel to QQ\ and the diameter 
PV, bisecting $Q', will accordingly be the axis of the portion 
of the paraboloid above the surface of the fluid. 
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• . Let F be the centre of gravity of the portion above the 
surface, G that of the whole solid, and produce FO to H, the 
centre of gravity of the immersed portion. 

As in the last proposition, AG > and we measure GO along 
CA equal to ^ , and OR along OG equal to ^A 0. 

Then AN = ^A G, and AB = ^A0; 
and we derive, as before, 

AB = (AN- Ip). 

Now, by hypothesis, 

(spec, gravity of solid) : (spec, gravity of fluid) 

:h - (AN - 1;3)^} : AN^ 
if^(AN^-AB^):AN\ 



Therefore 

(portion submerged) : (whole solid) 

■^(AN"--AR^):AN\ 

and (whole solid) : (portion above surface) 

: AB\ 

Thus AN ^ : PV^ AN^ : AB\ 

whence PV-i;.AR, 

and PF-S;%AR 

^AO. 
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Therefore, if a perpeadicular to AC be drawn from 0, it will 
meet PF in some point K between P and F. 

And, since CO = CK will be perpendicular to FT, as in 
the last proposition. 

Now the force acting on the sobmerged portion of the solid 
will act upwards through H, and the weight of the other 
portion downwards through P, in directions parallel in both 
cases to GK\ whence the proposition follows. 


Proposition 6. 

If a right iegment of a paraboloid lighter than a fluid he 
such that its axis AM is greaier than hut AM : Jp < 15 ; 4, 
and if the segment be placed in the fluid with its axis so inclined 
to the vertical that its iose touches the fluid, t( uriU never reinafn 
tn eueft a position that the base touches the surface in one point 
only. 

Suppose the segment of the paraboloid to be placed in the 
position described, and let the plane through the a:cis AM 
perpendicular to the surface of the fluid intersect the segment 
of the paraboloid in the parabolic segment BAB' and the plane 
of the surface of the fluid in PQ. 

Take C on AM such that AGsa 2CM (or so that C is the 
centre of gravity of the segment of the paraboloid), £ind measure 
CK along GA such that 

Aif: Off = 15: 4. 



Thus AM : CK > AM : \p, by hypothesis; therefore CK < \p. 
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Measure GO along GA equal to ^p. Also draw KJR per- 
pendicular to AG meeting the parabola in R. 

Draw the tangent PT parallel to BQ, and through P draw 
the diameter PF bisecting BQ in F and meeting KB in I. 


Then PF : P7 Aif ; AK, 

“for this is proved."* 

And GK=^fs^M=lAG-, 

whence AK = AG-GK = ^AG = %AM. 

Thus KM = ^AM. 

Therefore KM —^AK. 

It follows that 


so that 


pi-^2ir. 


Let F he the centre of gravity of the immersed portion of 
the paraboloid, so that PF = 2PF. Produce FG to ff, the 
centre of gravity of the portion above the surface. 

Draw OL perpendicular to PF. 


* We have no hint as to the work in which the proof of this proposition was 
contained. The following proof is shorter than Eobertsoa’s (in the Appendix 
to Torelli’s edition). 

Let BQ meet AM in U, and let PN be the ordinate from P to AM. 


We have to prove that PV.AEg^PI.EM, or in other words that 
{PV .AK-PI. KM) is positive or eero. 

Now Pr.AK-PI.KM=AK.Pr-{AK-AN)(AM-AK) 

=ABy-AK(AM'+AN-PP)+AM.AN 
=:AK^-AK.UM+AM.AN, 


(since AN— AT). 
Now 

Therefore 

whence 


Therefore 


UM : BM=NT : PN. 

VM^ : p . AM=AAN ‘:p.AN, 
UM^=AAM.AN, 
DM' 

4 ■ 


AM.AN=- 


PV. AK-PI. KM=AK^-AK.UM+ 

and accordingly (PF. AK - PI. KM) cannot be negative. 


XIM^ 
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Then, since CO «= -Jp, CL Hmst be perpendicnlar to PT and 
therefore to the surface of the flaid. 

And the forces acting on the immersed portion of the 
paraboloid and the portion aboTe the surface act respectivelj 
upwards and downwards along lines through F and S parallel 
to GL. 

Hence the paraboloid cannot remain in the position in which 
B just touches the surface, but must turn in the direction of 
increasing the angle PTM. 

The proof is the same in the case where the point I is not 
on VP but on VP produced, as in the second figure*. 



[With the notation used on p. 266, if the base BB' touch 
the surface of the fluid at B, we have 

BM=BVBme-^PN, 
and, by the property of the parabola, 

£F* = (p+4AA)i>r 

5=pir(I +cot*^). 

Therefore ^^^=^^ib+^cot^. 

To obtain the result of the proposition, we have to eliminate 
k between this equation and 

I' - ir = cos e || (cot’ e + 2) - 1 ( A - J:)| . 

* It is curions that the figures given hy Torelli, Nizze and Heiberg are all 
incorrect, as they all make the point which I have called I Ue on BQ instead of 
reproduced. 
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We have, from the first equation, 

= A — cot ^ 2 cot* 

or h — k = \/ph cot 6 — ^ cot* 6. 

Therefore 

x' — a) = cos$ (cot* 0+2) — ^ Wph cot ^ cot* ^)| 

= cos 9 (f cot* ^ + 2) — f »Jph cot . 

If then the solid can never rest in the position described, 
but must turn in the direction of increasing the angle PTM, 
the expression vdthin the bracket must be positive whatever 
be the value of 6. 

Therefore 

or ll < 


Proposition 7. 

Given a right segment of a paraboloid of revolution lighter 
than a fluid and such that its axis AM is greater than |p, hut 
AM : |•p< 15 : 4, if the segment be placed in the fluid so that 
its base is entirely submerged, it will never rest in such a position 
that the base touches the surface of the fluid at one point only. 

Suppose the solid so placed that one point of the base 
only (J5) touches the surface of the fluid. Let the plane 
through B and the axis AM cut the solid in the parabolic 
segment BAB' and the plane of the surface of the fluid in the 
chord BQ of the parabola 

. Let 0 be the centre of gravity of the segment, so that 
AO = 20M ; and measure GK along GA such that 

^ilf : 15 : 4. 

It follows that GK < Jp. 

Measure GO along GA equal to \p. Draw KB perpen- 
dicular to AM meeting the parabola in R. 
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Let FT, touching at P, bo the tangent to the parabola 
which is parallel to BQ, and PV the diameter bisecting BQ, le. 
the axis of the portion of the paraboloid above the surface. 



Then, as in the last proposition, we prove that 
and 

ot< 

Let P be the centre of gravitj of the portion of the solid 
above the surface ; join FO and produce it to H, the centre of 
gravity of the portion submerged. 

Draw OL perpendicular to PF; and, as before, since 
(70 = ip, CL is perpendicular to the taugent PT. And the 
lines through B, F parallel to CL ore perpendicular to the 
surface of the fluid; thus the proposition is established as 
before. 

The proof is the same if the point / is not on YP but on 
VP produced. 


Proposition 8. 

OtvcTV o solvd tn {hiform of a right Btgmeni of a paraboloid 
of revolution tohose axis AAT is greater (Aon Jp, hut such that 
AM : ip< 16 : 4, and iphose specific gravity hears to that of a 
fiuid a ratio less than (Aif— fp)* : Adf*, (Aen, if the solid he 
placed in the fiuid so that its base does not touch the fiuid and 
its axis is inclined at an angle to the vertical, (he solid will not 
return to the position in which its axis is vertical and vnll not 
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remain in any position except that in which its axis makes with 
the surface of the fluid a certain angle to he described. 

Let am be taken equal to the axis AM, and let c be a point 
on am such that ac = 2cm. Measure co along ca equal to 
and or along oc equal to ^ ao. 


d 



Let X + r be a straight line such that 

(spec, gr. of solid) : (spec. gr. of fluid) = (X + F)* : cm“ (a), 

and suppose X = 2F. 

Now = f ao = f (|am — 

= am — f p 
= AM—^p. 

Therefore, by hypothesis, 

(X + F)* : am® < ar® : am®, 
whence (X + F) < ar, and therefore X < ao. 

Measure oh along oa equal to X, and draw hd perpendicular 
to aZ» and of such length that 

hd^ = hco.ab (/9). 

Join ad. 

Now let the solid be placed in the fluid with its axis AM 
inclined at an angle to the vertical. Through AM draw a 
plane perpendicular to the surface of the fluid, and let this 
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plane cut the paraboloid in the parabola SAB' and the plane 
of the sutface of the fluid in the chord QQ' of the parabola. 

Draw the tangent PT parallel to QQ', touching at P, and 
let PF he the diameter bisecting QQ' in V (or the axis of the 
immersed portion of the solid), and PN the ordinate from P. 

Measure AO along AM equal to ao, and 00 along OM 
equal to oc, and draw OL perpendicular to PV. 


I. Suppose the angle OTP greater than the angle dab. 


Thus 

PN*:NT'>db*-.ba\ 

But 

PN'-.NT^px^AN 
*=co : NT. 

and 

dh* : ba*s=ico : ah, by {&). 

Therefore 

NT< 2ab. 

or 

AN<iib, 

whence 

NO > bo (since ao = AO) 

>X 

Now(X+r)*! 

1 am* —(spec. gr. of solid) : (spec. gr. of flaid) 
— (portion immersed) : (rest of solid) 

= pr*: Aif*. 

so that 

x+r=PF. 

But 

PL(=NO)>X 

>|(X+F), since X=2r, 
>|PF, 

or 

PF<|PA, 

and therefore 

PL>2Lr. 


Take a point P on PF so that PF^2FV, ie. so that Pis 
the centre of gravity of the immersed portion of the solid. 

Also ilC=ac» |am=a|.4if, and therefore 0 is the centre 
of gravity of the "whole solid. 

Join FG and produce it to S, the centre of gravity of the 
portion of the solid above the snrface. 
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Now, since 00 = GL is perpendicular to the surface of 
the fluid ; therefore so are the parallels to GL through F and 
H. But the force on the immersed portion acts upwards 
through F and that on the rest of the solid downwards 
through H. 

Therefore the solid will not rest hut turn in the direction of 
diminishing the angle MTP. 

II. Suppose the angle OTP less than the angle dcib. In 
this c^e, we shall have, instead of the above results, the 
following, 

AN > ah, 

NO<X. 

Also PF>|Pi, 

and therefore PL < 2L V. 



Make PF equal to 2PF, so that F is the centre of gravity 
of the immersed portion. 

And, proceeding as before, we prove in this case that the 
solid will turn in the direction of increasing the angle MTP. 

III. When the angle MTP is equal to the angle dah, 
equalities replace inequalities in the results obtained, and L is 
itself the centre of gravity of the immersed portion. Thus all 
the forces act in one straight line, the perpendicular GL', 
therefore there is equilibrium, and the solid will rest in the 
position described. 
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[With the notatioa before used 

ar' — ir e= cos 5 I® (cot* ^ + 2) — ^ (A — ^)j- , 

and a position of equilibrium is obtained by equating to zero the 
expression within the bracket We have then 


It is easy to verify that the angle 6 satisfying this equation 
is the identical angle determined by Archimedes. For, in the 
above proposition, 


3Z 


^PV^k. 




Also bd’=£. ai. 

« 

It follows that 


a>t'dai= ab'fbd' = 1 |5(A - i) - .] 

p i) 


Proposition 9. 

Given a solid in the form of a right segment of a paraboloid 
of revolution whose ams AM is greater than f p, but stcch that 
AM ; Jp < 1 6 ; 4, and whose specific gravity hears to that of a 
fluid a ratio greater than [AM'^iAM : AhP, then, if 
the solid be placed in the fluid with its axis inclined at an angle 
to the vertical but so that its bcwe is entirely below the surface, 
the solid will not return to the position in which its axis is 
vertical and will not remain in any position except that in which 
its axis makes with the surface of the fluid an angle equal to that 
described in the last proposition. 

Take am equal to AM, and take c on am sucb that ac ~ 2cm. 
Measure co along co. equal to Jp, and ar along ac such that 
ar=|ao. 
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Let X+ F be such a line that 
(spec. gr. of solid) : (spec. gr. of fluid) = {am® — (X + lO*} • 
and suppose X = 2F. 

d 

/I . ,, 

“■ b 0 rc m 



Now ar = fao 

= f(|am-i2)) 

— AM—^p. 

Therefore, by hypothesis, 

am^ — ar ^ : am®< {am® — (X + F)“} : am®, 
whence , X + F < ar, 

and therefore X < ao. 

Make db (measured along oa) equal to X, and draw hd 
perpendicular to ha and of such length that 

bd'‘ = ^co . ab. 

Join ad. 

Now suppose the solid placed as in the figure with its axis 
AM inclined to the . vertical. Let the plane through AM 
perpendicular to the surface of the fluid cut the solid in the 
parabola BAB' and the surface of the fluid in QQ'. 

Let JPT be the tangent parallel to QQ', PV the diameter 
bisecting QQ' (or the axis of the portion of the paraboloid above 
the surface), PX the ordinate from P. 
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I. Suppose the angle MTP greater than the angle dah. 
Let AM he cut as before ^ 0 and 0 so that AGs^ZOM, 
OC=^p, and accordingly AM, am are equally divided. Draw 
OL perpendicular to PF. 

Then, we have, as in the last proposition, 
PN*:N!r>dy:ha\ 
whence co : NT>^co : ab, 

and therefore AN < ab. 

It follows that NO>bo 

>X 

Again, since the specific gravity of the solid is to that of 
the fluid as the immersed portion of the solid to the whole, 
AJir-(X+ F)* : AM* = AiP~Pir : AM\ 
or {X^7y:AM*=py':AM\ 

That is, X+F=PF. 

And Pl(flTNO)>X 

>^PV, 

80 that PL>2LY, 

Tahe F on PV so that PF—2FV. Then Pis the centre 
of gravity of the portion of the solid above the surface. 

Also C is the centre of gravity of the whole solid. Join FO 
and produce it to S, the centre of gravity of the immersed 
portion. 

Then, since GO = ^p, CL is perpendicular to PT and to the 
surface of the fluid; and the force acting on the immersed 
portion of the solid acts upwards along the parallel to CL 
through S, while the weight of the rest of the solid acts down- 
■woids along the paTallel to CL through F. 

Hence the solid will not rest but turn in the direction of 
diminishing the angle MTP. 

II. Exactly as in the last proposition, we prove that, if the 
angle MTP be less than the angle dab, the solid will not remain 
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in its position but will turn in the direction of increasing the 
angle MTP. 



III. If the angle MTP is equal to the angle dah, the solid 
ivill rest in that position, because L and F mil coincide, and all 
the forces will act along the one line GL, 

Proposition lO. 

Qivsti a solid in the form of a right segment of a paraboloid 
of revolution in which the axis AM is of a length such that 
AM:^p>l^’,4i, and supposing the solid -placed in a fluid 
of greater specific gravity so that its base is entirely above the 
surface of the fluid, to investigate the positions of rest. 

(Preliminary.) 

Suppose the segment of the paraboloid to be cut by a plane 
through its axis AM in the parabolic segment BABi of which 
BB, is the base. 

Divide AM at C so that AG =2GM, and measure GK along 
GA so that 

AM ; GK= 15 : 4 (a). 

whence, by the hypothesis, GE > 

Suppose GO measured along GA equal to ^p, and take a 
point R on AM such that MB = §G0. 

Thus AB = AM-MB 

= ^i-AG-GO) 

= f^0. 
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Join BA, dmw KA, peipendicular to AM meeting BA in 4, 
bisect BA in A^, and draw AtM„ parallel to AM meeting 
BM in M,, Mt respectively. 



On A^Mf, Agift as axes describe parabolic segments similar 
to the segment BABi. (It follows, by similar triangles, that 
BM will be the base of the segment whose axis is and 
BB 2 the base of that whose axis is where BB 2 ^ 2BM,.) 

The parabola BA^Bt will then pass through 0. 

[For BM , : M^M =* BM, : A,K 
^KMiAK 
^GM+CK:AC~GK 
^a + -^)AM:(^-^)AM 

- 9:6 (/ 8 ) 

^MAzAG. 
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Thus G is seen to be on the parabola BA^B^ by the converse 
of Prop. 4 of the Quadrature of the Parabola^ 

Also, if a perpendicular to AM be drawn from 0, it will 
meet the parabola BA^z in two points, as Qz, P^. Let QiQzQJD 
be drawn through Qz parallel to Ailf meeting the parabolas 
BABi, BAiM respectively in Qi, Qz and BM in D; and let 
PjPjPj be the corresponding parallel to AM through Pz. Let 
the tangents to the outer parabola at Pj, Qi meet MA produced 
in Pi, U respectively. 

Then, since the three parabolic segments are similar and 
similarly situated, "with their bases in the same straight line 
and having one common extremity, and since QiQzQzB is a 
diameter common to all three segments, it follows that 
QtQziQzQz = (BzB,:B,B).(BM :MBz)*. 

Now BzBi : BiB — MMz : BM (dividing by 2) 

= 2:5, by means of (jS) above. 
And BM : JlfP, = BM : {2BMz - BM) 

= 6 : (6 — 5), by means of {0), 
= 5:1. 

• This result is assumecl without proof, no doubt as being an easy deduction 
from Prop. 6 of the Quadrature of the Parabola. It may be established 
Bs follows. 

First, since AAjAgB is a straight line, and AN=AT with the ordinary 
notation (where FT is the tangent at P and PN the ordinate), it follows, by 
similar triangles, that the tangent at B to the outer parabola is a tangent to 
each of the other two parabolas at the same point B, 

Now, by the proposition quoted, if DQsQjQj produced meet the tangent BT 
in E, 

EQz : QzD=BI ) ; BM, 
whence EQ, : EB=BB-. BM. ' 

Similarly eQ, : EB=BB : PBj, • 

and EQ^‘.EB=BB'.BB^. 

The first two proportions are equivalent to 

EQz : ED=:BB . BB^ : BM. BB^, 
an^ EQz'. ED=:BB .BM : BM .BBz. 

By subtraction, 

QzQz : EB=BB. MBz : BM . BB^ . 

Similarly : PD=BD : BBj .BB,. 

It follows that 

QiQziQzQs=^{BzBi-.B^B).{BM-.MB„f. 
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It follows that 

or ftft = ^QiQi. ] 

Similarly -P|i** = 

Also, sioce MR = |(70 = |p, 

AR=^AM~MR 
— AM — 

(Enunciation.) 

If the segment of the parabohnd he placed in the fluid witk 
its base entirely above the surface, then 

(I)*/ 

(spec. gr. of solid) •. {spec. gr. of fluid) ^ AR* : A Af* 
the solid will rest in the position in which its awis AM is vertical; 

mif 

(spec. gr. of solid) : (spec. gr. of fluid) < AR * : AM' 
hut><iSi;-.Ah\\ 

the solid will not rest with its base touching the surface of the 
fluid in one point only, hut in such a position that its hose does 
not touch the surface at any point and its axis makes with the 
surface an angle greater than U; 

(m.a)if 

(spec. gr. of solid) : (^c. gr. of fluid) « Q^Q* i AM*, 
the solid will rest and remain in the po«ttor» tn which the hose 
touches the su^ace of the fluid at one point only and the axis 
makes with the surface an angle equal to U ; 

(HL b) if 

(spec. gr. of solid ) : (spec. gr. of fluid) =® P\Pt ■ AM*, 
the solid will rest with its base lowdiwg the surface of the fluid 
at one point only and with its axis inclined to the surface at an 
angle equal to ; 

(IV.) t/ 

(sjjec. gr. of solid) : (spec. gr. of fluid) > PiFi : AM* 
hut < QiQ* : AM*, 
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the solid will rest and remain in a position with its hose more 
submerged ; 

(v.)if 

{spec. gr. of solid) : {spec. gr. of fluid) < P1P3 ; AM^, 

the solid will rest in a position in which its axis is inclined to the 
surface of the fluid at an angle less than Ti, hut so that the base 
does not even touch the surface at one point. 

(Proof.) 

, (I.) Since AM > f p, and 

(spec. gr. of solid) : (spec. gr. of fluid) {AM — |p)’“ : AM^, 

it follows, by Prop. 4 , that the solid will be in stable equilibrium 
with its axis vertical, 

(n.) In this case 

(spec. gr. of solid) : (spec. gr. of fluid) < AR^ : AM^ 

but > : AM\ 



. Suppose the ratio of the specific gravities to be equal to 

P : AM^, 

so that i < AR but > Q1Q3. 

Place P'V' between the two parabolas BABi, BP3Q3M equal 
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to I and parallel to AM*\ and let P'V' meet the intermediate 
parabola in F'. 

Then, by the same proof as before, we obtain 

Let F'T’, the teagent at P' to the outer parabola, meet 
ilfil in T', and let P'Jf' be the ordinate at P\ 

Join BV' and produce it to meet the outer parabola in Q'. 
Let OQ,P, meet P'V' in X. 

Now, since, in two similar and similarly situated parabolic 

* Archimedes does Dot gire the eolation of th?e problem, bat it eam be 
sapplied sa follows. 

Let £J2iQ], BEQi be bra eimnur and lamSsrljr aitnated psrsboUo segmenU 
with their h&ses In the same strai^t line, end let fi£ be the common tangent 
at£. 



Sapposs the poblem solred, and let ERB^O, parallel to the axes, meet the 
parabolas in £, itj and BQ, in O, making the intercept RRi eijnal to 1. 

Then, we hare, os osnal, 

ERi ; BO=BO : £Q^ 


and 

"By gabtiaction, 


=BO.BQ,:Bg,.£Q,. 

BR’.EO^BOiSQi 

=lBO.BQ^:BQ^.SQt. 
RSi ! EO=BO . Q^q ^ ; BQi 


or BO.Oi 

And the ratio BO : OE is known, 
therefore O, 


5=1.^^-^^*, which is known. 

VjVs 

^erefoia B(fi, or OE*, can be ioond, and 
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segments with bases BM, in the same straight line, B V, BQ' 

are drawn making the same angle with the bases, 

BV' iBQ'^BM'.BB,* 

= 1 : 2 , 

so that BV' = V'Q'. 

Suppose the segment of the paraboloid placed in the fluid, 
as described, with its axis inclined at an angle to the vertical, 
and with its base touching the surface at one point B only. 
Let the solid be cut by a plane through the axis and per- 


b' 



pendicular to the surface of the fluid, and let the plane intersect 
the solid in the parabolic segment BAB' and the plane of the 
surface of the fluid in BQ. 

Take the points 0,0 on AM ss before described. Draw 


* To prove this, suppose that, in the figure on the opposite page, 
produced to meet the outer parabola in Nj. 

We have, as before, 

ERi : EO=BO : BQj, 

ER : EO=:BO : BQj, 


whence 

And, since JJj is a point 
Hence 


ERj ; ER—BQ^ J HQj. 
within the outer parabola, 

ER : EBi=BRi : BR^, in like manner. 
BQi I BQ2^BR,^ : BBq. 


is 
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the tangent parallel to BQ tooching the parabola in P and 
meeting AM in T; and let PFbe the diameter bisecting BQ 
(i.e. the axis of the immersed portion of the solid). 

Then 

r : AM* =s (spec. gr. of solid) ; (spea gr. of fluid) 

*= (portion immeised) : (whole solid) 
^PV*:AM\ 

whence P*y' = Z = PF. 

Thus the segments in the two figures, namely BP'Q', 
BPQ, are equal and similar. 

Therefore z PTN = Z P'TN'. 

Also AT^^AT. AN=AN‘. PN^P'N'. 

Now, in the first figure, P'I< %IV'. 

Therefore, if OL be perpendicular to PF in the second 
figure, 

PL<2LV. 

TakePoniF so thatPP«=2Pr,Le. so that Pis the centre 
of gravity of the immersed portion of the solid. And C is the 
centre of gravity of the whole solid. Join PC? and produce it to ■ 
H, the centre of gravity of the portion above the surface. 

Now, since CO - GL is perpendicular to the tangent at 
P and to the surface of the fluid. Thus, as before, we prove 
that the solid will not rest with B touching the surface, but will 
turn in the direction of increasing the angle PTN, 

Hence, in the position of rest, the axis AM must make with 
the surface of the fluid an angle greater than the angle V which 
the tangent at Qj makes with AAI, 

(irZ a) In this case 

(spea gr. of solid) : (spea gr, of fluid) s* : AM*. 

Let the segment of the paraboloid be placed in the fluid so 
that its base nowhere touches the surface of the fluid, and its 
axis is inclined at an angle to the vertical. 
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Let the plane through AM perpendicular to the surface of 
the fluid cut the paraboloid in the parabola BAB' and the 


b' 




plane of the surface of the fluid in QQ'. Let PT be the tangent 
parallel to QQ',PV the diameter bisecting QQ', PN the ordinate 
at P, ' 

Divide AM as before at G, 0. 
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In the other figure let QiST be the ordinate at Q,. Join 
BQ, and produce it to meet the outer parabola in q. Then 
BQt = Qtq. and the tangent Q,£r is parallel to £q. Now 
QtQ,* : Ail* = (spec. gr. of solid) : (spec. gr. of fluid) 

= (portion immersed) : (whole solid) 

Therefore (J^Q, =* PV\ and the segments QPQ\ BQ^q of the 
paraboloid are equal in volume. And the base of one passes 
through B, while the base of the other passes through Q, a point 
nearer to A than B is. 

It follows that the angle between QQ' and BB’ is less than 
the angle B^Bq. 

Therefore /lV <Z. PTN, 

whence AH’ > AN, 

and therefore N'O (or Q,Q,) < PL, 

where OL is perpendicular to PV, 

It follows, since QiQt “ 2QtQt, that 

Pl>2LV. 

Therefore F, the centre of gravity of the immersed portion 
of the solid, is between P and L, while, as before, GL is perpen* 
dicular to the surface of the flntd. 

Producing FC to H, the centre of gravity of the portion of 
the solid above the surface, we see that the solid must turn in 
the direction of diminishing the angle PrJT until one point S 
of the base just touches the surface of the fluid. 

When this is the case, we shall have a segment BPQ equal 
and similar to the segment BQ^q, the angle PTN will be equal 
to the angle V, and AN will be equal to AN'. 

Hence in this case PL « SLV, and F, L coincide, so that F, 
C, S are all in one vertical straight line. 

Thus the paraboloid will remain in the position in which 
one point £ of the base touches the surface of the fluid, and the 
axis makes with the sur&ce an angle equal to G. 
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(III. b) In the case where 

(spec. gr. of solid) : (spec. gr. of fluid) = P^Ps^ : AJiP, 

we can prove in the same way that, if the solid be placed in the 
fluid so that its axis is inclined to the vertical and its base does 
not anywhere touch the surface of the fluid, the solid mil take 
up and rest in the position in which one point only of the base 
touches the surface, and the axis is inclined to it at an angle 
equal to Ti (in the figure on p. 284). 

(IV.) In this case 

(spec. gr. of solid) : (spec. gr. of fluid) > PiP ' : AM^ 

but < QiQ,^ ; AM’‘. 

Suppose the ratio to be equal to f : AAT, so that I is greater 
than P 1 P 3 but less than Q 1 Q 3 . 

Place P'V between the parabolas BPiQi, BPaQj so that 
P'7' is equal to I and parallel to AM, and let P'V' meet the 
intermediate parabola in P' and OQ 3 P 2 in I. 



Join B V' and produce it to meet the outer parabola in q. 

Then, as before, P7' = V'q, and accordingly the tangent 
P'T' at P' is parallel to Bq. Let P'V' be the ordinate of P'. 
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1. Now let the segment be placed in the fitiid, first, with 
its axis so inclined to the vertical that its base does not 
anywhere touch the surface of the fluid. 


8* 



l^t the plane through AM perpendicular to the surface of 
the fluid cut the paraWold in the parabola BAB' and the 
plane of the surface of the fluid in QQ'. Let PT be the 
tangent parallel to QQ', PV the diameter bisecting QQ'. 
Divide AM at (7, 0 as before, and draw OL perpendicular to PV. 

Then, as before, we have PV^l=P'V'. 

Thus the segments BP'q, QPQ' of the paraboloid are equal 
in volume; and it follows that the angle between QQ' and BB' 
is less than the angle 

Therefore P'T'B' < PTB. 

and hence AB' > AN, 

so that NO > N'Oy 

i-e. PL>P'£ 

> P'F\ a fortion. 

Thus PL>2,LV, so that F, the centre of gravity of the 
immersed portion of the eoUd, is between L and P, while CL 
is perpendicular to the surface of the fluid. 
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If then we produce FC to H, the centre of gravity of the 
portion of the solid above the surface, we prove that the solid 
mil not rest but turn in the direction of diminishing the 
angle PTN. 

2. Next let the paraboloid be so placed in the fluid that 
its base touches the surface of the fluid at one point B only, 
and let the construction proceed as before. 

Then PF = P'F', and the segments BPQ, BP'q are equal 
and similar, so that 

Z.Pm=zP'T'N'. 

It follow? that AF = AF', FO = F'O, 
and therefore P'l = PL, 

whence PL>2LV. 


B’ 



Thus F again lies between P and L, and, as before, the 
paraboloid will turn in the direction of diminishing the angle 
PTN, i.e. so that the base will be more submerged. 

(V.) In this case 

(spec, gr. of solid) : (spec. gr. of fluid) < PiPj^ : AM^ 

If then the ratio is equal to F : AM^, l<PiPs. Place P'F' 
between the parabolas PPiQi and BPsQs equal in length to I 
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and parallel to AM. liCt P'V meet the intermediate parabola 
iiv F' and OP, in I. 



1. Let the paraboloid be so placed in the Suid that Its 
base touches the surface at one point only. 
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Let tlie plane through AM perpendicular to the surface 
of the fluid cut the paraboloid in the parabolic section BAB' 
and the plane of the surface of the fluid in BQ. 

Making the usual construction, we find 
PF=Z=P'F', 

and the segments BPQ, BP^q are equal and similar. 

Therefore Z PTJP = Z P'T'N', 

and AN=^AN',N'0 = N0. 

Therefore PL = P'l, 

whence it follows that PL <2LV. 

Thus F, the centre of gravity of the immersed portion of the 
solid, lies between L and Y, while GL is perpendicular to the 
surface of the fluid. 

Producing FG to H, the centre of gravity of the portion 
above the surface, we prove, as usual, that there will not be 
rest, but the solid will turn in the direction of increasing the 
angle PTN, so that the b^e wll not anywhere touch the 
surface. 

2. The solid will however rest in a position where its axis 
makes with the surface of the fluid an angle less than T^. 


B' 
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For let it be placed so that the angle PTN is not less 
than Ti. 

Then, with the same construction as before, PV *= / = P'V. 
And, since zT^^Ti, 

ANii-ANu 

and therefore NO + N^O, where P,Ar, is the ordinate of P,. 
Hence PL PjPi- 

But P.P.>P'F'. 

Therefore PL > JPF, 

so that F, the centre of gravity of the immersed portion of 
the solid, lies between P and L. 

Thus the solid will turn in the direction of diminishing 
the angle PTN until that angle becomes less than P,. 


[As before, if ff, x' bo the distances from T of the orthogonal 


projections of C, F respectively on TP, we have 

x' - * =1 cos « || (cot* « + 2) - 1 (A - i)} (1). 

where h = AM, A ** P 7. 

Also, if the base BB' touch the surface of the fluid at one 
point B, we have further, as in the note following Prop. 6, 

*/pl 5= cot 0 (2). 

and /v — ft«V^cot0— ^cot*0 (3). 


Tbeiefore, to find the relation between h and the angle 6 at 
which the axis of the paraboloid is inclined to the surface of the 
fluid in a position of equilibrium with B just touching the 
surface, we eliminate k and equate the expression in (1) to 
zero; thus 

S (cot’ 0 + 2) — I cot 0 — -I cot* 0^ = 0, 

or ' 5jjcot*0 — 8VpAcot0 + 6^ e= 0 (4). 
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The two values of 6 are given by the equations 

.5 Vp cot ^ = 4V'A + Vl6/i. — 30jp (o). 


The lower sign corresponds to the angle U, and the upper 
sign to the angle Ti, in the proposition of Archimedes, as can 
be verified thus. 


In the first figure of Archimedes (p. 284 above) we have 

= ip.OK== ip (ih - Ih - 
“TV15~2;' 


If PjP.Ps meet BM in B', it follows that 

M,D) 

M,D' 


^ 1 = 


M^D ± 




and 






Now, from the property of the parabola, 
cot U — 2MDjp, 
cot P, = 2 MB' jp, 

so that = 

or 5 Vp cot |y I = 4VA+*/16^ — 

Avhich agrees with the result (5) above. 

To find the corresponding ratio of the specific gravities, or 
we have to use equations (2) and (5) and to express h in 
terms of h and p. 
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Equation (2) giTea, CFa tte ealietitotkm in h cf the Talae of 
cot 0 contained in (5), 

■/i=‘/k~^(iirh±Vieh-SOp) 

= {VX + *''16A-3Clp. 
whence we obtain, by equarin^, 

- AP + AVA(I6A-S0i,) (6). 

The lower sign corresponds to the angle U and the upper to 
the angle Tt, and, in order to verify the results of Archimedes, 
we hare simply to show that the two valnes of k are equal to 
QiQt. P\Pt respectitely. 

J»ow it is ^Eily seen that 

= A/2 - MD*lp + 2ir,D*/p. 

P.P, = A/2 - MD’*lp + Sif^P'Vp. 

Therefore, using the values of MD, 2fl>\ if,P, J/iP' above 
found, we have 



= }!'■- AP + *VA(16A-S0p). 
which are the values of k given in (6) above.] 
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Proposition 1 . 

If two circles toitch at A, and if BB, EF he parallel diameters 
in them, ABF is a straight line. 

[The proof in the text only applies to the particular case 
where the diameters are perpendicular to the radius to the 
point of contact, but it is easily adapted to the more general 
case by one small change only.] 

Let 0, G be the centres of the circles, and let OG be joined 
and produced to A. Draw BH parallel to .40 meeting OF 
in E. 


A. 



Then, since OE - GB = GA, 

and 0F=0A, 

we have, by subtraction, 

EF=G0=BE. 

ZEBF==^EFB. 


Therefore 
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Thus both the triangles GAD, 1T3F are isosceles, and the 
third angles ACD, DSF in each are equal Therefore the 
equal angles in each are equal to one another, and 

Add to each the angle CDF, and it follows that 
I ADC+^ GDF^zCDF+^DFH 
s= (two right angles). 

Hence ADF is a straight line. 

The same proof applies if the circles touch externally* 


Proposition 2. 

Lti AB he the diameter of a eemidrcle, and let the tangents 
to it at B and at any other point D on it meet in T. If now DE 
be drawl perpendicular to AB, and if AT, DE meet in F, 
DF>^FE. 

Produce AD to meet ST produced in H. Then the angle 
ADB in the semicircle is right; therefore the angle BDE is 
also right. And TB, TD are equal. 



Therefore T is the centre of the semicircle on BH as 
diameter, which passes throogh D. 

Hence ET^TB. 

And, since DE, EB are parallel, it follows that FE. 

* r»ppns aasomei the resnlt ol tbli proposition in connexion vith the 
Sp^^Sti (p. 214, ed. BalUeb), and he proTes it for the esse where the circles 
toseh extemsllj (p. 840). 
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Proposition 3. 

Let P be any point on a segment of a circle whose base is 
AB, and let PN be perpendicular to AB. Take L on AB so 
that AN = NJ). If now PQ be an arc equal to the arc PA, and 
BQ be joined, 

BQ, BD shall be equal*. 


Q 



Join PA, PQ, PD, DQ. 

* The segment in the figure of the mb. appears to have been a semioircle, 
though the proposition is equally true of any segment. But the case -where the 
segment is a semioircle brings the proposition into close connexion -with a 
proposition in Ptolemy’s a-iJvrnfti, I. 9 (p. 31, ed. Halma ; of. the repro- 

duction in Cantor’s Oesch. d. Mathematik, I. (1894), p. 389). Ptolemy’s object is 
to connect by an equation the lengths of the chord of an arc and the chord of half 
the arc. Substantially his procedure is as follows. Suppose AP, PQ to be 
equal arcs, AB the diameter through A ; and let AP, PQ, A Q, PB, QB be joined. 
Measure BD along BA equal to BQ. The perpendicular PN is now drawn, and 
it is proved that PA=PD, and AN=ND. 

Then A Ar= i (BA - BD) = J (BA - BQ) = J [BA - >JbA^ -AQ^). 

And, by similar triangles, AN ; AP=AP : AB. 

Therefore AP^—AB .AN 

=HAB->JaB^-AQ-). AB. 

This gives AP in terms of AQ and the known diameter AB. If we divide by 
AB^ throughout, it is seen at once that the proposition gives a geometrical 
proof of the formula 

sin” ^ = J (1 - cos a) . 

The case where the segment is a semicircle recalls also the method used by 
Archimedes at the beginning of the second part of Prop. 3 of the Measurement 
of a circle. It is there proved that, in the figure above, 
AB+BQ-.AQ=:BP:PA, 

or, if we divide the first two terms of the proposition by AB, 

( 1 + cos o)/sin a =-oot I . 
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Then, since the ares P4, PQ ate equal, 

P4*=PQ. 

But, since AN » ND, and the angles at N are right, 

rA^pD. 

Therefore PQ =» PP, 

and ^PQD^zPBQ. 

Now, since A, P,Q,B are coney cUc, 

Z PAL + ^ PQB =» (two right angles), 
whence APLA + z. PQB ^ ( two right angles) 

=^PLA-¥^PLB. 
Therefore t PQB = £. PDB ; 

and, since the parts, the angles PQL, PLQ, are equal, 

^BQL=^BLQ, 

and BQ^sBD. 


PropostUon 4. 

IfAB he the diameter of a semicircle and N any point on AB, 
and if semicircles be described within the first semicircle and 
having AN, BN as diameters respectively, Ike figure included 
between the circumferences of the three semicirdes is “what 
Archimedes called an o/j/9i7Xoc*’'; and its area is equal to the 
circle on PN tw diameter, where PN is perpendicular to AB 
and meets ike original semicircle in P, 

For AB'=:AN*+NB* + 2AN.NB 

= AN^ + NB' + ^P2P. 

Bat circles (or semicircles) are to one another as tbe~'eqnares of 
their radii (or diameters). 

* S^^XMuUteniUj'SBboemaker'akiiife.' Cf. note atUebed to the remarks 
on tbe Liber Atfumptorvm ia the Introduction, Chapter H. 
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Hence 

(semicircle on JLjB) = (sum of semicircles on Alf, NB) 
+ 2 (semicircle on PJ7). 



That is, the circle on PiiT as diameter is equal to the 
difference between the semicircle on AB and the sum of the 
semicircles on AB, NB, i.e. is equal to the area of the 


Proposition 5. 

Let AB be the diameter of a semidrde, G any point on AB, 
and GD perpendicular to it. and let semicircles he described 
within the first semicircle and having AG, GB as diameters. 
Then, if two circles be drawn touching GD on different sides 
and each touching two of the semicircles, the circles so drawn 
will he equal. 

Let one of the circles touch GD at E, the semicircle on AB 
in F, and the semicircle on AG in G. 

Draw the diameter EM of the circle, which will accordingly 
he perpendicular to GD and therefore parallel to AB. 

Join FM, MA, and FE, EB. Then, by Prop. 1, FRA, FEB 
are both straight lines, since EH, AB are parallel. 

For the same reason AGE, GGH are straight Hues. 

Let AF produced meet GD in D, and let AE produced 
meet the outer semicircle in I. Join BI, ID. 
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Then, since the angles AFB, ACD are right, the straight 
lines AD, AB are such that the perpendiculars on each from the 
extremity of the other meet in the point E. Therefore, by the 
properties of triangles, AE is perpendicular to the line joining 
£ to jD. 



But AE is perpendicular to BI. 

Therefore BID is a straight line. 

Now, since the angles at O, 1 are right, CE is parallel 
to BD. 

Therefore AB : BO^ AD r DH 
= AC:SE, 

so that AC . GB « AB . SE. 

Id like manner, if d is the diameter of the other circle, we can 
prove that AC . CB = AB . d. 

Therefore d 3E, and the circles are equal*. 

* The fto p cfty cpon vhich thii rerolt depends, viz. that 
AD : ffCoAC : HE, 

appears as an intermediate step in a proposition ot Pappus (p. 230, ed. Hnltsch) 
which proves that, in the figure above, 

AD:DC=CE*tJIB*. 

The truth ot the latter proposition u easUj seen. For, since the angle CES 
is a right angle, and EO is pecpcn^cnlar to CIZ, 

CE*iEH^^cataa 
=AC : HE. 
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[As pointed out by an Arabian Scholiast Alkanhi, this 
proposition may be stated more generally. If, instead of one 
point O on AB, vre have two points G, D, and semicircles be 
described on AG, BD as diameters, and if, instead of the 
perpendicular to AB through G, we take the radical axis of the 
two semicircles, then the circles described on different sides of 
the radical axis and each touching it as well as two of the 
semicircles are equal. The proof is similar and presents no 
difficulty.] 


Proposition 6. 

Let AB, the diameter of a semicircle, he divided at G so that 
AG=^GB [or in any ratio]. Describe semicircles within the 
first semicircle and on AG, GB as diameters, and suppose a 
circle drawn touching all three semicircles. If GS be the 
diameter of this circle, to find the relation between OH and AB. 

Let GH be that diameter of the circle which is parallel to 
AB, and let the circle touch the semicircles on AB, AG, GB 
in D, E, F respectively. 

Join AG, GB and BH, HD. Then, by Prop. 1, AGD, BED 
are straight lines. 



For a like reason AEH, BFG are straight lines, as also 
are GEG, GFH 

Let AD meet the semicircle on Af? in I, and let BD meet 
the semicircle oh GB in K. Join GI, GK meeting AE, BF 
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respectively in L, M, and let Gh, SM produced meet AB in 
N, P respectively. 

Now, in the triangle AGO, the perpendiculars from A, 0 on 
the opposite sides meet in Z. Therefore, by the properties of 
triangles, GLN" is perpendicular to AC. 

Similarly 3MP is perpendicular to CB. 

Ag^jn, since the angles at /, K, D are right, GK is parallel 
to AD, and GI to BD. 

Therefore AG:GB=^AL:L3 

= AN:BP, 

and BO:CA=BA!:MG 

=SP : P3. 

Hence AN'iITP^NPt PB, 

or A3, 3P, PB are in continued proportion*. 

Now, in the case where AO » $ CB, 

whence BPiP3:3A : 4Z-4 : 6 : 9 : 19. 

Therefore Off-^P^-fyAB. 

And similarly 03 can he found when AC : CB is equal to 
any other given ratiof. 

* This same piopeTt7 Bppean iaeidentaE; is PBppss (p. 226) as as istei. 
mediate step in the proof of the ''andent proposition" sUaded to below, 
f Ingeaeral, if ACs C5=X:1, wehsre 

j&P : PIV : ; A B® I ; X : X* < (I + X +X^, 

and an : ; (1+X+X*). 

It loaj he iotereeting to add the ennndatioa of the ‘‘andent propoeiUon** 
stated by Pappce 208) and proved by Um after aaveral an^iaiy lesnsaa. 
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Proposition 7. 

If circles be circumscribed about and inscribed in a sqtiare, 
the circumscribed circle is double of the inscribed circle. 

For the ratio of the circumscribed to the inscribed circle is 
equal to that of the square on the diagonal to the square itself, 
i.e. to the ratio 2 ; 1. 


Proposition 8. 

If AB be any chord of a circle whose centre is 0, and if AB 
be produced to G so that BG is equal to the radius; if further GO 
meet the circle in D and be produced to meet the circle a second 
time in E, the arc AE will be equal to three times the arc BD. 



Draw the chord EF parallel to AB, and join OB, OF. 

Let an dCpjSijXos be fomed by three eemicircles on AB, AC, CB as diameters, and 
let a series of circles be described, the first of which touches all three Eemicircles, 
while the second touches the first and two of the semioiroles forming one end 
of the ipPxiXos, the third touches the second and the same two semicircles, and 
so on. Let the diameters of the successive circles be dj, d^, dj,... their centres 
Oj, Oj, O3,... and OjNi, O^Nj, Ojf/j,... the perpendiculars from the centres on 
AB. Then it is to be proved that 

0,Ni=di, 

02N'3=2d3, 
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Then, since the angles OEF, OFE are equal, 
^GOF^2j^OEF 

=» 2 ^ BCO, by parallels, 

« 2 Z BOD. since BO = BO. 

Therefore 

^BOF^Z/:BOD. 

so that the arc BF is equal to three times the arc BD. 

Hence the arc AE, which is equal to the arc BF, is equal to 
three times the arc BD*. 

Proposition &, 

If in a circle ivjo chorda AB, CD which do not pass throuffk 
the centre intersect at right angles, then 

(arc AD) + (arc CB)^{arc A(I) + {arc DB), 

Let the chords intersect at 0, and draw the diameter EF 
parallel to AB intersecting CD in 
S. EF will thus bisect CD at 
right angles in H, and 

(arc ED ) » (arc EC)- 
Also EDF, EOF are serai- 
rircles, while 

(arc ED) as (arc EA) + (arc AD). 

Therefore 

(sum of arcs OF, EA, AD) = (arc 
of a semicircle). 

And the arcs AE, BF are equal. 

Therefore 

(arc GB) + (arc AD) = (arc of a semicircle). 

* Thit propo«itioa gites & method oT redociog (he trisectloD of ao; angle, 
Le. of aoj eircalar arc, to a problem of the Hod kaowa as ttistn. Sappose that 
AEi» the arc to be triaected, asd that ED is the diameter tbioagh E of the circle 
of which AE ia an arc. In order then to find an aro equal to one-third of AB, 
we hare onlp to draw through A a Una ABC, meeting the circle again in B and 
BD ^odueed in C, $ueh that BC i* efual to the radiit* of the eircle. For a 
diecuasioa of thia and other ret?ccit see the ItUrodnction, Chapter V. 
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Hence the remainder of the circumference, the sum of the 
arcs AO, BB, is also equal to a semicircle; and the proposition 
is proved. 


Proposition lO. 

Suppose that TA, TB are two tangents to a circle, while TO 
cuts it. Let BB he the chord through B parallel to TO, and let 
AB meet TO in E. Then, if EH be drawn perpendicular to BB, 
it will bisect it in H. 

Let AB meet TO in F, and join BE. 

Now the angle TAB is equal to the angle in the alternate 
segment, i.e. 

ZTAB = Z.ABB 

= Z AET, by parallels. 



Hence the triangles EAT, AFT have one angle equal and 
another (at T) common. They are therefore similar, and 
FT •.AT = AT -.ET. 

, Therefore 

ET .TF== TA^ 

= TB\ 

It follows that the triangles EBT, BFT are similar. 
Therefore Z TEB = Z TBF 

= ^TAB. 

But the angle TEB is equal to the angle EBB, and the 
angle TAB was proved equal to the angle EBB. 
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Therefore £.EDBt=^EBD. 

And the angles at B are light anglea 

It follows that BS =» BE •. 

PropoBltlon 11. 

If two chords AB, CD in a circle intersect at right angles in 
a point 0, not being the centre, then 

A0* + BO* + <70* + DO* = (diameter)*. 

Draw the diameter CE, and join AG, CB, AD, BE. 

Then the angle CAO is equal 
to the angle CEB in the same seg- 
ment, and the angles AOG, ESC 
are right; therefore the triangles 
AOG, EBG are similar, and 
£AC0^^.EGB. 

It follows that the eabtended 
arcs, and therefore the chords AD, 

BE, are equal. 

* Tbe figure of ibis propoeUioD coriousl/ maUe tbe figure of e problem 
gi^en b; Pappus (pp. B36-8) amo&g Us letsmas to the first Book of tbe tre&tise 
of ApoUoaiog On CmticU {xtfl The problem is, Gioen a circle ani 

tito pointt E, E {aeitber of vbicb is oeeessariJj, as in this cue, tbe middle 
point of tbe chord of the circle drawn through E, /I, U> dnv> through E, F 
rtipeetively two chord* AD, AB having a common ^tremiiy A and tucJi that DB 
it parallel to EF. The anaijsis is as follows. BuppoiS tbe problem solred, BD 
beiog parallel to FE. Let BT, the tongeot at B, meet BF produced in T. (r 
Is not in general tbe pole of AB, so that TA is not generallj the tangent at A.) 

Then / TBFsi IBDA, in the alternate segment, 

= I AET, bj parallels. 

Therefore A, E, B, T are con^^o, and 

EF.FT=AF.FB. 

Bat, tbe circle JLfi and tbe point f being gtren, tbe rectangle is giren. 

Also £F is giren. 

Hence FT is known. 

Thus, to make tbe construcUon, we hare oslp to find tbe length of FT from 
tbe data, piodace EF to T so that FT has tbe ascertained length, draw tbe 
tangent TB, and then draw BD parallel to SF. DE, BF will Uien meet in ^ on 
the circle and will be the chords re^inired. 
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Thus 

(J-O* + W) + (50’" + C'O’) = + 50* 

= 55 ?* + 50 * 

= 05 *. 

Propositioii 12. 

If AB be the diaTtieter of a semicircle, and TP, TQ the 
tangents to it from any point T, and if AQ, BP he joined 
meeting in R, then TB is perpendicular to AB. 

Let TR produced meet AB in M, and join PA, QB. 

Since the angle APB is right, 

zPAB + Z PB A = (aright angle) 

^ZAQB. 



Add to each side the angle RBQ, and 

Z PAB + Z QBA = (exterior) Z PRQ. 

But Z TPR = Z PAB, and Z TQR = Z QBA, 

in the alternate segments ; 
therefore z TPR + Z TQR = Z PRQ. 

It follows from this that TP = TQ = TR. 

[For, if PT be produced to 0 so that TO = TQ, we have 
ZTOQ = zTQO. 

And, by hypothesis, Z PRQ = Z TPR + TQR. 

By addition, Z POQ + Z PRQ = Z TPR + OQR. 
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It follows that, m tho quadrilateral OPRQ, the opposite 
angles are together equal to two right angles. Therefore a 
circle will go round OPQR, and T is its centre, because 
TP « TO = TQ. Thcreforo TR = TP.J 

Thus TRP=^ TPR = ^ PAM. 

Adding to each the angle PRM, 

z PAM+Z PRM^ z TRP + z PRM 
« (two right angles). 

Therefore ^ APR + z AMR = (two right angles), 
whence Z AMR = (a right angle)*. 


Proposition IQ. 

If a diameter AB of a circle meet any chord CD, not a 
diOTTieter, in E, and if AM, BE be drawn peTj>endieular to CJ), 
then 

CE^BSff. 

Let 0 bo tho centre of tho 
circle, and OS perpendicular to 
CD. Join BM, and produce HO to 
meet DM in K. 

Then CS--HD. 

And, bj parallels, 
sbee 50 “OA, 

BK^KM. 

Therefore 

Accordingly CE «= BM. 

• Tii U of cotirM the polar of the iatorwetion of PQ, AD, a* it 1* tbe Uae 
Joining tbe pol« o( Pq, A D teepeetlrely. 

t Tht* propoeitfon if of coorw troe •rbether Jf, iV lie on CD or on CD 
prodand Mcb wa/. P«ppn( pra*ee it for tbe Iftler case in bii fint Umine 
(p. 789/ to the eecoad Book of ApoUoaloe* nCtfu. 
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Proposition 14. 

Let AGB he a semicircle on AB as diameter, and let AD, 
BE be equal lengths measured along AB from A, B respectively. 
On AD, BE as diameters describe semicircles on the side towards 
0, and on DE as diameter a semicircle on the opposite side. Let 
the perpendicular to AB through 0, the centre of the first semi- 
circle, meet the opposite semicircles in G, F respectively. 

Then shall the area of the figure bounded by the circumferences 
of all the semicircles which Archimedes calls ‘ Salinon’ be 
equal to the area of the circle on GF as diameter f. 

By Eucl. 11 . 10, since ED is bisected at 0 and produced 
to A, 

EA’‘-i-AD^==2(EO‘-i-OA‘), 
and GF=0A + OE — EA. 


c 



* For the explanation of this name see note attached to the remarks on the 
Liber Assumptorum in the Introduction, Chapter 11. On the grounds there 
given at length 1 believe a-d\ivov to be simply a Graecised form of the Latin 
word salinum, ‘salt-cellar.’ 

+ Cantor (Gesch. d. Mathematik, i. p. 286) compares this proposition 
with Hippocrates’ attempt to square the circle by means of lunes, but 
points out that the object of Archimedes may have been the converse of that 
of Hippocrates. For, whereas Hippocrates wished to find the area of a circle 
from that of other figures of the same sort, Archimedes’ intention was possibly 
to equate the area of figures hounded by different curves to that of a circle 
regarded as already known. 
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Therefore 

4B* +i)£* = 4 (£0* + OA*) = 2 {GF* + Ai)*). 

But circles (and therefore aemuarcles) are to one another as 
the squares on their radii (or diameters). 

Therefore 

(sum of semicircles on AB, BE) 

(circle on OF) + (sum of semicircles on AD, BE). 
Therefore 

(area of * salioon ') = (area of circle on OF as diatn.). 


Proposition 15. 

Lti AJB 6e the diarMter of o circle, AO a eids of on tn- 
totihed re^lar pentagon, D the middle point of ihe are AO. 
Join CD and produce it to meet BA produced in E; join AO, 
DB meeting in F, and draw Fil perpendicniXar to AB. Then 
EM ^{radius of circle)*. 

Let 0 be the centre of the circle, and join DA, DM, DO, 
OB. 

Now ^ ABO = I (right angle), 

and ^ABD=zDBO=\{n^l angle), 

whence Z A02)=|(right angle). 

* Pappas givea {p. 418] a propotlUott alsoet idaaticel 'nth this among the 
lemmas required for the eomparison of the five regnUr poljhedra. His ennnel. 
etion is sntstssiisnj m follows. U J>ZJ he helf the side of a pentagon inscribed 
in & ettole, while DH is perpendieolar to the radius QUA, and if ESI be made 
equal to AS, then OA is divided at JIf in extreme and mean ratio, Olf being the 
greater s^ment. 

In the course of the proof St ia first shown that AD, DM, MO are all equal, 
as in the proposition above. 

Then, the triangles ODA, DAM being aimilar, 

OA : AD=AD : AM, 
or (since AD » OIT) OA: Olf^Odf ; Ma. 
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Further, the triangles FOB, FMB are equal in all respects. 

Therefore, in the triangles DOB, DMB, the sides OB, MB 
being equal and BJ) common, while the angles GBD, MBD are 
equal, 

Z BCD = Z BMD = f (right angle). 



But Z BCi) + Z BAD = (two right angles) 

= Z BAD + Z DAE 
— Z BMD + Z DMA , 

so that Z DAE = Z BOD, 

and Z BAD = Z AMD. 

Therefore AD = ifD. 

Now, in the triangle DM0, 

Z MOD — I (right angle), 

Z Dilf 0 = 1 (right angle). 
Therefore Z ODilf = | (right angle) = OD ; 
whence OM=MD. 

Again Z EDA = (supplement of ADO) 

= ^CBA 

‘ = I (right angle) 

= ^.0DM. 
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Therefore, in the triangles EDA, ODM, 
^EBA=^ODM, 
zEAD=^03rD. 

■and the sides AD, MD are equal. 

Hence the triangles are equal in all respects, and 
EA=MO. 

Therefore EM^i^AO. 


Horeovet DE = DO ; and it follows that, since DE is equal 
to the side of an inscribed hexagon, and DO is the side of an 
inscribed decagon, EG is divided at D in extreme and mean 
ratio [i.e. EG : ED = ED : DO \ ; “and this is proved in the 
book of the Elements.” fEucL xin. 9, "If the side of the 
hexagon and the side of the dect^ou inscribed in the same 
circle be put together, the whole straight line is divided in 
extreme and mean ratio, and the greater segment is the 
side of the hexagon."] 



THE CATTLE-PEOBLEM. 


It is required to find the number of bulls and cows of each 
of four colours, or to find 8 unknown quantities. The first 
part of the problem connects the unknowns by seven simple 
equations; and the second part adds two more conditions to 
which the unkno^vns must be subject. 

Let W, w be the numbers of white bulls and cows respectively, 


X, X 

„ „ black „ 

f) 


„ „ yellow 

7 } 

Z,z 

„ „ dappled 

;> 

First pixrt. 



(I) 

F-a+i)z+r 

(a). 


x = (i+i)z+r 

m 


Z-a + i)W+Y 

( 7 ). 

(11) 

= + J)(X + a7) 

(5). 


^ = + + 

(e). 


^ = (i+i)(^+y) 

(0, 


y = (i + r)(f^ + '«^) 

C’?)- 

Second part. 

W+X = a square 




F+ Z = a triangular number 

(0. 
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[There is an ambiguity in the language which expresses the 
.conation (5). Literally the lines mean “ When the white bulls 
joined in number with the black, they stood firm (e^iTreSov) 
with depth and breadth of equal measurement (icofurpot et^ 
0d0oi et? evpo? re) ; and the plains of Thrinakia, far-stretching 
all ways, were filled with their multitude” (reading, with 
Krumbiegel, instead of ‘oXUBov). Considering that, if 

the hulls were packed together so as to form a square figure, 
the number of them need not be a square number, since a bull 
is longer than it is broad, it is clear that one possible interpre- 
tation would be to take the 'square’ to be a square figure, and 
to understand condition (6) to be simply 

ir+ XsB a rectangle (ie. a product of two factors). 

The problem may therefore be stated in two forms: 

( 1 ) the simpler one in which, for the condition {6), there is 
substituted the mere requirement that 

Tr+X*» a product of two whole numbers; 

( 2 ) the complete problem in which all the conditions bare to 
be satisfied including the requirement {$) that 

IT 4 - X *sa square number. 

The simpler problem was solved by JuL Fr. Wurm and may 
be called 

Wurm’s Problem. 

The solution of this is given (together with a discussion of 
the complete problem) by Amthor in the ZeiUckrifi fiir Math. 
u. Physik {Hist. lilt. Ahtheilung), xxv. (1880). p. 156 sqq. 

Multiply (a) by 330, (jS) by 280, ( 7 ) by 128, and add ; thus 
297Tr=742F, or 3MlTr=2.7.53F (o'). 

Then from ( 7 ) and (/5) we obtain 

89lF«1580r, or 3MlZ=2V5.79r (/S'), 

and 99X= l78r, or 3MlX=2.89r (V). 

Again, if we multiply (S) by 4800, (e) by 2800, by 1260, 
(«/) by 462, and add, we obtain 

4657W = 2800X -b 1260X + 462 F + 143 W ; 
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and, by means of the values in (a'), (/S'), (y'), we derive 
297. 4657«; = 24021207, 

or 3M1.4657«» = 2’.5.7.23.373F (S'). 

Hence, by means of (ij), (f), (e), we have 

3M1 . 4657y = 13 . 464897 (/), 

3\ 4657^ = 2’. 5. 7. 761 7 (O, 

and 3M1 . 4657a! = 2.17. 15991 7 (V). 


And, since alKthe unknowns must be whole numbers, we see 
from the equations (a), (/S '), . . . (i/') that 7 must be divisible by 
3* . 11 . 4657, i.e. we may put 

7= 3M1 . 4657n = 4149387n. 

Therefore the equations (o'), (^),...(ri') give the following values 
for all the unknowns in terms of n, viz. 

TT = 2 . 3 . 7 . 53 . 4667« = 1036648272,' 

Z = 2. 3*. 89. 465772 7460514n 

7= 3M1. 465771 = 414938771 

^=2’. 5. 79. 465771 = 7368060nl 

w = 2\3.5.7.23.373n= 7206360?2[ 

a;= 2. 3M7. 1599177 = 489324672 

22 = 3M 3. 4648972 = 543921371 

2 = 2*. 3. 5. 7. 11. 76172= 3515820n/ 

If now 72 = 1, the numbers are the smallest which will satisfy 
the seven equations (o), (fi),...(v)', and we have next to find 
such an integral value for 72 that the equation ( 2 ) will be 
satisfied also. , [The modified equation (6) requiring that W + X 
must be a product of two factors is then simultaneously 
satisfied.] 

Equation ( 2 ) requires that 
where q is some positive integer. 
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Putting for Y, Z their values as above JU'scertained, we have 
= (3* . 11 + 2*. 5 . 79) . 4657)i 

= 2471.4B57n 
= 7.363.4657n. 

Now 5 is either even or odd, so that either g- = 2s, or • 
g = 2s — 1, and the equation becomes 

s(2s±l)=7.353.4657fl. 

As n need not be a prime number, we suppose n = « . </, where 
u is the factor in n which divides s without a remainder and v 
the factor which divides 2s ±1 without a remainder; we then 
have the following sixteen alternative pairs of simultaneous 


equations : 

(I) 


«. 

2s±l>=7: 

.363.4657r, 

(2) 


7u, 

25±1 = 

353 . 4C67v, 

(3) 


353w, 

2s±l = 

7 . 46570, 

(4) 


4657«, 

2s±1 = 

7.3530. 

(5) 


7.853W. 

2s±l = 

4657v, 

(6) 

ges 

7,4657«, 

2s±l = 

353v. 

m 

g^ 

353.4G57U, 

2s±l*= 

7v, 

(8) 

S-7 

.S53.4657U, 

2s±l=» 

V. 


In order to find the least value of n which satisfies all the 
conditions of the problem, we have to choose from the various 
positive integral solutions of these pairs of equations that 
particular one which gives the smallest value for the product 
tiv or n. 

If we solve the various pairs and compare the results, we 
find that it is the pair of equations 

ss=7u, 2»-l=353.4857v, 
which leads to the solution we want; this solution is then 
u= 117423. v*=l, 

n = ttw = 117423 = 3* . 4349, 


so that 
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whence ifc follows that 

s = 7u = 821961, 

and 2 = 2 s- I =1643921. 

Thus r+.^= 2471.465771 

= 2471.4657.117423 

= 1351238949081 

_ 1643921 . 1643922 
2 

which is a triangular number, as required. 

. The number in equation (0) which has to be the product of 
tw'o integers is now 

Tr-{-X = 2.3.(7.53 + 3.89).4657n 

= 2*. 3. 11. 29. 465771 

= 2\ 3. 11. 29. 4657. 117423 

= 2’.3M1.29.4657.4349 

^ (2^ 3* . 4349) . (11 . 29 . 4657) 

« 1409076.1485583, 

which is a rectangular number with nearly equal factoi’s. 

The solution is then as follows (substituting for n its value 
117423): 

Tf=12l72634i5886 
• X= 876035935422 
F= 487233469701 
.^= 864005479380 
■w= 846192410280 
a;= 574579625058 
y= 638688708099 
.2 = 412838131860 


and the sum = 5916837175686 
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The complete problem. 

In this case the seven original equations (a), (/S),...(^) have 
to be satisBeO, and the following fiirthcr conditions must hold, 
Tr + = a square number *=p*, say, 

Y + Z = a triangular number = , say. 

Using the values found above (A), we have in the first place 
p* = 2.3.(7.63 + 3.89).4657n 
= 2V3.11.29.4C57n. 
and this equation will be satisfied if 

n = 3 . 1 1 , 29 . 4657^ = 4456749^*. 
where f is any integer. 

Thus the first 8 equations (a), (6) arc satisfied by 

the following values : 

2 . 3* . 7 . 11 . 29 . 53 . 4657*. =» 46200808287018 . f * 

.y - 2 . 3* . 1 1 . 29 . 89 . 4657* . f * » 33249638308086 . ^ 

Y= 3* . 11* . 29 . 4657* . f * = 16492776562863 . f * 

2 = 2* . 3 . 5 . 11 . 29 . 79 . 4657’ . * 32793026546940 . f * 

«; « 2* . 3’ . 6 .7 . 11 , 23 . 29 . 373 . 4657 . f * = 32116937723640 . f * 
«« 2 . 3’ . 11 . 17 . 29 . 15991 . 4657 . ^ = 21807969217254 . |* 
y « 3* . 11 . 13 . 29 . 46489 . 4657 . f * = 24241207098537 . f * 

^ = 2* . 3*. 6 . 7 . 11* . 29 .701 . 4657 . {* = 15669127269180 . f * 

It remains to determine ^ so that equation (t) may be 
satisfied, i.e. so that 

Y+Z = lSl^\ 

Substituting the ascertained values of Y, Z, we have 
= 51285802909803 . 


3. 7. 11. 29. 353. 4657*. f*. 



the cattle-proelem. 

Multiply by 8, and put 

+ 1 = f, 2 . 4657 . ^ = u, 

and we have the “Pellian” equation 

4'_l = 2.3.7.11.29.353.vt*, 

that is. 4729494 u* = l. 

Of the solutions of this equation the smallest has to be 
chosen for which u is divisible by 2 , 4657. 

When this is done, 

t = — . and is a whole number ; 

^ 2 . 4657 

whence, by substitution of the value of f so found in the last 
system of equations, we should arrive at the solution of the 
complete problem. 

It would require too much space to enter on the solution of 
the " Pellian ” equation 

4729494 «' = 1, 

and the curious reader is referred to Amthor’s paper itself.. 
Suffice it to say that he develops V4729494 in the form of a 
continued fraction as far as the period which occurs after 91 
convergents, and, after an arduous piece of work, arrives at the 
conclusion that 

W = 1598 < 206541> . 

where <'206541> represents the fact that there are 206541 more 
digits to follow, and that, with the same notation, 

the whole number of cattle = 7766 * C206541'> . 

One may well be excused for doubting whether Archimedes 
solved the complete problem, having regard to the enormous 
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size of the numbers and tfae great difficulties inherent in the 
work. By way of giving an idea of the space which would be 
required for merely >vriting down the results when obtained, 
Ainthor remarks that the large seven-figured logarithmic tables 
contain on one page 60 lines with 50 figures or so in each, say 
altogether 2500 figures; therefore one of the eight unknown 
quantities would, when found, occupy 82^ such pages, and to 
write down nil the eight nuioberB would require a volume of 
660 pages 1} 



THE 

METHOD OF ARCHIMEDES 



INTEODUCTORY NOTE 


Fnosi the point of view of the student of Greek mathematics 
there has heen, in recent years, no event comparable in interest 
with the discovery by Heiberg in 1 906 of a Greek MS. containing, 
among other works of Archimedes, substantially the whole of a 
treatise which was formerly thought to be irretrievably lost. 

The full description of the MS. as given in the preface to Vol. i. 
(1910) of the new edition of Heiberg’s text of Archimedes now in 
course of publication is — 

Codex rescriptus Metochii Constantinopolitani S. Sepulchri 
monasterii Haerosolymitani 355, 4to. 

Heiberg has told the stoiy of his discovery of this MS. and 
given a full description of it*. His attention having been called 
to a notice in Vol. iv. (1899) of the Tepoo-oXvpirtK^ of 

Papadopulos Kerameus relating to a palimpsest of mathematical 
content, he at once inferred from a few specimen lines which were 
quoted that the MS. must contain something bj' Archimedes. As 
the result of inspection, at Constantinople, of the MS. itself, and 
by means of a photograph taken of it, he was able to see what it 
contained and to decipher much of the contents. This was in the 
year 1906, and he inspected the MS. once more in 1908. With 
the exception of the last leaves, 178 to 185, which are of paper 
of the 16th century, the MS. is of parchment and contains writings 
of Archimedes copied in a good hand of the 10th centu.y, in two 
columns. An attempt was made (fortunately with only partial 
success) to wash out the old writing, and tlien the parchment was 
used again, for the purpose of writing a Euchologion thereon, in the 
12th — 13th or 13th — 14th centuries. The earlier writing appears 
with more or less clearness on most of the 177 leaves; only 29 
leaves are destitute of any trace of such writing ; from 9 more 
, it was hopelessly washed off; on a few more leaves only a few 
words can be made out; and again some 14 leaves have old writing 


Hermes xui. 1907, pp. 235 sq. 
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upon them in a different hand and with no division into columns. 
All the rest is tolerably legible with the aid of a magnifying glass. 
Of the treatises of Archimedes which are found in other hlSS., the 
new MS. contains, in great part, the books On the Sphere and 
Cylinder^ almost the whole of the work On Spirah, and some parts 
of the Meixsurement of a Cirde and of the books On the Equilibrium 
of Planes. But the important fact is that it contains (1) a con- 
Biderablo proportion of the work On Floating Bodies which was 
formerly supposed to he lost so far as the Greek text is concerned 
and only to have survived in the translation by Wilhelm von 
M&rbeke, and (2), most precious of all, the greater part of the 
book called, according to its own heading, 'E^oSos and elsewhere, 
alternatively, Tj^oSiov or *E^o&«ov, meaning UtlKod. The portion 
of this latter work contained in the MS. has already been published 
by Heiberg (1) in Greek* and (2) in a German translation with 
commentary by Zeuthent. The treatise was formerly only known 
by an allusion to it -in Suidaa, who says that Theodosias wrote a 
commentary upon it; hut tbeJfelriea of Heron, newly discovered 
by B. Schone and published in 1903, quotes three propositions from 
it|, including the two main propositions enunclat^ by Archimedes 
at the beginning as theorems novel in character which the method 
furnished a means of investigating. Lastly the MS contains two 
short propositioQs, in addition to the preface, of a work called 
StomacJtion (as it might be “Neck-Spiel” or “ Qual-Geist ") which 
treated of a sort of Chinese puzzle known afterwards by the name 
of “ loculus Archimedius " ; it thus turns out that this puzzle, which 
Heiberg was formerly disinclined to attribute to Arcbimedes§, is 
really genuine. 

The hfethod, so happily recovered, is of the greatest interest for 
the following reason. Nothing is more characteristic of the classical 
works of the great geometers of Greece, or more tantalising, than 
the absence of any indication of the steps by which they worked 
their way to the discovery of their great theorems. As they have 
come down to us, these tbeorena are dnished masterpieces which 
leave no traces of any rough-hewn stage, no hint of the method 
by which they were evolved. We cannot but suppose that the 

• Jlemei na. 1907, pp. 243—297. 

f Bibliotheca Uatkematiea vOa, 190&>7, pp. 321 — 363. 

5 Heronit Aletandrini opera, VoL m. 1903, pp. 80, 17 ; 130, 15 ; 130, 25. 

i Vide The Works of <tKAiinrdn,p.xxii. 
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Greeks had some method or methods of analysis hardly less powerful 
than those of modern analysis ; yet, in general, they seem to have 
taken pains to clear away all traces of the machinery used and all 
the litter, so to speak, resulting from tentative efforts, before they 
permitted themselves to publish, in sequence carefully thought out, 
and with definitive and rigorously scientific proofs, the results 
obtained. A partial exception is now furnished by the Method ; for 
here we have a sort of lifting of the veil, a glimpse of the interior 
of Archimedes’ Avorkshop as it Avere. He tells us how lie discoA'ered 
certain theorems in quadrature and cubature, and he is at the same 
time careful to insist on the difference between (1) the means Avhich 
may be sufficient to suggest the truth of theorems, although not 
furnishing scientific proofs of them, and (2) the rigorous demonstra- 
tions of, them by irrefragable geometrical methods which must follow 
before they can be finally accepted as established ; to use Archi- 
medes’ own terms, the former enable theorems to be investigated 
{Btwpeiv) but not to bo proved (aTroStocnlrat). The mechanical 
method, then, used in our treatise and shoAvn to be so useful for 
the discovery of theorems is distinctly said to be incapable of 
furnishing proofs of them ; and Archimedes promises to add, as 
regards the tAvo main theorems enunciated at the beginning, the 
necessary supplement in the shape of the formal geometrical proof. 
One of the tAVO geometrical proofs is lost, but fragments of the other 
are contained in the MS. Avhich are sufficient to shoAv that the 
method Avas the orthodox method of exhaustion in the form in 
which Archimedes applies it elseAvhere, and to enable the proof to 
be reconstructed. 

The rest of this note Avill be best understood after the treatise 
itself has been read ; but the essential features of the mechanical 
method employed by Archimedes are these. Suppose X to be a 
plane or solid figure, the area or content of Avhich has to be found. 
The method is to weigh infinitesimal elements of X (with or without 
the addition of the corresponding elements of another figure C) 
against the corresponding elements of a figure B, B and G being 
such figures that their areas or volumes, and the position of the 
centre of graAuty of B, are knoAvn beforehand. For this purpose 
the figures are first placed in such a position that they have, as 
common diameter or axis, one and the same straight line ; if then 
the infinitesimal elements are sections of the figures made by parallel 
planes perpendicular (in general) to the axis and cutting the figures, 
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the centres of gravity of all the dements lie at one point or other 
on the common diameter or axis. This diameter or axis is produced 
and is imagined to be the bar or lever of a balance. It is sufBcient 
to take the simple case where the elements of X alone are weighed 
against the elements of another figure B. The elements which cor- 
respond to one another are the sections of X and B respectively by 
any one plane perpendicular (in general) to the diameter or axis 
and cutting both figures ; the elements are spoken of as straight 
lines in the case of plane figures and as plane areas in the case of 
solid figures. Although Archimedes calls the elements straight lines 
and plane areas respectively, they are of course, in the first case, 
indefinitely narrow strips (areas) and, in the second case, indefinitely 
thin plane laminae (solids); but the breadth or thickness (dx, as 
we might call it) does not enter into the calculation because it is 
regarded as the same in each of the two corresponding elements 
which are separately weighed against each other, and therefore 
divides out The number of the elements in each figure is in- 
finite, hut Archimedes has no need to say this ; he merely says 
that X and B are madt up of ail the elements in them respectively, 
ie. of the straight lines in the ease of areas and of the plane areas 
in the case of solids. 

The object of Archimedes is so to arrange the balancing of the 
elements that the eletnenta of X aro all applied at one point of 
the lever, while the elements of B operate at different points, 
namely where tb^ actually are in the first instance. He con- 
trives therefore to move the elements of X away from their first 
position and to concentrate them at one point on the lever, while 
the elements of B are left where they are, and so operate at their 
respective centres of gravity. Since the centre of gravity of .5 as 
a whole is known, as well as ita area or volume, it may then be 
supposed to act as one mass applied at its centre of gravity; and 
consequently, taking the whole bodies X and B as ultimately placed 
respectively, we know the distances of the two centres of gravity 
from the fulcrum or point of snspenaion of the lover, and also the 
area or volume of B. Hence the area or volume of X is found. 
Tlie method may be applied, conversely, to the problem of finding 
the centre of gravity of X when its area or volume is known before- 
hand; in this case it is necessary that the elements of X, and 
therefore X itself, should bo wmgbed »n (he places tokere they are^ 
and that the figures the elements of which are moved to one single 
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■ point of the lever, to be weighed there, should be other figures and 
not X. 

The method will be seen to be, not integration, as certain 
geometrical proofs in the great treatises actually are, but a clever 
device for avoiding the particular integration which would naturally 
be used to find directly the area or volume required, and making 
the solution depend, instead, upon another integration the result of 
which is already known. Archimedes deals wth moments about 
the point of suspension of the lever, i.e. the products of the ele- 
ments of area or volume into the distances between the point of 
suspension of the lever and the centres of gravity of the elements 
respectively; and, as we said above, wliile these distances are 
different for, all the elements of B, he contrives, by moving the 
elements of X, to make them the same for all the elements of X 
in their final position. He assumes, as known, the fact that the 
sum of the moments of each particle of the figure B acting at 
the point where it is placed is equal to the moment of the whole 
figure applied as one mass at one point, its centre of gravity. 

Suppose now that the element of A' is u , dx, u being the length 
or area of a , section of X by one of a whole senes of parallel planes 
cutting the lever at right angles, x being measured along the lever 
(which is the common axis of the two figures) from the point of 
suspension of the lever as origin. This element is then supposed 
to be placed on the lever at a constant distance, say' a, from the 
origin and on the opposite side of it from B. If v! . dx is the cor- 
responding element of B cut off by the same plane and x its distance 
from the origin, Archimedes’ argument establishes the equation 

a [ udx= f xu'dx. 

Jh Jh 

Now the second integral is known because the area or volume of 
the figure B (say a triangle, a pyramid, a prism, a sphere, a cone, 
or a cylinder) is known, and it can be supposed to be applied as 
one mass at its centre of gravity, which is also known ; the integral 
is equal to bU, where b is the distance of the centre of gravity from 
the point of suspension of the lever, and U is the area or content 
of B. Hence 

the area or volume of X= — . 

a 

In the case where the elements of X are weighed along with the 
corresponding elements of another figure G against corresponding 
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elements of B, we hav^ if v Im the element of C, and V its area 
or content, 

aj ndt + aj vdx‘= j xu'dx 
and (area or Yolnme of X+ F) o = 6P. 

In the particular problems dealt with in the treatise h is always 
« 0, and k is often, but not always, equal to a. 

Our admiration of the genius of the greatest mathematician of 
antiquity must surely be increased, if that were possible, by a 
perusal of the work before ua Mathematicians will doubtless 
agree that it is astounding that Archimedes, writing (say) about 
250 B.C., should have been able to solve such problems as those of 
finding the volume and the centre of gravity of any segment of a 
sphere, and the centre of gravity of a semicircle, by a method so 
simple, a method too (be it observed) which would be quite rigorous 
enough for us to-day, although it did not satisfy Archimedes himself. 

Apart from the mathematical content of the book, it is in- 
teresting, not only for Archimedes’ explanations of the course which 
bis investigations took, but also for tbe allusion to DeTnocritus as 
the discoverer of tbe theorem that the volumes of a pyramid and 
a cone are one-third of the volumce of a prism and a cylinder 
respectively which have the same base and equal height. These 
propositions had always been supposed to be due to Eudoxus, and 
indeed Archimedes himself has a statement to this effect*. It 
now appears that, though Eudoxus was tbe first to prove them 
scientifically, Democritus was the first to assert their truth. I have 
elsewhere t made a suggestion as to the probable course of Democritus’ 
argument, which, on Archimedes' \-iew, did not amount to a proof 
of the propositions; but it may bo well to re-state it here. Plutarch, 
in a well-known passage^, speaks of Democritus as having raised the 
following question in natural philosophy (^wr«ws) : “if a cone were 
cut by a plane parallel to tbe base [by which is clearly meant a 
plane indefinitely near to the base], what must we think of the 
surfaces of the section-sf Are they equal or unequall For, if they 
arc unequal, they will make the cone irregular, as having many 
indentations, like steps, and unevennesses; hut, if they are equal, 
the sections will be equal, and the cone will appear to have tlie 
property of the cylinder and to be made up of equal, not unequal, 
* On the Sphere and Ci/Under, Preface to Book i. 
t The Thirteen Books of EutUd't Hlemenu, Vol. nr. p. 368. 

X Flatarch, De Conm. tfol. adv, Stoieoe xxnx. S. 
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circles, which is very absurd.” The phrase “made up of equal... 
circles” (ruyKdnevo^...KVK\tav) shows that Democritus already 

had the_ idea of a solid being the sum of an infinite number of 
parallel planes, or indefinitely thin laminae, indefinitely near to- 
gether : a most important anticipation of the same thought which 
led to such fruitful results in Archimedes. If then we may make 
a conjecture as to Democritus’ argument with regard to a pyramid, 
it seems probable that he would notice that, if two pyramids of the 
same height and with equal triangular bases are respectively cut by 
planes parallel to the base and dividing the heights in the same 
ratio, the corresponding sections of the two pyramids are equal, 
whence he would infer that the pyramids are equal because they 
are the sums of the same infinite numbers of equal plane sections 
or indefinitely thin laminae. (This would be a particular anti- 
cipation of Cavalieri’s proposition that the areal or solid contents 
of two figures are equal if two sections of them taken at the same 
height, whatever the height may be, always give equal straight lines 
or equal surfaces respectively.) And Democritus would of course 
see that the three pyramids into which a prism on the same base 
and of equal heiglit with the original pyramid is divided (as in 
Euch xn. 7) satisfy, in pairs, this test of equality, so that the 
pyramid would be one third part of the prism. The extension to 
a pyramid with a polygonal base would be easy. And Democritus 
may have stated the proposition for the cone (of course without an 
absolute proof) as a natural inference from the result of increasing 
indefinitely the number of sides in a regular polygon forming the 
base of a pyramid. 

In accordance with the plan adopted in The Works of Archimedes, 
I have marked by inverted commas the passages which, on account 
of their importance, historically or otherwise, I have translated 
literally from the Greek ; the rest of the tract is reproduced in 
modern notation and phraseology. Words and sentences in square 
brackets represent for the most part Heiberg’s conjectural restoration 
(in his German translation) of what may be supposed to have been 
written in the places where the MS. is illegible; in a few cases 
where the gap is considerable a note in brackets indicates what the 
missing passage presumably contained and, so far as necessary, how 
the deficiency may be made good. 


7 June 1912. 


T. L. H. 



THE METHOD OF ABCHIMEDES TREATING 
OF MECHANICAL PROBLEMS— 

TO ERATOSTHENES 

" Archimedes to Eratosthenes greeting. 

I sent you on a former occasion some of the theorems 
discovered by me, merely writing out the enunciations and 
inviting you to discover the proofs, which at the moment 
I did not give. The enunciations of the theorems which I 
sent were as follows. 

1. If in a right prism with a pandlelogrammic base a 
cylinder be inscribed which has its bases in the opposite 
parallelograms*, and its sides [i.e. four generators] on the 
remaining planes (faces) of the prism, and if through the 
centre of the circle which is the base of the cylinder and 
(through) one side of the square in the plane opposite to 
it a plane be drawn, the plane so drawn will cut off from 
the cylinder a segment w'hich is bounded by two planes 
and the surface of the cylinder, one of the two planes being 
the plane which has been drawn and the other the plane 
in which the base of the cylinder is, and the surface being 
that which is between the said planes; and the segment cut 
off from the cylinder is one sixth part of the whole prism. 

2. If in a cube a cylinder be inscribed which has its 
bases in the opposite parallelograma'f* and touches with its 
surface the remaining four planes (laces), and if there also 
be inscribed in the same cube another cylinder which has 
its bases in other parallelograms and touches with its surface 
the remaining four planes (laces), then the figure bounded 
by the surfaces of the cylinders, which is within both cylinders, 
is two-thirds of the whole cube. 

Now these theorems differ in character from those commu- 
nicated before; for we compared the figures then in question, 

* The parallelograms are apparently Mqnare*. f i.e. aijaares. 
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conoids and spheroids and segments of them, in respect of size, 
with figures of cones and cylinders : but none of those figures 
have yet been found to be equal to a solid figure bounded by 
planes; whereas each of the present figures bounded by two 
planes and surfaces of cylinders is found to be equal to one of 
the solid figures which are bounded by planes. The proofs then 
of these theorems I have written in this book and now send 
to you. Seeing moreover in you, as I say, an earnest student, 
a man of considerable eminence in philosophy, and an admirer 
[of mathematical inquiry], I thought fit to write out for you 
and explain in detail in the same book the peculiarity of a 
certain method, by which it -will be possible for you to get 
a start to enable you to investigate some of the problems in 
mathematics by means of mechanics. This procedure is, I am 
persuaded, no less useful even for the proof of the theorems 
themselves ; for certain things first became clear to me by a 
mechanical method, although they had to be demonstrated by 
geometiy afterwards because their investigation by the said 
method did not furnish an actual demonstration. But it is of 
course easier, when we have previously acquired, by the method, 
some knowledge of the questions, to supply the proof than 
it is to find it without any previous knowledge. This is a 
reason why, in the case of the theorems the proof of which 
Eudoxus was the first to discover, namely that the cone is 
a third part of the cylinder, and the pyramid of the prism, 
having the same base and equal height, we should give no 
small share of the credit to Democritus who was the first 
to make the assertion with regard to the said figure* though 
he did not prove it. I am myself in the position of having 
first made the discovery of the theorem now to be published 
[by the method indicated], and I deem it necessary to expound 
the method partly because I have already spoken of itf and 
I do not want to be thought to have uttered vain words, but 

* Tepl ToO etpri/iivov axipiaTos, in the flingular. Possibly Arohiinedes may 
have thought of the case of the pyramid as being the more fundamental and as 
really involving that of the cone. Or perhaps “figure” may be intended for 
“ type of figure.” 

+ Of. Preface to Quadrature of Parabola. 
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equally because I am persuaded that it will be of no little 
service to mathematics; for I apprehend that some, either of 
my contemporaries or of my snccessors, will, by means of the 
method when once established, be oble to discover other 
theorems in addition, which have not yet occurred to me. 

First then I will set out the very first theorem which 
became known to me by means of mechanics, namely that 

Any segment of a section of a right-angled cone {i.e. a parabola) 
is four-thirds of the triangle whidi has the same base and equal 
height, 

and after this I will give each of the other theorems investi- 
gated by the same method. Then, at the end of the book, 
I W’ill give the geometrical (proofs of the propositions]... 

(I premise the following propositions which I shall use 
in the course of the work.J 

1. If from [one magnitude another magnitude be sub- 
tracted which has not the same centre of gravity, the centre 
of gravity of the remainder is found by] producing [the 
straight line joining the centres of gravity of the whole 
magnitude and of the subtracted part in the direction of 
the centre of gravity of the whole] and cutting off from it 
a length which has to the distance between the said centres 
of gravity the ratio which the weight of the subtracted 
magnitude has to the weight of the remainder. 

[On the Equilibrium of Planes, I. 8] 

2. If the centres of gravity of any number of magnitudes 

whatever be on the same straight line, the centre of gravity 
of the magnitude made up of all of them will be on the same 
straight line. [Cf. Ibid. i. 6] 

3. The centre of gravity of any straight line is the point 

of bisection of the stnught line. [Cf. Ibid. i. 4] 

4. The centre of gravity of any triangle la the point in 

which the strmght lines drawn from the angular points of 
the triangle to the middle points of the (opposite) sides cut 
one another. [Ibid. i. 13, 14] 

6. The centre of gravity of any parallelogram is the point 
in which the diagonals meet [Ibid. 1. 10] 
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6. The centre of gravity of a circle is the point which is 
also the centre [of the circle]. 

7. The centre of gravity of any cylinder is the point of 
bisection of the axis. 

8. The centre of gravity of any cone is [the point which 
divides its axis so that] the portion [adjacent to the vertex is] 
triple [of the portion adjacent to the base]. 

[All these propositions have already been] proved*. [Besides 
these I require also the following proposition, which is easily 

If in two series of magnitudes those of the first series are, 
in order, proportional to those of the second series and further] 
the magnitudes [of the first series], either all or some of them, 
are in any ratio whatever [to those of a third series], and if the 
magnitudes of the second series are in the same ratio to the 
corresponding magnitudes [of a fourth series], then the sum 
of the magnitudes of the first series has to the sum of the 
selected magnitudes of the third series the same ratio which 
the sum of the magnitudes of the second series has to the 
sum of the (correspondingly) selected magnitudes of the fourth 
series. [On Conoids and Spheroids, Prop. 1.] ” 



Proposition 1 . 

Let ABO be a segment of a parabola bounded by the 
straight line AC and the parabola ABC, and let D he the 
middle point of AC. Draw the straight line BBB parallel 
to the axis of the parabola and join AB, BO. 

Then shall the segment ABC be | of the triangle ABO. 

From A draw AKF parallel to BE, and let the tangent 
to the parabola at 0 meet BBE in E and AKF in F. Produce 
CB to meet AF in K, and again produce OK to H, making 
KH equal to OK, 

* The problem of finding the centre of gravity of a cone is not solved in 
any extant work of Archimedes. It may have been solved either in a separate 
treatise,' snob as the irep! ^vyCov, which is lost, or perhaps in a larger mechanical 
work of which the extant books On the Equilibrium of Planes formed only a part. 
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Consider CH as the bar of a balance, K being its middle 
point. 

Let MO be any straight line parallel to ED, and let it meet 
CE, GK, AC in M, N, 0 and the carre in P. 

Now, since GE is a tangent to the parabola and CD the 
aemi-ordinate, 

EB^PD; 

"for this is proved in the Elements [of Conics]*.” 

Since FA, MO are parallel to ED, it Follows that 
FK=KA, MN=m. 

Now, by the property of the parabola, " proved in a lemma,” 
MO : OP — CA : AO [Cf. Quadrature oj Parabola, Prop. 5] 
= CKiKN [End. 71. 2] 



Taka a straight Une TG equal to OP, and plaea it with its 
centre of gravity at S, so that TS = HO', then, since N is the 
centre of gravity of the straight line MO, 
and MO:TQ = EK:EE, 

• i.e. (he works on conies by AHataens nod Eaclid. Of. the simil&r 
eipression in On Conoidi and Spfienidi, Prop. 3, &nd Quadrature of Paralota, 
Prop. 3. 
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it follows that TG at JS and MO at N will be in equilibrium 
about K. [On the Equilibrium of Planes, i. 6, 7] 

Similarly, for all other straight lines parallel to DE and 
meeting the arc of the parabola, (1) the portion intercepted 
between FC, AG with its middle point on KG and (2) a 
length equal to the intercept between the curve and AG 
placed mth its centre of gravity at H will be in equilibrium 
about IL 

Therefore K is the centre of gravity of the whole system 
consisting (1) of all the straight lines as MO intercepted between 
FG, AG and placed as they actually are in the figure and (2) of 
all the straight lines placed at H equal to the straight lines 
as PO intercepted between the curve and AG. 

And, since the triangle GFA is made up of all the parallel 
lines like MO, 

and the segment GBA is made up of all the straight lines like 
PO ivithin the curve, 

it follows that the triangle, placed w'here it is in the figure, is 
in equilibrium about K with the segment GBA placed mth its 
centre of gravity at H. 

Divide at W so that GK=ZKW-, 

then W is the centre of gravity of the triangle AGF\ for this 
is proved in the books on equilibrium ” {ev rot? l<ToppoinKoi<;). 

[Cf. On the Equilibrium of Planes 1. 15] 

, Therefore AAGF: (segment ABG) — RK : KW 

= 3:1. 

Therefore segment ABG = ^ AAGF. 

But AAGF = 4>AABG. 

Therefore segment ABG = ^AA BG. 

“Now the fact here stated is not actually demonstrated 
by the argument used ; but that argument has given a sort 
of indication that the conclusion is true. Seeing then that 
the theorem is not demonstrated, but at the same timie 
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suspecting that tho conclusion, is true, we shall have recourse 
to the geometrical demonatratioa which I myself discovered 
and have already published*." 


Proposition 2. 

We can investigate by tbe same method the propreitions that 

(1) Any sphere is {in respect of solid content") fonr times 
the cone with base equal to a great circle of the sphere and 
height equal to its radius; and 

(2) the cylinder vnth base equal to a great circle of the 
sphere and height equal to the diameter is times the sphere. 

(1) Let AWB be a great circle of a sphere, and 40, BL 
diametere at right angles to one another. 

Let n circle be drawn about BD as diameter and in a plane 
perpendicular to 40, and on this circle as base let a cose 
be described with 4 as vertex. Let the suriace of this cose 
be produced and then cut by a plane through 0 parallel to 
its base; tbe section will be a circle on EF as diameter. On 
this circle as base let a i^Under be erected with height and 
axis 40, and produce 04 to U, mahing AB equal to 04, 

I^t OH be regarded as the bar of a balance, 4 being its 
middle point. 

Draw any straight line MN in the plane of the circle 
ABOD and parallel to BD. Let MN meet the circle in 0, P, 
the diameter AC in S, and the straight lines AE, AF in Q.B 
respectively. Join 40. 

• The woid governing tV ytv/mpwntnpi iviStilo' in the Greek text is 
ft reftcfj'Dg ffhreh seems <o he rfonbCfnl ind le certainly dCflIenft to 

trsnslftte. Heiberg translates as if riiofun meant '* we shall give lower down ” 
or “later on," bot I agree with Th. Beinach (itrvue gSn(Tate des Kieneti piirei 
et appliqulet, 30 Korember 1907, p. 918) that it is questionable whether 
Atchimedea would really have written ont in (uU once more, aa an appendix, 
a proof which, as he says, bad already been published (i.e. presumably in the 
Quadrature of a Parabola). Ti^o/ur, if correct, should apparently mean *' we 
■hall appoint,” “prescribe" or ‘'ftselgn.** 
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Through MN draw a plane at right angles to ri.C'; 
this plane will cut the cylinder in a circle with diameter MN, 
the sphere in a circle with diameter OP, and the cone in a 
circle with diameter QB. 

Now, since MS = AG, and QS = 

MS.Sq = GA.AS 
= A0^ 

^OS^ + SQ\ 



And, since HA = AG, 

HA:A8 = GA:AS 
= MS:SQ 
=MS^:MS.SQ 
= MS^ : {08- + SQ% from above, 

= MN^- :{OP- + QB^) 

= (circle, diam. MN) : (circle, diam. OP 

+ circle, diam. QR). 

That is, 

Ha : AS = (circle in cylinder) : (circle in sphere + circle in cone). 

Therefore the circle in the cylinder, placed where it is, is 
in equilibrium, about A, with the circle in the sphere together 
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with the circle in the cone, if both the latter circles are placed 
with their centres of gravity at H. 

Similarly for the three corresponding sections made by a 
plane perpendicular to AC and passing through any other 
straight line in the parallelogram LF parallel to EF. 

If we deal in the same way with, all the seta of three circles 
in which planes perpendicular to AC cut the cylinder, the 
sphere and the cone, and which make up those solids respec- 
tively, it follows that the cylinder, in the place where it is, will 
be in equilibrium about A with the sphere and the cone together, 
when both are placed with their centres of gravity at H. 

Therefore, since IC is the centre of gravity of the cylinder, 
HA : 2.ir = (cylinder) : (sphere -f- cone ABF). 

'&yx\.HA^^AK', 

therefore cylinder » 2 (sphere + cone A EF). 

Now cyluider-3(cone^5y); [Eucl. xn. lOj 
therefore cone AEF 2 (sphere). 

But, since EF** SBi), 

cone ASF ABD)', 
therefore sphere = 4 (cone ABD). 

(2) Threugb. B, 0 draw FBir, SDT pasalWl fa AG', 
and imagine a cylinder which has AC for axis and the circles 
on VX, TTK as diameters for bases. 

Then cylinder VY = 2 (cylinder VD) 

= 6 (cone ABD) [Eucl. xii. 10] 
« I (sphere), from above. 

Q.E.D. 

“From this theorem, to the efifect that a sphere is four 
times as great as the cone with a great circle of the sphere as 
base and with height equal to the radius of the sphere, I con- 
ceived the notion that the surface of any sphere is four times as 
great as a great circle in it; for, judging from the fact that any 
circle is equal to a triangle with base equal to the circumference 
and height equal to the radius of the circle, I apprehended 
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that, in like manner, , any sphere is equal to a cone with base 
equal to the surface of the sphere and height equal to the 
radius*.” 


Proposition 3. 

By this method we can also investigate the theorem that 

A cylinder with base equal to the greatest circle in a spheroid 
and height equal to the axis of the spheroid is times the 
spheroid; 

and, when this is established, it is plain that 

If any spheroid he cut by a plane through the centre and at 
right angles to the axis, the half of the spheroid is double of the 
cone which has the same base and the same axis as the segment 
(i.e. the half of the spheroid). 

Let a plane through the axis of a spheroid cut its surface in 
the ellipse A BOD, the diameters (i.e. axes) of which are AG, 
BD and let K be the centre. 

Draw a circle about BD as diameter and in a plane per- 
pendicular to AC] 

imagine a cone with this circle as base and A as vertex 
produced and cut by a plane through C parallel to its base ; 
the section will be a circle in a plane at right angles to AG 
and about EF as diameter. 

Imagine a cylinder with the latter circle as base and axis 
AC] produce GA to H, making AH equal to GAi, 

Let EG be regarded as the bar of a balance, A being its 
middle point. 

In the parallelogram LF draw any straight line ME 
parallel to EF meeting the ellipse in 0 , P and AE, AF, AG in 
Q, B, 8 respectively. 

* That is to say, Aiohimedes originally solved the problem oi finding the 
solid content of a sphere before that of finding its surface, and he inferred the 
result of the latter problem from that of the former. Yet in On the Sphere and 
Cylinder i. the surface is independently found (Prop, 33) and before the 
volume, -which is found in Prop. 34 ; another illustration of the fact that the 
order of propositions in the treatises of the Greek geometers as finally 
elaborated does not necessarily follow the order of discovery. 
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If now a plane be drawn through MN at right angles to 
AG, it will cut the cylinder in a circle with diameter the 
spheroid in a circle with diameter OP, and the cone in a circle 
with diameter QR. 

Since HA=:AO, 

3AiAS^GA'.A3 

^EA'.AQ 

Therefore RA : AS ^ MS * : MS . SQ. 



But, by the property of the ellipse, 

AS.SG’.SO*^AK*'.KB* 

^AS* :SQ*; 

therefore SQ* : SO* ^AS* : AS. 80 

SQ* : SQ . QM. 

and accordingly SO*^SQ . QM. 

Add SQ* to each side, and we have 

50*+SQ*=SQ.Silf. 

Therefore, from above, we have 
:(SO*+SQ*) 

^M2P:{0P* + QR*) 

=(circle, diam. ifJV’):((arcle,diam. OP+circle,diam. QR) 
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That is, 

HA-.AS= (circle in cylinder) : (circle in spheroid + circle in cone). 

Therefore the circle in the cylinder, in the place where it is, 
is in equilibrium, about A, with the circle in the spheroid and 
the circle in the cone together, if both the latter circles are 
placed with their centres of gravity at Hi 

Similarly for the three corresponding sections made by a 
plane perpendicular to AG and passing through any other 
straight line in the parallelogram LF parallel to BF. 

If we deal in the same way with all the sets of three circles 
in which planes perpendicular to AC cut the cylinder, the 
spheroid and the cone, and which make up those figures 
respectively, it follows that the cylinder, in the place where it 
is, will be in equilibrium about A with the spheroid and the 
cone together, when both are placed with their centres of 
gravity at H. 

Therefore, since K is the centre of gravity of the cylinder, 
HA : AK = (cylinder) : (spheroid + cpne ABF). 

But HA = 2AK-, 

therefore cylinder = 2 (spheroid + cone ABF). 

And cylinder = 3 (cone AHi?’); [Eucl. xn. 10] 

therefore cone AHH = 2 (spheroid). 

But, since BF= 2BD, 

cone ABF = 8 (cone ABD ) ; 
therefore spheroid = 4 (cone ABD), 

and half the spheroid = 2 (cone ABD). 

Through B, D draw VBW, XDY parallel to AG] 
and imagine a cylinder which has AG for axis and the circles 
on VX, WT as diameters for bases. 

Then cylinder VT — 2 (cylinder VD) 

= 6 (cone ABD) 

= f (spheroid), from above. 

Q.E.D. 
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Proposition 4. 

Any segment of a right-angled conoid (i.e. a paraboloid of 
revolutiorC) cut off by a plane at right angles to the axis is 
IJ times ike cone which has tiie same base and the same axis 
as the segment. 

This can be investigated by our method, os follows. 

Let a paraboloid of revolution be cut by a plane through 
the axis in the parabola BAG', 

and let it also be cut by another plane at right angles to the 
axis and intersecting the former plane in BC. Produce DA, 
the axis of the segment, to H, making HA eqnal to AD. 



Imagine that HD is the bar of a balance, A being its 
middle point. 

The base of the segment being the circle on BG as diameter 
and in a plane perpendicular to AD, 

imagine (1) a cone drawn with the latter circle as base and A 
as vertex, and (2) a cylinder with the same circle as base and 
AD as axis. 

In the parallelogram EG let any straight line MN be drawn 
parallel to BO, and through MN let a plane be drawn at right 
angles to AD] this plane will cut the cylinder in a circle with 
diameter and the paraboloid in a circle with diameter OP. 
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Now, BAG being a parabola and BD, OS ordinates, 
DA:AS = BD^:OS\ 
or EA:AS = MS^:SO\ 

Therefore 

EA : AS = (circle, rad. MS) : (circle, rad. OS ) 

= (circle in cylinder) : (circle in paraboloid). 

Therefore the circle in the cylinder, in the place where it is, 
Avill be in equilibrium, about A, with the circle in the paraboloid, 
if the latter is placed with its centre of gravity at E. 

Similarly for the two corresponding circular sections made 
by a plane perpendicular to AT) and passing through any other 
straight line in the parallelogram which is parallel to BG. 

Therefore, as usual, if we take all the circles making up the 
whole cylinder and the whole segment and treat them in the 
same way, we find that the cylinder, in the place where it is, 
is in equilibrium about A with the segment placed with its 
centre of gravity at E. 

If K is the middle point of AT), K is the centre of gravity 
of the cylinder ; 

therefore EA : AK = (cylinder) : (segment). 

Therefore cylinder = 2 (segment). 

And cylinder = 3 (cone ABG)-, [Eucl. xir. 10] 

therefore segment = f (cone ABG). 

Proposition 6. 

The centre of gravity of a segment of a right-angled conoid 
(i.e. a paraboloid of revolution) cut off hy a plane at right angles 
to the axis is on the straight Une which is the axis of the segment, 
and divides the said straight line in such a way that the portion 
of it adjacent to the vertex is double of the remaining portion. 

This can be investigated by the method, as follows. 

Let a paraboloid of revolution be cut by a plane through 
the axis in the parabola BAG ; 

and let it also be cut by another plane at right angles to the 
axis and intersecting the former plane in BG. 
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Produce DA, the axis of the segment, to 3, making 3A 
equal to AD ; and imagine DH to be the bar of a balance, its 
middle point being A. 

The base of the segment being the circle on BG as diameter 
and in a plane perpendicular to AD, 

imagine a cone with this circle as base and A as vertex, so that 
AB, AG are generators of the cone. 

In the parabola let any doable ordinate OP be drawn 
meeting AB, AD, AG in Q, 8, R respectively. 



Now, from the property of the parabola, 
BD*:OS'==DA '.AS 
= BD : QS 
^BD^'.BD.QS. 

Therefore OS*~BD.QS, 

or BD i 08=08 '.qs, 

whence BD : QS = OS* ; QS*. 

But BD'.qS^AD'.AS 

=EA : AB. 
3A'.AS=08''.qS* 

= OP*;Qfi*. 


Therefore 
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If now through OP a plane be drawn at right angles to 
AD, this plane cuts the paraboloid in a circle with diameter 
OP and the cone in a circle with diameter QR. 

We see therefore that 

SA : (circle, diam. OP) : (circle, diam. QE) 

= (circle in paraboloid) ; (circle in cone); 
and the circle in the paraboloid, in the place where it is, is in 
equilibrium about A with the circle in the cone placed with its 
centre of gravity at jS". 

Similarly for the two corresponding circular sections made 
by a plane perpendicular to AD and passing through any other 
ordinate of the parabola. 

Dealing therefore in the same way with all the circular 
sections which make up the whole of the segment of the 
paraboloid and the cone respectively, we see that the segment 
of the paraboloid, in the place where it is, is in equilibrium 
about A with the cone placed with its centre of gravity at H. 

Now, since A is the centre of gravity of the whole system 
as placed, and the centre of gravity of part of it, namely the 
cone, as placed, is at H, the centre of gravity of the rest, 
namely the segment, is at a point K on HA produced such 
that 

HA : AK = (segment) : (cone). 

But segment = f (cone). [Prop. 4] 

Therefore HA = | AK ; 

that is, J? divides ulD in such a way that 4.2'= 2/fD. 


Proposition 6. 

The cmtre of gravity of any hemisphere [is on the straight 
line whicli\ is its ams, and divides the said straight line in such 
a way that the portion of it adjacent to the surface of the 
hemisphere has to the remaining portion the ratio which 5 has 
to 3. 

Let a sphere be cut by a plane through its centre in the 
circle ABOD ; 
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let AG, BJ) be perpendicular diameters of this circle, 
and through BJ) let a plane be drawn at right angles to AG. 

The latter plane will cot the sphere in a circle on BD as 
diameter. 

Imagine a cone with the latter carcle as base and A as 
vertex. 

Produce OA to ff, making AS equal to GA, and let HG be 
regarded as the bar of a balance, A being its middle point. 

In the semicircle BAD, let any 
straight line OP be drawn parallel to 
BD and cutting AG in E and the two 
generators AB, AD of the cone in Q, R 
respectively. Join AO. 

Through OP let a plane be drawn 
at right angles to AC -, 
this plane will cut the hemisphere in a 
circle with diameter OP and the cone 
in a circle with diameter QR. 

Now 

BAiAEr^ACiAE 
^AO'-.AE* 

^{OE*+qE*):qE* 

=s (circle, diam. OP + circle,diam. Q5) : (circle, diam. qU). 

Therefore the circles with diameters OP, qR, in the places 
where they are, are in equilibrium about .4 with the circle with 
diameter QR if the latter is placed with its centre of gravity 
at E. 

And, since the centre of gravity of the two circles with' - 
diameters OP, QiJ taken t<^ether, in the place where they are, 

[There is a lacuna here ; but the proof can easily be com- 
pleted on the lines of the corresponding but more difficult case 
in Prop. 8. 

We proceed thus from the point where the circles with 
diameters OP, QR, in the place where they are, balance, about A, 
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the circle with diameter QR placed with its centre of gravity 

sAH. 

A similar relation holds for all the other sets of circular 
sections made by other planes passing through points on AG 
and at right angles %o AG. 

Taking then all the circles which fill up the hemisphere 
BAD and the cone ABD respectively, we find that 
the hemisphere BAD and the cone ABD, in the places where 
they are, together balance, about A, a cone equal to ABD placed 
with its centre of gravity at H. 

Let the-cylind_er be equal to the cone ABD. 

Then, since the cylinder M+N placed with its centre of 
gravity at R balances the hemisphere BAD and the cone ABD 
in the places where they are, 

suppose that the portion ilf of the cylinder, placed with its 
centre of gravity at H, balances the cone ABD (alone) in the 
place where it is; therefore the portion N of the cylinder placed 
with its centre of gravity at R balances the hemisphere (alone) 
in the place where it is. 

Now the centre of gravity of the cone is at a point V such 
that AG' = 4G'F; 

■therefore, since M at if is in equilibrium with the cone, 

M : (cone) = f A(? : RA = |A(7 : AO, 
whence ilf =f (cone). 

But ilf + iV = (cone) ; therefore A” = | (cone). 

Now let the centre of gravity of the hemisphere be at W, 
which is somewhere on AG?. 

Then, since A at A balances the hemisphere alone, 
(hemisphere) : A = RA : AW. 

But the hemisphere BAA = twice the cone ABD; 

[On the Sphere and Cylinder l. 34 and Prop. 2. above] 
and A = I (cone), from above. 

Therefore 2 : f = RA : A TT 

= 2AG?:AF, 

whence A 17 = fAG, so that '17 divides A in such a way, that 

AW ■.WG = 5:2.'\ 
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Proposition 7. 

We can also investigate bj the same method the theorem 
that 

segment of a sjihtn Aos] to the cone [untA the same 
base and height the ratio whidt the sum of the radius of the 
sphere and the height of the complementary segment has to 
the height of the complementary segment.] 

[There is a lacuna beta; but all that is missing is the 
construction, and the construction is easily understood by 



means of the figure. is of course the segment of the 

sphere the volume of which is to be compared with the volume 
of a cone with the same base and height.] 

The plane drawn through J/Jh and at right angles to AC 
will cut the cylinder in a circle with diameter J/W, the segment 
of the sphere in a circle with diameter OP, and the cone on 
the base EF in a circle with diameter QR. 

In the same way as before [c£ Prop. 2] we can prove that 
the circle with diameter MJi, in the place where it is, is in 
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equilibrium about A with the two circles with diameters OP, 
QR if these circles are both moved and placed with their centres 
of gravity at H. 

The same thing can be proved of all sets of three circles 
in which the cylinder, the segment of the sphere, and the . 
cone with the common height AG are all cut by any plane 
perpendicular to AG. 

Since then the sets of circles make up the whole cylinder, 
the whole segment of the sphere and the whole cone respec- 
tively, it follows that the cylinder, in the place where it is, 
is in equilibrium about A with the sum of the segment of 
the sphere and the cone if both are placed with their centres 
of gravity at JS. 

Divide AG a,b W, F in such a way that 
AW=-WG, riF=3FG. 

Therefore W will be the centre of gravity of the cylinder, 
and F will be the centre of gravity of the cone. 

Since, now, the bodies are in equilibrium as described, 
(cylinder) ; (cone segment BAD of sphere) 

= HA-.AW. 


[The rest of the proof is lost ; but it can easily be supplied 
thus. 

We have 

(cone AEF-{- segmt. BAD) : (cylinder) = AW\AG 

= AW.AG:AG\ 

But (cylinder) ; (cone AEF) = AG '‘ : ^EG^ 

= AG”-:^AG\ 

Therefore, ex aequali, 

(cone AEF + segmt.BAD) : (cone AEF) = AW. AO : }AG^ 

= iAG:^AG, 

whence (segmt. BAD) : (cone AEF) = (^AG — ■^AG):^A G. 

Again (cone AEF) : (cone ABD) = EG^ : DG^ 

= AG^:AG.GG 
= AG: GG 
=^lAG-.iGG. 
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Therefore, ex aequali, 

(segment BAB) : (cone ABB) = (^AC ^^AG) : |ffC? 

=^{^AC-‘AG):GG 
^UAC+GG): Oa 

Q.EJ).] 


Proposition 8. 

[The enunciation, the setting-out, and a few words of the 
construction are missing. 

The enunciation however can be supplied from that of 
Prop. 9, with which it must be identical except that it cannot 
refer to “ an^ segment/* and tbe presumption therefore is that 
the proposition was enunciated with reference to one kind of 
segment only, i.e. either a segment greater than a hemisphere 
or a segment less than a hemisphere. 


Heiberg's figure corresponds to the case of a segment 
greater than a hemisphere. The 


segment investigated is of coarse 
the segment BAD. The setting- 
out and construction are self- 
evident from the figure.] 

Produce AC to B, 0, makiug 
EA equal to AC and CO equal 
to the radius of the sphere; 
and let BO be regarded as the 
bar of a balance, the middle point 
being A. 

In the plane cutting off the 
segment describe a circle with Q 
as centre and radius {GB) equal 
to AGi and on this circle as 
base, and with A as vertex, let 
a cone be described. AE, AF 
are generators of this cone. 



Draw KL, through any point 

Q on AG, parallel to BF and cutting the segment in K, L, and 
AE, AF ixiB,P respectively. Join AK. 
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Now HA'.AQ=GAxAQ 
^AK^iAQ^ 

^{KQ^-i-QA^):QA^ 

= (KQ^ + PQ^):FQ^ 

= (circle, diam. £X + circle, diam. PR) 
: (circle, diam. PR). 

Imagine a circle equal to the circle with diameter PR 
placed with its centre of gravity at H] 

therefore the circles on diameters KL, PR, in the places where 
they are, are in equilibrium about A with the circle with 
diameter PR placed with its centre of gravity at M. 

Similarly for the corresponding circular sections made by 
any other plane perpendicular to AQ. 

Therefore, taking all the circular sections which make up 
the segment ABD of the sphere and the cone AEF respec- 
tively, we find that the segment ABD of the sphere and the 
cone AEF, in the places where they are, are in equilibrium 
with the cone .4 assumed to be placed with its centre of 
gravity at H. 

Let the cylinder ilf -f- N" be equal to the cone AEF which 
has A for vertex and the circle on EF as diameter for base. 

Divide AG at F so that AG — 4FG; 
therefore F is the centre of gravity of the cone AEF', “for 
this has been proved before*.” 

Let the cylinder be cut by a plane perpendicular to 

the axis in such a way that the cylinder M (alone), placed with 
its centre of gravity at S, is in equilibrium with the cone AEF. 

Since M+E suspended at is in equilibrium with the 
segment ABD of the sphere and the cone AEF in the places 
where they are, 

while M, also at H, is in equilibrium with the cone AEF in 
the place where it is, it follows that 

N at is in equilibrium with the segment ABD of the 
sphere in the place where it is. 

* Cf. note on p. 16 above. 
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Now (segment ABD of sphere) : (cone ABD) 

= Off ; GO; 

“for this is already proved” (G£ Oa the Sphere aad Cylinder 
II. 2 Cor. as well as Prop. 7 a«fe3- 
And (cone ABD) : (cone AEF) 

*= (circle, diaia. BD) : (circle, diam. EF) 
^BD*:EF» 

= BG^tOE' 

= CO.GA :6A* 

= GQ-.GA. 

Therefore, ex aeqiiali, 

(segment ABD of sphere) : (cone AEF) 
^OG'.QA. 

Take a point IF on Aff such that 

A IF : IFG = (GA + 4ff0) : (GA + 2ff(7). 

We have then, inversely, 

Q IF : IFA = (200 + GA) : (400 + GA ). 
and, tompionendo, 

ffA : A IF» (6ffO + 2ffA) : (400+ OA). 

But 00=-i(600+2ffA), [for 00 - 00 = i (00 + OA)] 
and Cr=J(40C + 0A); 
therefore OA : A TF= 00 : OF, 

and, alternately and inversely, 

0G -.GA=^CV I WA. 

It follows, from above, that 

(segment ABD of sphere) ; (cone AEF) *= OV i WA. 

Now, since the cylinder jlf with ite centre of gravity at H 
is in eqnilibrium about A with the cone Afi'^’with its centre 
of gravity at F, 

(cone AEF ) : (cylinder M) = EA : A V 
= OA;AF; 

and, since the cone AEF ■=>^i\xe cylinder Jlf+iV, we have, 
dividendo and invertendo, 

(cylinder M) ; (cylinder iF) = A F : OF. 
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Hence, componendo, 

{cone AEF) : (cylmder N)= GA : CV* 

= HA:GV. 

But it was proved that 

(segment ABD of sphere) : (cone AEF) = GV : WA ; 
therefore, ex aequali, 

(segment ABD of sphere) : (cylinder N) = SA : A W. 

And it was above proved that the cylinder A’’ at jS" is 
in equilibrium about A with the segment ABD, in the place 
where it is; 

therefore, since B is the centre of gravity of the cylinder N, 
W is the centre of gravity of the segment ABD of the sphere, 


Proposition 9. 

In the same way we can investigate the theorem that 

The centre of gravity of any segment of a sphere is on the 
straight line which is the axis of the segment, and divides this 
straight line in such a way that the part of it adjacent to the 
vertex of the segment has to the remaining part the ratio which 
the sum of the axis of the segment and four times the axis of 
the complementary segment has to the sum of the axis of the 
segment and double the aoois of the complementary segment. 

[As this theorem relates to “ any segment ” but states the 
same result as that proved in the preceding proposition, it 
follows that Prop. 8 must have related to one kind of segment, 
either a segment greater than a semicircle (as in Heiberg’s 
figure of Prop. 8) or a segment less than a semicircle; and 
the present proposition completed the proof for both kinds of 
segments. It would only require a slight change in the figure, 
in any case.] 

Proposition lO. 

By this method too we can investigate the theorem that 

[A segment of an obtuse-angled conoid (i.e. a hyperboloid of 
revolution) has to the cone which Aas] the same base [os the 

* Archimedes arrives at this result in a very roundabout way, seeing that it 
could have been obtained at once convertendo. Cf. Euclid x. 14. 
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segment and eqwl height the same ratio as the sum of the asis 
of the segment and three timca} <Ae " annex to the aa^ ” (t.e. haf 
the transverse aans of the hyperhoUc section through the axis of 
the hyperholoid or, in other words, the distance between the 
vertex of the segment and the vertex of the enveloping cone) has to 
the sufli of the axis of the segment and double of the “ annex " * 
[this is the theorem proved in On Conoids and Spheroids, 
Prop. 25J, "and also many other theorems, which, as the method 
has been made clear by means of the foregoing examples, I will 
omit, in order that I may now proceed to compass the proofs 
of the theorems mentioned above.” 


Proposition 11. 

If in a right prism with square bases a cylinder be xnstsribed 
having its bcwM in opposite square faces and touching with its 
surface the remaining four paralldoprammic faces, and if 
through the centre of the circle which is the base of the cylinder 
and one side of the opposite sqtiare face a plane be draum, the 
Jigure cut ojf by the plane so drawn is one sixth po)*t of the 
whole prism. 

"This can be investigated by the method, and, when it 
is set out, I will go back to the proof of it by geometrical 
considerations,” 

[The investigation by the mechanical method is contained 
in the two Propositions, 11, 12. Prop. 13 gives another solution 
which, although it contains no mechanics, is still of the character 
which Archimedes regards as inconclusive, since it assumes that 
the solid is actually rruide up of parallel plane sections and that 
an auxiliary parabola is actnally made up of parallel straight 
lines in it. Prop. 14 added the conclusive geometrical proof.} 

"Let there be a right prism with a cylinder inscribed as 
stated. 

• The (ext baa •' triple ” (rptrXcv&v) ia tbe last line instead pf “ donble.” 
As there is a considerable lacuna before the last few lines, a theorem aboat tbe 
centre of gravitj of a eegmeot of a hyperboloid of rerolotion may have fallen 
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Let the prism be cut through the axis of the prism and 
cylinder by a plane perpendicular 
to the plane which cuts off the 
portion of the cjdinder; let this 
plane make, as section, the paral- 
lelogram AB, and let it cut the 
plane cutting off the portion of 

the cylinder (which plane is per- = 

pendicular to AB) in the straight 
line BG. 

Let CD be the axis of the 
prism and cylinder, let EF bisect 
it at. right angles, and through 
EF let a plane be drawn at right 

angles to CD; this plane Avill cut the prism in a square and 
the cylinder in a circle. 



Let MN be the square and OPQR the circle, and let the 
circle touch the sides of the square 


in 0, P, Q, B [P, E in the first 
figure are identical with 0, Q 
respectively]. Let H be the centre 
of the circle. 

Let KL be the intersection of 
the plane through EF perpen- 
dicular to the axis of the cylinder 
and the plane cutting off the 
portion of the cylinder; KL is 
bisected by OHQ [and passes 



through the middle point of SQ]. 


Let any chord of the circle, as ST, be drawn perpendicular 
to HQ, meeting HQ in W ; 

and through ST let a plane be drawn at right angles to OQ 
and produced on both sides of the plane of the circle OPQB. 


The plane so drawn will cut the half cylinder having the 
semicircle PQB for section and the axis of the prism for height 
in a parallelogram, one side of which is equal to ST and another 
is a generator of the cylinder ; and it will also cut the portion 
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of the cylinder cut off in a parallelogram, one side of which is 
equal to ST and the other is equal and parallel to 17V (in the 
first figure). 

UV will be parallel to SY and will cut off, along SO in the 
parallelogram DE, the segment El equal to QW. 

Now, since EO is a parallelogram, and VI is parallel to 00, 
EG : 01^ 70 : OV 
= 5F: UV 

= (£7 in half cyl.) : (O in portion of cyl.). 

AndJ?Gf = jffQ. Gl^EVr, Qff=Off; 
therefore OExSW-iCD in half ( 7 I.) ; (O in portion). 

Imagine that the parailelogram in the portion of the 
cylinder is moved and placed at 0 so that 0 is its centre 
of gravity, and that QQ is the bar of a balance, E being its 
middle point. 

Then, since W is the centre of gravity of the parallelogram 
in the half cylinder, it follows from the above that the paral- 
lelogram in the half cylinder, in the place where it is, with its 
centre of gravity at TT, is in equilibrium ab mt E with the 
parallelogram in the portion of the cylinder when placed with 
its centre of gravity at 0. 

Similarly for the other parallelogrammic sections made by 
any plane perpendicular to OQ and passing through any other 
chord in the semicircle PQR perpendicular to OQ. 

If then we take all the parallelograms making up the half 
cylinder and the portion of the cylinder respectively, it follows 
that the half cylinder, in the place where it is, is in equilibrium 
about E with the portion of the cylinder cut off when the 
latter is placed with its centre of gravity at 0, 


Proposition 12. 

Let the parallelogram (square) ME perpendicular to the 
axis, with the mrcle OPQR and its diameters OQ, PR, be 
dravm separately. 
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Join HO, HM, and through them draw planes at right 
angles to the plane of the circle, 
producing them on both sides of 
that plane. 

This produces a prism with 
triangular section OHM and height 

equal to the axis of the cylinder ; o| IQ 

this prism is J of the original 
prism circumscribing the cylinder. 

Let LK, UThe drawn parallel 
to . OQ and equidistant from it, 
cutting the circle in H, T, HP 
in S, F, and OH, HM in W, V respectively. 

Through LK, UT draw planes at right angles to PH, 
producing them on both sides of the plane of the circle; 
these planes produce as sections in the half cylinder PQH 
and in the prism OHM four parallelograms in which the 
heights are equal to the axis of the cylinder, and the other 
sides are equal to KS, TF, LW, UV respectively. 



\K 


S \ 


H 


mM 


H 


[The rest of the proof is missing, but, as Zeuthen says*, 
the result obtained and the method of arriving at it are plainly 
indicated by the above. 

Archimedes wishes to prove that the half cylinder PQH, in 
the place where it is, balances the prism OHM, in the place 
where it is, about H as fixed point. 

He has first to prove that the elements (1) the parallelo- 
gram with side = KS and (2) the parallelogram with side = LW, 
in the places where they are, balance about S, or, in other 
words that the straight lines SK, LW, m the places where 
they are, balance about S. 

Now (radius of circle OPQH)- = SK^ + SH^, 
or SL^ = SK^ + SW\ 

Therefore , LS"- - SW”- = SK\ 

and accordingly (LS + SW) .LW = SK “, 

whence HLS + SW) :^SK = SK :LW. 

* Zeuthen in Bibliotheca Mathematica V1I3, 1906-7, pp. 352-3. 
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And J {LS + 5F) is the distance of the centre of gravity 
of LW from 8, 

while \SK is the distance of the centre of gravity of 8K from S. 

Therefore SK and iTT, in the places where they are, 
balance about 8. 

Similarly for the corresponding paiallelograins. 

Taking all the parallelogrammic elements in the half 
cylinder and prism respectively, we find that 
the half cylinder PQR and the prism QSM, in the places 
where they are respectively, balance about B. 

From this result and that of Prop. 11 we can at once deduce 
the volume of the portion cut off from the cylinder. For in 
Prop. 11 the portion of the cylinder, placed with its centre of 
gravity at 0, is shown to balance (about S) the half-cylinder 
in the place where it is. By Prop. 12 we may substitute for 
the half-cylinder in the place where it is the prism OEM 
of that proposition turned the oppc«ite way relatively to JLP, 
The centre of gravity of the prism as thus placed is at a point 
(say Z) on HQ such that BZ^ 

Therefore, assuming the prism to be applied at its centre of 
gravity, we have 

(portion of cylinder) : (prism) “ : OE 

= 2:3; 

therefore (portion of cylinder) = § (prism OEM) 

= I (original prism). 

Note. This proposition of course solves the problem of 
finding the centre of gravity of a half cylinder or, in other 
words, of a semicircle. 

For the triangle OEM in the place where it is balances, 
about S, the semicircle PQR in the place where it is. 

If then X ia the point on HQ which is the centre of 
gravity of the semicircle, 

^EO .{AOSM)^ EX PQR), 
lEO .ECP^EX,\ir.E(P-, 


or 
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Proposition 13. 

Let there he a right prism with square bases, one of which 

isABGD; 



inscribed, the base of which is 
the circle EFGR touching the 
sides of the square ABGJD in 
E, F, G, H. 

Through the centre and 
through the side corresponding 
to GD in the square face opposite 
to ABGD let a plane be drawn; 
this mil cut off a prism equal 
to I of the original prism and 
formed by three parallelograms and two triangles, the triangles 
forming opposite faces. 

In the semicircle EFG describe the parabola which has 
FK for axis and passes through E, G; 
draw MN parallel to KF meeting GE in M, the parabola 
in L, the semicircle in 0 and GD in N. 

Then MN.NLr=NF--, 

“for this is clear." [Cf. Apollonius, Gonics l. 11] 

[The parameter is of course equal to GK or KF."] 

Therefore MN : NL — GK ^ : 

Through MN draw a plane at right angles to EG ; 
this will produce as sections (1) in the prism cut off from the 
whole prism a right-angled triangle, the base of which is MN, 
while the perpendicular is perpendicular at N to the plane 
ABGD and equal to the axis of the cylinder, and the hypo- 
tenuse is in the plane cutting the cylinder, and (2) in the 
portion of the cylinder cut off a right-angled triangle the base 
of which is MO, while the perpendicular is the generator of 
the cylinder perpendicular at 0 to the plane KN, and the 
hypotenuse is 
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[There is a lacuna here, to be supplied as follows. 

Since J/iV : NL = GK* : LS* 

it follows that - i5») 

^AIK^zMOK 

But the triangle (1) in the prism is to the triangle (2) in 
the portion of the cylinder in the ratio of : MO^ 
Therefore 

(A in prism) ; (A in portion of cylinder) 

= (straight line in rect. DG) : (straight line in parabola). 
Wo no%y take all the corresponding elements in the prism, 
the portion of the cylinder, the rectangle BG and the parabola 
EFG respectively ;] 
and it mil follow that 

(all the As in prism) : (all the As in portion of cylinder) 

BB (all the str. lines in O DG) 

t (all the straight lines between parabola and EG). 
But the prism is made up of the triangles in the prism, 
[the portion of the cylinder is made up of the triangles in it], 
the parallelogram DG of the straight lines in it parallel to KF, 
and the parabolic segment of the straight lines parallel to KF 
intercepted between its circumference and EG ; 
therefore (prism) : (portion of cylinder) 

= (C7 GD) : (parabolic segment EFG). 
But CJ GD = I (parabolic segment EFG) 

“ for this is proved in my earlier treatbe.” 

[Quadrature of Parabola] 
Therefore prism = \ (portion of cylinder). 

If then we denote the portion of the cylinder by 2, the 
prism is 3, and the original prism circumscribing the cylinder 
is 12 (being 4 times the other prism); 

therefore the portion of the cylinder = ^ (original prism). 

Q.E.D. 
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[The above proposition and the next are peculiarly interest- 
ing for the fact that the parabola is an auxiliary curve introduced 
for the sole purpose of analytically reducing the required 
cubature to the known quadrature of the parabola.] 


Proposition 14. 

Let there be a right prism with square bases [and a 
cylinder inscribed therein having its base in the square ABCD 
and touching its sides at E, F, G,H-, 

let the cylinder be cut by a plane through EG and the side 
corresponding to GD in the square face opposite to ABGJy\. 

This plane cuts off from the prism a prism, and from the 
cylinder a portion of it. 

It can be proved that the portion of the cylinder cut off by 
, the plane is ^ of the whole prism. 

But we will first prove that it is possible to inscribe in 
the portion cut off from the cylinder, and to circumscribe about 
it, solid figures made up of prisms which have equal height 
and similar triangular bases, in such a way that the circum- 
scribed figure exceeds the inscribed by less than any assigned 
magnitude 

But it was proved that 

(prism cut off by oblique plane) 

< f (figure inscribed in portion of cylinder). 

Now 

(prism cut off) : (inscribed figure) 

= O BG : (Os inscribed in parabolic segment) ; 
therefore O BG < f (Os in parabolic segment) : 
which is impossible, since “ it has been proved elsewhere ” that 
the parallelogram BG is | of the parabolic segment. 

Consequently 

not greater. 
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And (all the prisma in prism cut off) 

: (all prisms in circnrascr. figure) 

« (all C7s in O DO) 

: (all Oa in fig. circomscr. about parabolic segmt.) ; 

therefore 

(prism cut off) : (figure circumscr. about portion of cylinder) 

sa (C7 LO) : ^figure circumscr. about parabolic segment). 
But the prism cut off" by the oblique plane is > f of 
the solid figure circumscribed about the portion of the 
cylinder. 


[There are large gaps in the eiposition of this geometrical 
proof, but the way in which the method of exhaustion was 
applied, and the parallelism between this and other applications 
of it, are clear. The first fragment shows that solid figures 
made up of prisms were circumscribed and inscribed to the 
portion of the cylinder. The parallel triangular feces of these 
prisms were perpendicular to QE in the figure of Prop 13 ; 
they divided QE into equal portions of the requisite smallness ; 
each section of the portion of the cylinder by such a plane was 
a triangular face common to an inscribed and a circumscribed 
right prism. The planes also produced prisms in the prism cut 
off* by the same oblique plane as cuts off the portion of the 
cylinder and standing on OD os base. 

The number of parts into which the parallel planes divided 
6B was made great enough to secure that the circumscribed 
figure exceeded the inscribed figure by less than a small 
assigned magnitude. 

The second part of the proof began with the asaamption 
that the portion of the q?linder is > | of the prism cut off; 
and this was proved to be impossible, by means of the use of 
the auxiliary parabola and the proportion 
MN = MO^ 
which are employed in Prop. 13. 
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We may supply the missing proof as follows*. 

In the accompanying figure are represented (1) the first 



element-prism circumscribed to the portion of the cylinder, 
(2) two element-prisms adjacent to the ordinate Oif, of which 
that on the left is circumscribed and 
that on the right (equal to the other) 
inscribed, (3) the corresponding element- 
prisms forming part of the prism cut 
off ((7(7'(?j&jDjD') which is J of the original 
prism. 

In the second figure are shown 
element-rectangles circumscribed and 
inscribed to the auxiliary parabola, 
which rectangles correspond exactly to 
the circumscribed and inscribed element- 
prisms represented in the first figure 
(the length of, OM is the same in both 
figures, and the breadths of the element- 
rectangles are the same as the heights of the element-prisms) ; 

* It is right to mention that this has already been done by Th. Eeinaoh in 
his version o£ the treatise (<‘Hn Trait4 de G^omdtrie inddit d’ArohimMe " in 
Bemie g€nerale des sciences pures et appliquSes, 30 Nov. and 15 Deo. 1907) • 
but I prefer my own statement of the proof. . 
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the corresponding element-rectangles forniing part of the 
rectangle GD are similarly shown. 

For convenience we suppose that QB is divided into an 
even number of equal parts, so that OK contains an integral 
number of these parts. 

For the sake of brevity we wll call each of the two element- 
prisms of which OM is an edge “el. prism (0)” and each of 
the element-prisms of which MNK' is a common face *'el. 
prism {N)." Similarly we will use the corresponding abbrevia- 
tions " cl. rect. (If) ” and " el. rect. (J\r) ” for the corresponding 
elements in relation to the auxiliary parabola as shown in 
the second figure. 

Now it is easy to see that the figure made up of all the 
inscribed prisms is less than the figure made up of the circum- 
scribed prisms by twice the final circumscribed prism adjacent 
to FK, ie. by twice "cL prism (JV)"; and, as the height of this 
prism may be made os small as we please by dividing OK into 
sufficiently small parts, it follows that inscribed and circum- 
scribed solid figures made up of element-prisms can be drawn 
differing by less than any assigned solid figure. 

(1) Suppose, if possible, that 

(portion of cylinder) > J (prism cut off), 
or (prism cut off) < | (portion of cylinder). 

Let (prism cut off) J (portion of cylinder — X), say. 

Construct circumscribed and inscribed figures made up of 
element-prisms, such that 

(circumscr. fig.) — (inscr. fig.) < X. 

Therefore (inscr. fig.) > (circumscr. fig. —X), 
and o fortiori > (portion of cyl. - X). 

It follows that 

(prism cut off) < Kiascribed figure) 

Considering now the clement-prisms in the prism cut off 
and those in the inscribed figure respectively, we have 
e\. prism (N) ; el. prism (0) = MN * : M(F 

[as in Prop. 13] 
= rect (J'f ) i el. rect. (Z) 
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It follows that 

S {el. prism (iV)] : 2 {el. prism (0)} 

= 2 {el. rect. (iV')} : 2 {el. rect. (i)|. 

(There are really two more prisms and rectangles in the 
first and third than there are in the second and fourth terms 
respectively; but this makes no difference because the first 
and third terms may be multiplied by a common factor as 
nf(n~2) without affecting the truth of the proportion. Cf. 
the proposition from On Conoids and Spheroids quoted on p. 15 
above.) 

Therefore 

(prism cut off) : (figure inscr, in portion of cyl.) 

= (rect. QD) : (fig. inscr. in parabola). 

But it was proved above that 

(prism cut off) < f (fig. inscr. in portion of cyl.) ; 
therefore (rect. QD) < f (fig. inscr. in parabola), 
and, a fortiori, 

(rect. QD) < f (parabolic segmt.) : 
which is impossible, since 

(rect. QD) = | fparabolic segmt.). 

Therefore 

(portion of cyl.) is not greater than | (prism cut off). 


(2) In the second lacuna must have come the beginning of 
the next rednctio ad absurdum demolishing the other possible 
assumption that the portion of the cylinder is < | of the prism 
cut off. 

In this case our assumption is that 

(prism cut off) > f (portion of cylinder) ; 

and we circumscribe and inscribe figures made up of element- 
prisms, such that 

(prism cut off) > f (fig. circumscr. about portion of cyl.). 
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We now consider the element-prisms in the prism cut off 
and in the circumscribed figure respectively! and the same 
argument as above gives 

(prism cut off) ; (fig. circumscr. about portion of cyl.) 

= (rect. OD ) : (fig. circumscr. about parabola), 
whence it follows that 

(rect. QB) >§(fig. circumscribed about parabola), 
and, a fortiorit 

(rect GjD) > I (parabolic segment) : 
which is impossible, since 

(rect GZ))= J (parabolic segmt.). 

Therefore 

(portion of cyl) is not less than | (priam cut off). 

But it was also proved that neither is it greater; 
therefore (portion of cyl.) xb | (prism cut off) 

= J (original prism).] 

(FropositlOD 15.] 

pbis proposition, which is lost, would be the mechanical 
investigation of the second of the two special problems 
mentioned in the preface to the treatise, namely that of the 
cubatnre of the figure included between two cylinders, each 
of which is inscribed in one and the sam^ cube so that its 
opposite bases are in two opposite faces of the cube and its 
surface touches the other four faces. 

Zeuthen has shown how the mechanical method can be 
applied to this cose*. 

In the accompanying figure VWTX is a section of the 
cube by a plane (that of the paper) passing through the axis 
BB of one of the cylinders inscribed in the cube and parallel 
to two opposite faces. 

The same plane gives the circle ABCD as the section of 
the other inscribed cylinder with axis perpendicular to the 

* Zeathen ia SlaAemaUea tiis, 190C-7, pp. 3SS>7. 



THE METHOD 


49 


plane of the paper and extending on each side of the plane 
to a distance equal to the radius of the circle or half the side 
of the cube. 

AG \s the diameter of the circle which is perpendicular 
to 52). 

So\n AB, AD and produce them to meet the tangent at G 
to the circle in E, F. 

Then EG=GF= GA. 

Let LG be the tangent at A, and complete the rectangle 
EFGL. 


H 


L V 

A X G 







S R\^ 





E W C Y F 


Draw straight lines from A to the four comers of the 
section in which the plane through BD perpendicular to AK 
cuts the cube. These straight lines, if produced, will meet the 
plane of the face of the cube opposite to A in four points 
forming the four corners of a square in that plane with sides 
equal to BF or double of the side of the cube, and we thus 
have a pyramid with A for vertex and the latter square for 
base. 

Complete the prism (parallelepiped) with the same base 
and height as the pyramid. 

Draw in the parallelogram LF sxiy straight line ME parallel 
to BF, and through ME draw a plane at right angles to AG. 
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This plane cuts — 

(1) the solid included by the two cylinders in a square with 

side equal to OP, 

(2) the prism in a square wth ade equal to MN, and 

(3) the pyramid in a square with side equal to QR. 

Produce CA to H, making HA equal to AC, and imagine 
HC to be the bar of a balance. 

Now, as in Prop. 2, since AfS » AC, QS *= AS, 
MS.SQ^CA.AS 
^AO* 

^0S* + SQ\ 

Also 

HA :AS=CA : AS 
= MS ■. SQ 
^MS*xMS.SQ 
« ifS* : (OS* + SQ*), from above, 

= (square, side MI/) : (sq., side OP + sq., side QR). 
Therefore the square with side equal to MN, in the place 
where it is, is in equilibrium about A nutb the squares with 
sides equal to OP, QR respectively placed with their centres of 
gravity at 3. 

Proceeding in the same way with the square sections 
produced by other planes perpendicular to AG, we finally 
prove that the prism, in the place where it is, is in equilibrium 
about A with the solid included by the two cylinders and the 
pyramid, both placed with their centres of gravity at H. 

Now the centre of gravity of the prism is at K. 

Therefore 3A : AK = (piism) : (solid + pyramid) 
or 2 ; I = (prism) : (solid + J prism). 

Therefore 2 (solid) + J (prism) = (prism), 

It follows that 

(solid included by cylinders) » | (prism) 

= I (cube). Q.E.I). 
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There is no doubt that Archimedes proceeded to, and 
completed, the rigorous geometrical proof by the method of 
exhaustion. 

As observed by Prof. C. Juel (Zeuthen l.c.), the solid in the 
present proposition is made up of 8 pieces of cylinders of the 
type of that treated in the preceding proposition. As however 
the two propositions are separately stated, there is no doubt 
that Archimedes’ proofs of them were distinct. 

In this case AG would be divided into a very large number 
of equal parts and planes would be drawn through the points 
of division perpendicular to AG. These planes cut the solid, 
and also the cube VY, in square sections. Thus we can inscribe 
and circumscribe to the solid the requisite solid figures made 
up of element-prisms and differing by less than any assigned 
solid magnitude j the prisms have square bases and their 
heights are the small segments of AO. The element-prism 
in the inscribed and circumscribed figures which has the square 
equal to OP’ for base corresponds to an element-prism in the 
cube which has for base a square with side equal to that of 
the cube ; and as the ratio of the element-prisms is the ratio 
OjSi’ : PA’, we can use the same auxiliary parabola, and work 
nnt. i.ViR proof in exactly the same way, as in Prop. 14.] 



